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In the present work, cohesive and overlapping crack models are integrated in a comprehensive numerical algorithm in

order to investigate both tensile and compressive failures in plain or steel-bar reinforced concrete structural elements.

These two fracture mechanics models offer a high capability in the investigation of non-linear phenomena occurring in the

loading process of plain or reinforced concrete beams subjected to bending. Based on the crack-length control scheme,

these non-linear models are able to describe snap-back and snap-through instabilities, crack formation/propagation, steel

yielding/slippage, concrete crushing, and scale effects on the structural brittleness. In the present work, some parametric

studies are carried out on plain or reinforced concrete beams in order to highlight how the abovementioned structural

phenomena, which are observed in engineering practice, can be effectively captured by means of a non-linear fracture

mechanics approach. Moreover, dimensional analysis is adopted to confirm how the behaviour of lightly reinforced

concrete beams can be effectively described by means of two non-dimensional brittleness numbers, leading to a scale

effect on theminimum reinforcement percentage, ρmin, proportional to beam depth raised to−0.15.

Notation
As steel reinforcement area

a0 initial notch depth

d beam effective depth

E elastic modulus of concrete

Gc crushing energy of concrete

GF fracture energy of concrete

h beam depth

I beam inertia

K1 stress-intensity factor

KIC concrete fracture toughness

‘ beam span

M bending moment

Mcr cracking bending moment

Mu ultimate bending moment

NP
L reinforcement brittleness number

NPC
L critical reinforcement brittleness number

P load

Pcr cracking load

Pu ultimate load

Py load generating steel yielding

sE matrix energy brittleness number

st matrix brittleness number

t beam thickness

wc virtual interpenetration

wc
cr critical virtual interpenetration (overlapping law)

wt crack opening

wt
cr critical crack opening (cohesive law)

wy crack opening generating steel yielding

γ strength factor

ε strain

λ beam slenderness ratio

ρ steel reinforcement percentage

ρmin minimum steel reinforcement percentage

σ stress

σc compressive strength (overlapping law)

σcm concrete mean compressive strength

σs stress in steel

σs0 stress in steel at first cracking

σt tensile strength (cohesive law)

σy steel yield strength

τm mean value of the shear stress exchanged between

concrete and steel

Introduction

The post-peak behaviour of a plain concrete specimen subjected

to bending is characterised by a concentration of deformation in

a narrow band, which can be described by a softening branch

or a catastrophic snap-back in the σ–ε diagram (Carpinteri,

1985): these different post-peak regimes depend on material

mechanical properties, loading conditions and specimen sizes

(Barenblatt and Botvina, 1982; Carpinteri, 1981a, 1981b, 1989a,

1989b, 1989c). The snap-back behaviour represents a more criti-

cal condition than the strain-softening one, since a reduction of

both external load and displacement occurs, revealing a cata-

strophic drop in the load-bearing capacity of the structure

(Carpinteri and Accornero, 2018; Lacidogna et al., 2019).
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On the other hand, within the structural design of reinforced

concrete (RC) elements, a high capability of exploiting ductility

is required, whose estimation has an important role in the safety

assessment process. The strength resources of RC structures

are highly influenced by non-linear phenomena occurring in

the loading process: crack opening in tension, hyper-strength,

steel yielding or slippage, concrete crushing in compression.

Nevertheless, the constitutive laws usually adopted for materials,

– for example, Sargin’s parabola for concrete and elastic-per-

fectly plastic behaviour for steel – are not able to capture these

non-linearities. Furthermore, these traditional constitutive laws

are not suitable for taking into account the size effects that are

commonly observed in engineering practice.

In this context, the cohesive crack model (Carpinteri, 1989b,

1989c) has been conceived to study the softening or the

catastrophic post-peak behaviour of plain concrete specimens

subjected to bending. Later, this model has been improved

(Carpinteri et al., 2009b, 2010) through the integration of the

overlapping crack model (Carpinteri et al., 2009a) in order to

simulate the compressive behaviour of concrete. These models

have been adopted in the investigation of the transition between

different collapse mechanisms as a function of the structural size

and the steel reinforcement ratio (Carpinteri et al., 1999, 2013).

In the present paper, the cohesive and overlapping crack

models are fully integrated, carrying out numerical simulations

and experimental comparisons on both plain and reinforced

concrete beams. Finally, an effective relationship between

beam size, cracking and crushing failures is pointed out, high-

lighting how scale effects heavily influence the different

collapse mechanisms in plain or reinforced concrete structures.

