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Abstract. Scaling effects governing the creep behaviour of unnotched and uncracked metallic specimens are investigated by
applying similarity considerations and fractal modelling to experimental results provided in the literature. The focus is on stress
rupture tests conducted at elevated temperatures on Cr-Mo-V steel cylindrical bars of different sizes. The observed specimen-size
effects on the 𝜎 versus tR creep resistance diagrams are interpreted in terms of incomplete self-similarity and fractal weakening
(lacunarity) of the specimen reacting cross-section. That leads to a scale-invariant (fractal) formulation of the creep rupture law
in terms of renormalized stress.
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1. Introduction

An important issue in the life assessment of structural components operating at elevated temperatures
is to characterize the creep deformation. Creeping materials tend to undergo time-dependent plastic
deformations as a result of long-term exposure to high levels of stress that are still below the yield strength
of the material. The major part of the creep life is consumed under steady-state conditions, which are
characterized by a strain rate ̇𝜀 constant in time according to the Norton law, i.e. the secondary creep
law [23,38]:

̇𝜀 = 𝐴𝜎𝑛, (1)

where 𝜎 is the applied stress, while A and n are temperature-dependent material parameters. The latter,
n, is the susceptibility to creep deformation or creep sensitivity, ranging typically from 3 to 15 for metals
and being close to unity for polymers [31].

A fundamental relationship for creep-resistant materials design is found by means of stress rupture
tests, conducted in a similar way as typical uniaxial creep tests, although aimed at determining the stress
which, at a given temperature, will cause material failure in a given time. Thus, an inverse power-law
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Table 1
Values of the average exponents −1∕p

T (°C) 1∕p

482 0.07 ± 0.01
538 0.099 ± 0.003
593 0.17 ± 0.03

relationship between the time-to-rupture tR and the applied stress 𝜎 can approximate the stress sensitivity
of the time-to-rupture tR [38]:

𝑡𝑅 = 𝐵𝜎−𝑝, (2)

where B and p are temperature-dependent material parameters.
This relationship shows a strong analogy with the Basquin law for fatigue [4,39], since in both cases

an increase in the applied stress levels results in a reduction of the component life.
Here, a rather remarkable analogy between such delayed failure mechanisms, creep and fatigue [12–

17,19,21,22,25,28–30,35], is established, whereby analogous scaling effects are observed and similarly
shaped curves are emerging.

2. Specimen-size effects on creep rupture time

In the assessment of high-temperature material behaviour for design considerations, size effects on
stress rupture properties have been demonstrated. A specimen-size effect was experimentally verified by
Goldhoff [24] on Cr-Mo-V steel specimens subjected to stress rupture tests. Cylindrical bars were tested in
uniaxial tension at temperatures ranging from 482 °C to 593 °C. Test section diameters of the specimens
were 0.160, 0.253, 0.505, and 1.128 in., spanning one order of magnitude. Though both smooth and
notched bars were tested, the current paper focuses on pure specimen-size effects. Thus, only the results
on smooth bars are reported and discussed, so as to exclude the constraint effects affecting the creep crack
propagation in notched specimens [32–34,36,37,41–45]. Such effects are due to loading configuration
[36,41,44], crack depth (in-plane constraint effects) [32,37,42], and specimen thickness (out-of-plane
constraint effects) [33,34].

The overall results of this study are shown in Fig. 1, representing stress rupture diagrams for different
specimen sizes and temperatures. Each point depicts the result of a single test conducted on a bar of
diameter b held at a given temperature T. The logarithmic representation of 𝜎 = 𝜎(tR) yields a set of
almost parallel lines for each temperature condition, where the slope −1∕p is equal to −1∕15 at 482 °C,
−1∕10 at 538 °C and −1∕6 at 593 °C (also see Table 1). Looking at Fig. 1, the stresses necessary to
produce failure in a given rupture time at 482 °C are on average larger by a factor ∼100.15 ≅ 1.4 than those
at 538 °C and by ∼100.3 ≅ 2 than those at 593 °C.

Besides the expected dependence of creep strength on temperature —creep becomes severe when the
absolute operating temperature T exceeds 40% of the absolute melting temperature TM of the material—
a size effect appeared as well. The downward shift of the stress rupture curves for increasing specimen
size b is emphasized in Fig. 2 revealing a systematic, although small, decrease in strength with size.
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Fig. 1. Experimental stress rupture diagrams at different temperature conditions for smooth specimens of various sizes (adapted
from [24]).

Actually, one case —for a steel with slightly differing chemical composition— provided a controversial
finding, whereby the increasing size caused an increase in creep strength. This evidence is in contradiction
with well-known size effects on tensile strength, and makes experimental investigations much-needed in
the future.