The cohesive crack model

Linear elastic fracture mechanics (LEFM) predicts that stresses

tend to infinity in the zone ahead of the crack tip. On the other

hand, cracked materials still present a bearing capacity, which

involves the occurrence of non-linear phenomena in the crack

tip region, such as micro-cracking, mortar-aggregate detach-

ments and coalescence of micro-voids. In this zone, the material

is damaged but still able to transfer stresses. Hence, it is poss-

ible to introduce a fictitious crack, larger than the real one, on

which the cohesive forces act in order to simulate the residual

bearing capacity (Barenblatt, 1959, 1962; Dugdale, 1960;

Hillerborg, 1991; Hillerborg et al., 1976; Petersson, 1981). In

this context, two different constitutive laws are assumed. For

the undamaged material, an elastic stress–strain σ–ε relation-

ship is adopted until the tensile strength, σt, is reached

(Figure 1(a)). Beyond this limit, the cohesive stress–crack

opening σ–wt law is applied, due to the development of the

damaging process (Figure 1(b)). The acting forces are supposed

to be equal to zero when the threshold value for crack opening,

wcr
t , is reached; in this case, the faces of the crack are unable to

interact and no stress is transferred through them.

Therefore, within a cohesive crack, it is possible to recognise

the fictitious crack tip, which is the point where the ultimate

tensile strength, σt, is reached, and the real crack tip, which is

the point where the critical crack opening, wcr
t , is gained. The

region included within these two tips is the process zone where

cohesive forces act, whereas the area below the σ–wt curve rep-

resents the fracture energy, GF (Carpinteri and Accornero,

2019a).

In the present work, a linear σ–wt cohesive law in the form

1: σ ¼ σt 1� wt

wt
cr

� �

can lead to accurate results as demonstrated by Carpinteri

et al. (1986).

The overlapping crack model

The compressive behaviour of concrete and concrete-like

materials has been studied by several researchers such as

Carpinteri et al. (2001), Dahl and Brincker (1989), Hudson

et al. (1972), Jansen and Shah (1997), van Mier et al. (1997)

and van Vliet and van Mier (1996). A first model for the

description of size effects on the compressive behaviour of con-

crete was introduced by Hillerborg (1990), moving from a

strain localisation zone having a width equal to:

2: b ¼ ηx

where x is the position of the neutral axis of the section and η

is a coefficient that may be fixed equal to 0.8.

Within this zone, Hillerborg defines a softening law in com-

pression and is able to calculate size-dependent moment–

curvature diagrams for a beam subjected to bending.

On the other hand, the overlapping crack model for concrete

proposed by Carpinteri et al. (2009a, 2009b, 2010) is formally

εt

σt

ε

σ

(a)

GF

wcr
t

σt

wt

σ

(b)

Figure 1. Cohesive crack model: (a) pre-peak linear-elastic
σ–ε law; (b) post-peak σ–wt cohesive relationship
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comparable to the cohesive crack model applied in tension.

Within this model, the damage process takes place through a

fictitious interpenetration (overlapping) zone, growing during

the loading process. This damaged zone starts to develop when

the compressive strength, σc, of concrete is reached at the beam

extrados, and then an overlapping σ–wc law is adopted

(Figure 2(b)). Outside the overlapping process zone, the

material is assumed to be linear elastic, and a σ–ε law is con-

sidered (Figure 2(a)). The area subtended by the σ–wc curve

defines the crushing energy, Gc. In this context, Ferrara and

Gobbi (1995) studied the compressive behaviour of concrete

specimens varying both slenderness and scale. They tested

three different specimen sizes, pointing out a remarkable varia-

bility in the post-peak regime of the structural behaviour. This

curve scattering suggests that, if a virtual concrete interpenetra-

tion, wc, is taken into consideration, the post-peak branches lie

within a narrow band. Hence, a σ–wc law may be assumed as

a real constitutive law, and the crushing energy, Gc, constitutes

an effective mechanical property that is independent of speci-

men geometry and size as suggested by Jansen and Shah

(1997).

Suzuki et al. (2006) proposed an evaluation of the crushing

energy calibrated on compression tests carried out on plain

and reinforced concrete specimens, taking into account the

confinement effect provided by stirrups. On the other hand,

using the formulation suggested by Model Code 2010 (fib,

2013) for the assessment of GF, it is possible to compare the

values assumed by Gc and GF for several concrete grades, as

reported in Table 1. It is possible to observe that Gc ranges

between 30 and 55 N/mm, whereas GF ranges between 0.133

and 0.163 N/mm. Hence, the crushing energy assumes a value

which is larger than that of the fracture energy by two orders

of magnitude. Meanwhile, it has been observed that the critical

concrete overlapping wcr
c
≈ 1 mm is one order of magnitude

larger than the critical crack opening wcr
t (Carpinteri et al.,

2007).

The cohesive/overlapping crack model

The cohesive/overlapping crack model algorithm described in

this paper is able to analyse the structural behaviour of a beam

cross-section subjected to bending through a step-by-step

numerical procedure, taking into account cracking and

crushing behaviours of concrete. More precisely, the beam

cross-section is discretised by means of (n −1) elements, and n

nodes, for which we have the following matrix equation:

3: wf g ¼ KF½ � Ff g þ KMf gM

where {w} is the opening/overlapping displacement vector; [KF]

is the matrix containing the coefficients of influence for nodal

displacements generated by a unit force; {F} is the vector con-

taining nodal forces; {KM} is the vector of the coefficients of

influence for nodal displacements generated by a unit bending

moment; M is the value of the external bending moment.

Equation 3 represents a system of n equations in (2n+1)

unknowns, involving displacements, forces and external load.

Hence, in the general case of Figure 3, the following con-

ditions are applied:

4a: Fi ¼ 0 for i ¼ 1; . . . ; ð j � 1Þ; i= r

4b: Fi ¼ Ft 1� wi

wt
cr

� �

for i ¼ j; . . . ; ðm� 1Þ

4c: wi ¼ 0 for i ¼ m; . . . ; p

4d: Fi ¼ Fc 1� wi

wc
cr

� �

for i ¼ pþ 1ð Þ; . . . ; q

4e: Fi ¼ 0 for i ¼ ðqþ 1Þ; . . . ; n

4f: Fi ¼ f ðwiÞ for i ¼ r

εc

σc

ε

σ

(a)

Gc

wcr
c

σc

wc

σ

(b)

Figure 2. Overlapping crack model: (a) pre-peak linear-elastic
σ–ε law; (b) post-peak σ–wc softening relationship

Table 1. Comparison between GF and Gc for different
concrete grades

σc: MPa GF: N/mm Gc: N/mm

20 0.133 30

40 0.147 30

60 0.156 47

80 0.163 55
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where j is the real cohesive crack tip; m is the fictitious cohe-

sive crack tip; p is the fictitious overlapping crack tip; q is the

real overlapping crack tip; r is the node where a possible

reinforcement layer is located.

At the first step, the lengths of the cohesive and overlapping

process zones are equal to zero, therefore Equation 4 gives:

5a: Fi ¼ 0 for i ¼ 1; 2; . . . ; ðl � 1Þ; i = r

5b: wi ¼ 0 for i ¼ l; . . . ; n

5c: Fi ¼ f ðwiÞ for i ¼ r

where l is the initial notch tip. Hence, the algorithm identifies

M1 and M2, which are the two bending moments that generate

the ultimate tensile force in l, and the ultimate compressive

force in n, respectively. The real value of M is set equal to the

minimum of M1, M2. If M=M1 the fictitious cohesive crack

tip moves upwards, whereas if M=M2, the fictitious overlap-

ping crack tip moves downwards. Then, the local rotation is

computed as:

6: ϑ ¼ DFf gT Ff g þDMM

where {DF} is the vector containing the rotations generated by

a unit nodal force; DM is the rotation generated by a unit

external bending moment.

The algorithm is able to take into account a reinforcement

layer by means of Equation 4f. The effect of steel bridging is

considered by means of the bond-slip law proposed by

Ruiz et al. (1999), Ruiz (2001) and Model Code 2010

(fib, 2013) (Figure 4):

7: σs ¼ σy
wt

wy

where σy is the yield strength of steel, and wy its relative crack

opening.