3. Generalized creep rupture law

The above results give the evidence of poor information provided by Eq. (2) on the multiple factors
affecting the creep rupture of a material. Furthermore, there is considerable evidence for the presence of
a threshold stress (or creep limit), 𝜎th, in the high temperature creep regime of metals [6–8,27], below
which no measurable strain rate can be achieved. Thus, deviations from the power-law behaviour of Eq.
(2) are expected both at high values of 𝜎 close to the ultimate tensile strength 𝜎u, and at low values of 𝜎
close to the creep limit condition, 𝜎th, yielding the typical Wöhler-type stress rupture diagram of Fig. 3.

Therefore, assuming that tR depends on multiple parameters, the following functional dependence can
be stated:

𝑡𝑅 = Ψ(𝜎, 𝑇 ; 𝜎𝑢, 𝜎𝑡ℎ, 𝐾𝐶 , 𝑋, 𝑇𝑀 ; 𝑏), (3)

where b is the characteristic specimen size and X is the thermal diffusivity (m2 s−1), which controls the
migration of vacancies responsible for creep.

Taking KC, 𝜎u, X, and TM as independent variables, an application of the Buckingham 𝜋 theorem [5]
gives:

𝑡𝑅 = 𝑎2

0𝑋 Ψ
1 ( 𝜎𝜎𝑢 , 𝜎𝑡ℎ𝜎𝑢 , 𝑇𝑇𝑀 , 𝑏𝑎

0
) , (4)
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Fig. 2. (a–c) Dependence of rupture time on stress as a function of specimen size (adapted from [24]).

where the fracture toughness KC and the tensile strength 𝜎u of the material are expressed through the
fracture sensitivity a0 = (KC∕𝜎u)2∕𝜋.

Based on self-similarity considerations [1–3], the power-law range of the stress-rupture diagram is
regarded as an intermediate-asymptotic stage, wherein the process is sufficiently far from both creep
limit and ultimate tensile conditions. The so-called incomplete self-similarity prevails at this stage
corresponding to a power-law dependence of rupture time tR on certain dimensionless parameters.

The experimentally proved dependencies on the applied stress 𝜎 and the specimen size b lead to assume
incomplete self-similarity in the corresponding dimensionless parameters 𝜎∕𝜎u and b∕a0 for the mid-
range of rupture times, i.e. when 𝜎th ≪𝜎≪𝜎u. Accordingly, Eq. (4) has the following power-law asymptotic
representation:

𝑡𝑅 = 𝑎2

0𝑋 Ψ
2 (𝜎𝑡ℎ𝜎𝑢 , 𝑇𝑇𝑀 ) ( 𝑏𝑎

0
)𝛿2 ( 𝜎𝜎𝑢 )𝛿1 ≡ 𝐵𝜎𝛿1 , (5)

where the effects of temperature are accounted for in the function 𝛹 2.
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Fig. 3. Schematization of a stress rupture diagram: power-law stage corresponds to the intermediate asymptotic behaviour.

By comparing Eqs (2) and (5), it immediately results that 𝛿1 = −p. Furthermore, from Eq. (5) it is
apparent that B is not simply a function of the material properties and the temperature, but also of the
specimen size b, where the exponent 𝛿2 governing the size effect cannot be obtained by dimensional
analysis, but rather has to be calibrated from the experimental data.

4. Fractal creep rupture law

As reported in a celebrated work by Mandelbrot et al. [26], the experiments have revealed the fractal
character of metals’ structure, where observations at various magnification scales show a variety of
self-similar structures, falling between the micro-scale (characterized by grains and inclusions) and the
macro-scale (defined by specimen and notch sizes). Such a fractal nature is also present in metallic
substructures under creep conditions due to the self-similar pattern of moving dislocations responsible
for the phenomenon [20,40]. Thus, it can be inferred that the observed shift of the 𝜎 versus tR curves can
be interpreted in terms of fractal weakening (lacunarity) of the material ligament, which is modeled as a
fractal set of topological dimension 2 − d𝜎 , with 0 < d𝜎 < 1 [9–11,18]. An extension of the scaling law for
the nominal tensile strength, 𝜎𝑢 = 𝜎∗𝑢 𝑏−𝑑𝜎 , to generic stress values gives 𝜎 = 𝜎∗ b−d𝜎 . Inserting this relation
into Eq. (2) leads to the following scale-invariant, or fractal, law:

𝑡𝑅 = 𝐵∗𝜎∗−𝑝, (6)

establishing that a given time-to-rupture tR results from a size-independent renormalized stress 𝜎∗ with
anomalous physical dimensions [F][L]−(2−d𝜎 ), where B∗ is solely temperature and material dependent:

𝐵∗ ≡ 𝐵𝑏𝑑𝜎𝑝. (7)
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Fig. 4. (a–c) Renormalized stress rupture curves. The fitting function is the scaling function 𝜎∗ = 𝐵∗1/𝑝𝑡−1/𝑝𝑅 , which is obtained
from Eq. (6).