Finally, the cohesive/overlapping crack model algorithm is able

to calculate the equivalent external load, P, and displacement,

δ, for a three-point bending test (TPB) as:

8: P ¼ 4M

‘

9: δ ¼ ϑ‘

4
þ P‘3

48EI

Node n

Node m

Node r

T

σc ≈ 10σt

σt

T

Cohesive crack zone

Overlapping crack zone

Node 1

Real crack zone

Node p

Node q

Node j

M M

Figure 3. Cohesive, overlapping and steel force distribution along the mid-span cross-section of a reinforced concrete beam subjected
to bending

Ncr Ncr

τm

τm

σs0

σt σt
Concrete stress

Steel stress

Lτ Lτ

Figure 4. Steel–concrete interaction (adapted from Model Code
2010 (fib, 2013))
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Size effects in plain concrete beams

In Figures 5 and 6 the numerical curves are obtained for plain

concrete specimens considering two different initial crack

depths, a0/h=0.0; 0.5, two beam slenderness ratios, ‘/h=4; 16,

and varying a dimensionless parameter, the energy brittleness

number, sE, which is the function of the fracture energy, the

tensile strength, and the structural size-scale (Carpinteri,

1989b): sE=GF/(σt h).

Figure 5(a) is obtained for a0/h=0.0 and ‘/h=4, showing

unstable structural behaviours for sE<20.90� 10–5, as

catastrophic snap-back instabilities in the post-peak regime

are revealed. On the other hand, for sE≥ 20.90� 10–5 the

slope of the curves after the peak load assumes a negative

value, and classic softening branches are registered. In

Figure 5(b) the same geometries are analysed with a0/h=0.5:

a reduction in the load-bearing capacity due to the initial

damage may be recognised, and a migration, for all the curves,

towards a more evident structural stability. In this latter

case, even for low energy brittleness numbers sE, no snap-back

instability is found. In Figure 6(a), the slenderness ratio has

been assumed to be equal to 16, showing that the critical
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2
 (
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)
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2
 (
−

)

δ /h × 103 (−)
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(b)

0 0.60 1.20 1.80 2.40

Figure 5. Dimensionless load against deflection diagrams of plain concrete beams having ‘/h=4, and (a) a0/h=0.0; (b) a0/h=0.5
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value of sE is larger than in the previous case, since

for sE=62.70� 10–5 an almost vertical loading drop in the

post-peak regime is detected.

Finally, in Figure 6(b) the initial crack depth has been set up

equal to the half-beam depth, once again confirming a higher

structural stability, as previously seen in Figure 5(b).

The numerical results presented above prove that a combi-

nation of material properties and structural size-scale can

thoroughly describe the global behaviour of plain concrete

structures subjected to bending, as previously demonstrated by

Carpinteri (1989a). The transition from brittle to ductile struc-

tural behaviour is governed by the dimensionless parameter sE:

thus, a truly brittle failure in plain concrete structures occurs

only for relatively low fracture energies, high tensile strengths,

and/or large structural size-scales.

Size effects in RC beams

In Figure 7, different structural behaviours of RC beams are

analysed by means of the cohesive/overlapping crack model.

The study has been carried out considering three different steel

reinforcement percentages, ρ=0.1%; 0.5%; 1.0%, and varying
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Figure 6. Dimensionless load against deflection diagrams of plain concrete beams having ‘/h=16, and (a) a0/h=0.0; (b) a0/h=0.5

6

Magazine of Concrete Research The cohesive/overlapping crack model for

plain and RC beams: scale effects on

cracking and crushing failures

Accornero, Cafarelli and Carpinteri

Downloaded by [ POLITECNICO DI TORINO] on [20/05/21]. Copyright © ICE Publishing, all rights reserved.



the beam depth, h, between 0.1 m and 2.0 m. The concrete

cover is equal to 1/10 of the beam depth, whereas σy and wy

have been assumed equal to 400 MPa and 0.3 mm, respect-

ively. As regards the mechanical parameters of the concrete

matrix, the following values have been assumed: σc=40 MPa;

Gc=30 N/mm; σt=4 MPa; GF=0.08 N/mm.

In Figure 7(a), for a reinforcement ratio ρ=0.1%, it is possible

to observe that all the considered beam scales, after reaching

the peak load characterised by the undamaged cross-section,

show a substantial loss in the structural bearing capacity due

to concrete cracking. This hyper-strength behaviour appears to

be more severe as the beam size increases, up to catastrophic

snap-back instability phenomena occurring for h>0.4 m.