Using Eq. (7), Eq. (2) can be written as:

𝑡𝑅 = 𝐵∗𝑏−𝑑𝜎𝑝𝜎−𝑝, (8)

or in logarithmic form:

log 𝜎 = 1𝑝 log 𝐵∗ − 𝑑𝜎 log 𝑏 − 1𝑝 log 𝑡𝑅. (9)

This expression shows that the stress 𝜎 expected to cause rupture in a given time tR decreases as the
specimen size b increases, at a rate governed by d𝜎 .

Further considerations can be made by comparing the results of fractal and self-similarity approaches
to the stress rupture law. From Eqs (5) and (8), the following relationship is easily obtained:

𝐵 ≡ 𝑎2

0𝑋 Ψ
2 (𝜎𝑡ℎ𝜎𝑢 , 𝑇𝑇𝑀 ) ( 𝑏𝑎

0
)𝛿2 𝜎−𝛿1𝑢 = 𝐵∗𝑏−𝑑𝜎𝑝, (10)
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Table 2
Fitting parameters of the scaling function 𝜎∗ = 𝐵∗1/𝑝𝑡−1/𝑝𝑅 of Fig. 4

T (°C) logB∗ (∧) 1∕p

482 45.1 0.062
538 27.8 0.098
593 16.3 0.17

∧B∗ is expressed in Np mm−(2−d𝜎 )p h.

Fig. 5. Predicted shift of the nominal stress rupture curves (a); collapse of the renormalized curves in the fractal diagram (b).
The dashed branches depict the asymptotic behaviour to be investigated.

which yields:

𝛿
2

= −𝑑𝜎𝑝. (11)

Then, the experimental stress rupture curves are renormalized by subjecting stress data to the following
transformation, 𝜎 → 𝜎∗ = 𝜎bd𝜎 . The renormalized curves collapse onto a single line for each temperature
condition, as shown in Fig. 4, illustrating the fulfilment of the specimen-size independent scaling law of
Eq. (6). The fitting line for the diagrams of Fig. 4 is represented by the scaling function 𝜎∗ = 𝐵∗1/𝑝𝑡−1/𝑝𝑅 .

The optimized exponent d𝜎 yielding the best data collapse is equal to 0.03 ± 0.01 at 482 °C, 0.03 ± 0.02
at 538 °C, and 0.06 ± 0.02 at 593 °C. It can be observed that the statistical discrepancy is not significant,
i.e. the single values of d𝜎 are compatible among themselves, as the stated error bars overlap. The fitting
parameters 1∕p and B∗ are reported in Table 2.

5. Discussion and conclusions

In this work, specimen-size effects on the creep strength are discussed, considering stress rupture
diagrams obtained from uniaxial creep tests conducted on steel bars of different sizes [24]. Although



AU
TH

OR
CO

PY

112 A. Carpinteri et al. / Fractal scaling and specimen-size effects on creep resistance

the experimental campaign originally regarded both smooth and notched cylindrical bars, in this paper
the analysis is restricted to smooth specimens, in order to exclude the constraint effects related to the
propagation of a pre-existing crack under creep conditions. Under these circumstances, dimensional
analysis and self-similarity considerations provide a generalized representation of the creep rupture law,
where dependencies on multiple parameters and deviations from the mid-range power-law regime can
be taken into account. In this framework, the observed size effect on the creep strength is signature of
incomplete self-similarity in the specimen size.

The geometrical meaning of the aforementioned size effects and incomplete self-similarity is rooted
in the fractal geometry of specimen cross-section. The severity of the size effect is related to the
microstructural disorder through the dimensional decrement d𝜎 of the material ligament.

Similarly to static and fatigue failures, the renormalized creep strength is introduced as an intrinsic
property of the material, leading to the definition of a fractal (scale-invariant) creep rupture law. As
ultimate tensile strength and creep limit conditions are approached, deviations from the mid-range power-
law regime are expected both in nominal and fractal diagrams. In particular, assuming for the creep limit𝜎th the same scaling effect as for 𝜎u and 𝜎, i.e. 𝜎𝑡ℎ = 𝜎∗𝑡ℎ𝑏−𝑑𝜎 , yields the downward shift of the Wöhler-type
curves and the collapse of the renormalized curves, as represented respectively in Figs 5(a) and (b). The
emerging leitmotiv would be the strong analogy between the sub-critical failure mechanisms of creep and
fatigue. Indeed, similarly shaped curves may depict analogous scaling laws, which are obtained from each
other by the change of variable N ↔ t (number of cycles ↔ time).

Extensive experimental work should be conducted to confirm the present approach. With specific
reference to the creep limit 𝜎th, the greatest difficulty really seems to consist in the extremely long-term
tests in order to ascertain the existence of the conjectured asymptotic behaviour (represented in Fig. 5).
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