In Figure 7(b), for a reinforcement ratio ρ=0.5%, it is possible

to observe that all the beam scales can avoid unsafe hyper-

strength behaviours, due to post-peak stable branches

representing the effective bridging actions exerted by the

reinforcement steel-bars. In particular, RC beams having small

depths activate safe ductility resources, attested by a long

plastic plateau in the post-peak regime (Carpinteri et al., 2007,

2009a, 2009b, 2013). These plastic resources appear to

decrease as the beam depth increases: for beams having

h>0.2 m, a catastrophic snap-back generated by the unstable

growth of the concrete crushing zone is detected at the end of

the plastic plateau. This last branch appears to have a crucial

role in the structural behaviour of RC beams with large sizes

and/or high reinforcement ratios.
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Figure 7. Dimensionless load against rotation diagrams varying the beam depth for different reinforcement ratios: (a) ρ=0.1%;
(b) ρ=0.5%; (c) ρ= 1.0%
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In Figure 7(c), the same analysis is repeated considering a steel

reinforcement ratio equal to 1.0%. We can recognise a large

decrease in ductility and a more evident concrete crushing. It

may be pointed out that, for beams with h>1.0 m, a sudden

drop in the load-bearing capacity is predicted after the peak

load due to concrete crushing failure without steel yielding.

Compared to Figure 7(a), for large reinforcement ratios the

plastic plateau and the rotational capacity appear to vanish.

The presented numerical evidence can be better understood by

means of a comparison with experimental loading curves of

reinforced concrete beams subjected to bending. In order to

achieve this objective, the experimental campaign conducted

by Carpinteri et al. (1999) is discussed in the following.

Three different beam cross-sections are analysed: (A)

100� 100 mm, (B) 100� 200 mm, (C) 200� 400 mm, together

with three different slenderness ratios, λ=6; 12; 18 (Figure 8).

The reinforcement parameters of the tested beams are reported

in Table 2, where NP
L is the reinforcement brittleness number,

defined by Carpinteri (1981a, 1984, 1988) as:

10: NL
P ¼ ρ

σyh
0:5

KIC

where ρ is the steel reinforcement percentage, σy is the steel

yield strength, h is the beam depth, and KIC is the concrete

fracture toughness. The fracture energy, GF, has been deter-

mined according to RILEM recommendations (RILEM,

1985), and a mean value of GF=0.115 N/mm has been

obtained.

Figures 9–12 show the numerical against experimental compari-

son, where thin lines represent the experimental results obtained

by Carpinteri et al. (1999), whereas the thick ones are calculated

through the cohesive/overlapping crack model. Generally speak-

ing, it is possible to observe a good agreement between the two

curves, proving the model to capture the aforementioned non-

linearities occurring during the loading process. More precisely,

for relatively low reinforcement percentages (A012, A025, B025,

C012, C025), an evident tensile instability appears after the first

peak load, revealing the initial bearing capacity loss due to con-

crete cracking, which is subsequently recovered by the bridging

action of the reinforcement. Then, steel yielding is activated and

a large plastic plateau is described. On the other hand, for large

reinforcement ratios (A100, B100, C050, C100), an evident com-

pressive instability occurs at the end of each plastic plateau (it is

worth noting that the experimental curves should be cleared of

the detected support settlements), which is strongly reduced due

to concrete crushing. For larger values of ρ, the plastic defor-

mation capacity completely disappears.

In the following, the instability phenomenon related to RC

tensile cracking is studied in depth, with particular focus on

low reinforcement ratios producing concrete hyper-strength

and on minimum reinforcement ratios leading to safe

structural behaviour.
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Figure 8. Testing set-up considered by Carpinteri et al. (1999)
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Minimum reinforcement condition

In the design of RC structures, the concrete tensile strength is

usually neglected despite the fact that this hypothesis may lead

to unsafe consequences. As a matter of fact, during the first

elastic stage of a loading process, the RC structural bearing

capacity is ensured by the mechanical characteristics of the

undamaged section, until the tensile strength of concrete, σt, is

reached. After cracking, if the reinforcement quantity is not

adequate, a catastrophic behaviour takes place with a loading

drop in the structural bearing capacity. In fact, the hyper-

strength phenomenon has a more severe effect on RC beams

with very low reinforcement ratios, or having large cross-

sections, for which concrete tensile strength makes a remark-

able contribution in the definition of the first cracking load.

Hence, national and international design standards are

imposed to respect a minimum reinforcement percentage

depending on concrete and steel strengths. Generally speaking,

the minimum steel quantity is set according to the following

equation (Seguirant et al., 2010):

11: γMu ¼ Mcr

where γ is a strength factor, Mu and Mcr the RC ultimate

bending moment and the cracking bending moment, respect-

ively. Equation 11 may be rewritten through the classic beam

theory as:

12: γAsσyd ¼ σt
th2

6

where t is the thickness of the beam and d is the beam effective

depth.

Assuming the ratio h/d=1.4, and γ=0.9, from Equation 12 it

is possible to find the minimum reinforcement requirement

according to Model Code 2010 (fib, 2013) and Eurocode 2

(CEN, 2004):

13: ρmin ¼
As;min

ht
¼ 0:26

σt

σy

which is independent of the structural size-scale, only depend-

ing on the material strength. Other code provisions reported in

Table 3 are based on the same assumption: scale effects are

completely neglected, except for the Norwegian code, which

defines the parameter kw depending on h.

Crucial results concerning the minimum reinforcement evalu-

ation were acknowledged through the bridged crack model

(Bosco and Carpinteri, 1992; Carpinteri, 1981a, 1984;

Carpinteri and Accornero, 2019b, 2020). This model analyses

the crack propagation through an RC beam section, defining a

global stress-intensity factor, KI, as the superposition of two

contributions: the first due to the bending moment, the second

due to the bridging force exerted by the reinforcement. The

cracking bending moment is reached when KI approaches

its critical value, KIC, whereas the global behaviour of the

structural element depends on the reinforcement brittleness

number, NP
L.

Thus, the cracking and the ultimate bending moment can be

considered as functions of NP
L: a softening post-peak behaviour

is expected for low values of NP
L, whereas a hardening post-

peak behaviour is due to high NP
L values. The minimum

reinforcement ratio is defined through the critical value of the

reinforcement brittleness number (Bosco and Carpinteri, 1990;

Carpinteri, 1981a, 1984), NPC
L , describing the ductile-to-brittle

transition of the RC structural element:

14: NL
PC ¼ 0:1þ 0:0023σcm

where σcm is the concrete mean compressive strength.

Thus, considering Equations 10 and 14, it is possible to find

out a first scale-dependent evaluation of the minimum

Table 2. Reinforcement parameters of the tested beams
(Carpinteri et al., 1999)

Beam Reinforcement ρ: % NP
L: —

A012-06 1Φ5 0.20 0.187

A025-06 2Φ5 0.39 0.374

A100-06 2Φ8 1.00 1.019

A200-06 4Φ8 2.00 2.038

A012-12 1Φ5 0.20 0.187

A025-12 2Φ5 0.39 0.374

A050-12 1Φ8 0.50 0.510

A100-12 2Φ8 1.00 1.019

A200-12 4Φ8 2.00 2.038

A025-18 2Φ5 0.39 0.374

A050-18 1Φ8 0.50 0.510

A100-18 2Φ8 1.00 1.019

A200-18 4Φ8 2.00 2.381

B025-06 1Φ8 0.25 0.360

B050-06 2Φ8 0.50 0.721

B100-06 4Φ8 1.00 1.441

B200-06 2Φ16 2.00 2.322

B025-12 1Φ8 0.25 0.360

B100-12 4Φ8 1.00 1.441

B200-12 2Φ16 2.00 2.322

C012-06 2Φ8 0.12 0.255

C025-06 4Φ8 0.25 0.510

C050-06 2Φ16 0.50 0.821

C100-06 4Φ16 1.00 1.642

C200-06 4Φ20 2.00 2.810

C012-12 2Φ8 0.12 0.255

C100-12 4Φ16 1.00 1.642

C200-12 4Φ20 2.00 2.810

C012-18 2Φ8 0.12 0.255

C050-18 2Φ16 0.50 0.821

C100-18 4Φ16 1.00 1.642

C200-18 4Φ20 2.00 2.810
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Figure 9. Numerical (thick) against experimental (thin) curves for specimens A012-06 to A100-12
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Figure 12. Numerical (thick) against experimental (thin) curves for specimens C200-06 to C200-18
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steel-bar reinforcement percentage according to the bridged

crack model:

15: ρmin ¼
As;min

ht
¼ KIC

σyh0:5
0:1þ 0:0023σcmð Þ

Other formulations of the minimum reinforcement ratio based

on different scale-dependent models are reported in Table 4.

On the other hand, the problem of the minimum reinforcement

may be faced in a more thorough way by means of a dimen-

sional analysis approach (Cadamuro, 2010; Carpinteri and

Corrado, 2011; Carpinteri et al., 2014) in order to highlight

the role of the different dimensionless numbers governing the

structural brittleness. Hence, it is possible to write the general

relationship characterising the moment of resistance of a

lightly RC beam:

27: M ¼ F ðσt; GF; E; σy; ρ; h; t=h; ‘=h; ϑÞ

where σt is the tensile strength of concrete; GF is the fracture

energy; E the modulus of elasticity of concrete; σy the yield

strength of steel; ρ the steel reinforcement ratio; h the beam

depth; ϑ the local rotation. It is worth noting that in Equation

27 all the variables referring to concrete compression strength

have been neglected, since lightly reinforced concrete beams

fail due to steel yielding rather than concrete crushing.

Hence, assuming KIC= (GFE)
0.5 and h as the two dimension-

ally independent variables, and applying Buckingham’s

Theorem, we obtain:

28:
M

KICh2:5
¼ Π

KIC

σth0:5
; ρ

σyh
0:5

KIC

; ϑ
KIC

Eh0:5

� �

where it is possible to recognise the matrix brittleness number,

st=KIC/(σt h0.5), and the reinforcement brittleness number,

NP
L= ρσyh

0.5/KIC, defined by Carpinteri (1982, 1988), in

addition to a normalised local rotation. Thus, a numerical

investigation is carried out by means of the cohesive/

overlapping crack model in order to identify the relationship

between these two non-dimensional brittleness numbers, which

completely describe RC beam flexural behaviour.

The mechanical and geometrical characteristics of the RC

beams analysed in the following simulations are reported in

Table 5. The tensile strength of concrete and its fracture energy

are evaluated through the relationships provided by Model

Code 2010 (fib, 2013):

29: σt ¼ 0:3σ2=3c � C50

30: σt ¼ 2:12log 1þ σcm

10

� �

. C50

Table 3. Minimum reinforcement requirements according to
different national and international codes

BS8110-1:1997 (BSI, 1997) ρmin ¼ 0:13=100 (16)

ACI318-19 (ACI, 2019) ρmin ¼ 0:25

ffiffiffiffiffi

σc
p

σy
(17)

AS3600-2011 (SA, 2011) ρmin ¼ 0:22
h

d

� �2
σt

σy
(18)

IS456:2000 (BIS, 2007) ρmin ¼ 0:85=σy (19)

NS3473:2003 (SN, 2003) ρmin ¼ 0:35kwσt=σy (20)

with kw ¼ 1:5� h ½m�ð Þ � 1

Table 4. Minimum reinforcement requirements according to other scale-dependent models

Hawkins and Hjorteset (1999)
ρmin ¼ 0:175

1þ 0:06h0:7

0:06h0:7
hσt
dσy

(21)

Ruiz et al. (1999) ρmin ¼ 0:174

1� c=h

1þ 0:85þ 2:3β1ð Þ�1

σ�y � η1φ
(22)

where β1 ¼ h αlchð Þ, α ¼ 65þ 1:875dmaxð Þ=170,

σ�y ¼ σy=σt, η1 ¼ 15, φ ¼ ðβ0:251 � 3:6c=dβ1Þ � 0

Gerstle et al. (1992) ρmin ¼ Es
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:0081þ 0:0148
σth

Ewt
cr

s

� 0:0900

 !0:5

(23)

Baluch et al. (1992) ρmin ¼ 1:9134K0:82
IC

σ0:0022y 1:7� 2:6c=hð Þ (24)

Rao et al. (2007) ρmin ¼ �0:01þ 40:10

h

� �

σ1:14c

σ0:57y

=100 (25)

Shehata et al. (2003) ρmin ¼ 0:05
σ0:67c 1þ 1:5 h=100ð Þ½ �0:7

σy h=100ð Þ0:7
(26)
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31: GF ¼ 73=1000σ0:18cm

The concrete cover is assumed to be 0.1 h and the beam

slenderness ratio, λ, is equal to 4. The present analyses are

conducted varying the steel percentage until the hyper-strength

behaviour vanishes, when the load of first tensile cracking, Pcr,

is found to be equal to the ultimate load, Pu, as depicted in

Figure 13. The results of the numerical study are reported in

Table 5 together with the values of st and NPC
L .

Table 5. Ductile-to-brittle transition in RC beams

σc: MPa σt: MPa GF: N/mm E: GPa h: mm As/(th): % st: — NPC
L : —

20 2.2 0.133 30 100 0.185 2.871 0.132

200 0.161 2.030 0.162

400 0.141 1.436 0.201

800 0.124 1.015 0.250

1600 0.109 0.718 0.311

3200 0.097 0.508 0.391

35 3.2 0.144 34 100 0.235 2.180 0.151

200 0.204 1.541 0.186

400 0.181 1.090 0.233

800 0.161 0.771 0.293

1600 0.144 0.545 0.370

3200 0.137 0.385 0.498

50 4.1 0.152 37 100 0.275 1.829 0.165

200 0.243 1.293 0.206

400 0.216 0.915 0.259

800 0.196 0.647 0.333

1600 0.176 0.457 0.422

3200 0.164 0.323 0.557

65 4.5 0.158 40 100 0.297 1.767 0.168

200 0.263 1.249 0.211

400 0.234 0.883 0.265

800 0.210 0.625 0.336

1600 0.192 0.442 0.435

3200 0.189 0.312 0.605

80 4.8 0.163 42 100 0.313 1.724 0.170

200 0.277 1.219 0.213

400 0.247 0.862 0.269

800 0.222 0.609 0.342

1600 0.208 0.431 0.452

3200 0.194 0.305 0.597
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Figure 13. Minimum reinforcement condition
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Following the results of Table 5, Figure 14 shows the

st–NPC
L relationship, which can be described by the following

hyperbolic equation:

32: NL
PC ¼ 0:25s�0:7

t

Hence, by means of Equations 10 and 32, it is possible to

obtain the minimum reinforcement ratio according to the

cohesive/overlapping crack model:

33: ρmin ¼ 0:25
σ0:7t K0:3

IC

σyh0:15

where the scale effect for RC beams is provided by h–0.15

(Carpinteri and Corrado, 2011), as also recently acknowledged

by AASHTO Guidelines (NCHRP, 2019).

In Figure 15(a), it is possible to observe a comparison between

the minimum reinforcement requirements imposed by different

international codes (see Table 3). As previously reported, only

Norwegian Standards take into account the size-scale effects,

providing a minimum reinforcement percentage which linearly

decreases for beam depths h<0.5 m. Other codes impose a

constant reinforcement percentage: except for ACI 318-19

(ACI, 2019) and BS8110-1:1997 (BSI, 1997), this percentage is

restricted within a narrow band, since they are commonly

based on Equation 11.

Finally, in Figure 15(b) a comparison is proposed between

different scale-dependent formulations found in literature (see

Table 4). It is possible to observe that all the considered

relationships provide a reinforcement percentage that decreases

as h increases, except for the model proposed by Gerstle et al.

(1992). On the contrary, the minimum reinforcement ratios

provided by the cohesive/overlapping crack model (Equation

33), by Hawkins and Hjorteset (1999) and by Ruiz et al.

(1999) seem to be very close, since they are based on non-

linear fracture mechanics approaches.

Conclusions

The cohesive/overlapping crack model offers a high capability

in the investigation of the discontinuous phenomena occurring

in the flexural behaviour of plain or reinforced concrete beams.

Based on the crack-length control scheme, this non-linear frac-

ture mechanics model is able to describe snap-back and snap-

through instabilities, crack opening, steel yielding and concrete

crushing in a comprehensive manner, also investigating

size-scale effects in cracking and crushing failures.

In the present work, a thorough analysis of plain and

reinforced concrete beams is performed in order to describe

scale effects on the structural brittleness.

For plain concrete structures, a scale-dependent ductile-to-

brittle transition is described as a function of material proper-

ties and beam geometry: a truly brittle failure occurs only for

relatively low values of fracture energy, high values of concrete

tensile strength, and/or large structural sizes.

For reinforced concrete structures, size-scale effects on cracking

and crushing phenomena are highlighted, with a particular

focus on the minimum reinforcement percentage that is able to

guarantee a safe post-peak behaviour, avoiding catastrophic

losses in the bearing capacity of the structural element.
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Figure 15. Minimum reinforcement comparison: (a) code provisions; (b) numerical models
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A comprehensive study has been performed by means of the

cohesive/overlapping crack model: a scale effect on the

minimum reinforcement condition has been outlined, showing

a power law proportional to h–0.15, where h is the beam depth.

The present study can lead to an optimisation in the design of

reinforced concrete structures, still lacking within most current

international standards, as also recently acknowledged by

AASHTO Guidelines (NCHRP, 2019).
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