
OR I G I N A L CON TR I B U T I ON

Scaling and fractality in subcritical fatigue crack growth:

Crack-size effects on Paris' law and fatigue threshold

Alberto Carpinteri | Francesco Montagnoli

Department of Structural, Geotechnical

and Building Engineering, Politecnico di

Torino, Torino, Italy

Correspondence

Francesco Montagnoli, Politecnico di

Torino, Department of Structural,

Geotechnical and Building Engineering,

Corso Duca degli Abruzzi 24, 10129

Torino, Italy.

Email: francesco.montagnoli@polito.it

Abstract

The present contribution investigates the crack-size effects on Paris' law in

accordance with dimensional analysis and intermediate asymptotics theory,

which makes it possible to obtain a generalised equation able to provide an

interpretation to the various empirical power-laws available in the Literature.

Subsequently, within the framework of fractal geometry, scaling laws are

determined for the coordinates of the limit-points of Paris' curve so that a theo-

retical explanation is provided to the so-called short cracks problem. Eventu-

ally, the proposed models are compared with experimental data available in

the literature which seem to confirm the advantage of applying a fractal model

to the fatigue problem.
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1 | INTRODUCTION

Paris, in the 1960s, made a major breakthrough on the

fatigue problem using an analytical approach based on

linear elastic fracture mechanics (LEFM).1 In fact, fatigue

failure occurs because of the propagation of a pre-existing

crack, which is contained in the structural element. Paris

showed that the crack growth rate, da/dN, results to be a

function of the stress-intensity factor range, ΔKI. He

found that a power-law relationship is able to describe

the propagation of cracks in good agreement with experi-

mental data available in the literature as follows:

da=dN =C ΔKI
m: ð1Þ

Actually, Paris' law is only valid in the central part of

the diagram (Region II) because this power-law relation-

ship presents some deviations (see Figure 1). In fact,

when the stress-intensity factor range tends to the frac-

ture toughness of the material, KIC, the Griffith-Irwin

critical condition is reached and the curve presents a

vertical asymptote. On the other hand, for very low

values of ΔKI, a pre-existing crack does not propagate and

the curve presents another deviation from Paris' law. The

so-called fatigue threshold, which was introduced by

McClintok,2 is defined in a conventional way as the value

of SIF range below which a crack propagates at a growth

rate less than 10−9 m/cycle. To take into account these

deviations, Klesnil and Lukas3 introduced the following

relationship:

da

dN
=
C ΔK I

m
−ΔK th

mð Þ
1−Rð ÞK IC−ΔK I

, ð2Þ

which also considers the dependence of the crack growth

rate on the loading ratio, R.

A few years after Paris' breakthrough, many

researchers reported the observation that very short

cracks are characterised by a crack growth rate higher

than that experimentally determined for longer cracks,4-6

the so-called anomalous behaviour of short cracks or

small-crack problem.7 More in detail, some authors have
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proposed the subdivision of short cracks in three different

typologies. The first one considers the microscopic short

cracks, ie, when the crack length is small if compared

with micro-structural dimensions, so that continuum

mechanics breaks down. The second typology takes into

account the mechanically small cracks. In this case, their

length is small if compared with the dimension of the

crack tip plastic zone and, therefore, the LEFM is no lon-

ger valid. Eventually, the physically small cracks are trivi-

ally referred to a crack length smaller than 0.5 to 1.0

mm.6,8 Thus, if the data for long cracks are used to pre-

dict the lifetime of a component with small cracks, a dan-

gerous overestimation of the minimum period of

unrepaired service usage will be obtained leading to dra-

matic consequences. As a consequence, much effort has

been made to understand the factors affecting the short

crack growth behaviour. In particular, it has emerged

that an important role in the so-called anomalous behav-

iour of small cracks has been played by the micro-

structural features. In fact, due to the interaction of the

short fatigue crack with the grain boundaries, the crack

path deflects from the macroscopic propagation direction.

On the contrary, the presence of grain discontinuities has

not influence on the propagation of long cracks, their

mechanism being governed by average bulk properties,

as stated in Suresh and Ritchie.6 Furthermore, according

to the above-mentioned definition of mechanically small

cracks, a further contribution to different propagation

mechanisms between longer and shorter cracks has been

given by the local plasticity effect since the latter are

characterised by a size comparable with crack tip plastic

zone. Thus, the application of elastic-plastic fracture

mechanics has been proposed in order to predict the

small-crack advancement mechanism. In other words,

the introduction of J-integral range or strain energy den-

sity variation as crack-driving force parameters may help

to capture the anomalous short crack growth.7 In addi-

tion, an important role in the explanation of short cracks

propagation is given by the closure effect. In 1970, Elber

first introduced a model based on crack closure concept

in order to explain the effect of the loading ratio on crack

growth rate.9 In this approach, a physical contact

between the fracture surfaces in the wake of crack tip

was assumed. Therefore, the partial closure of the crack

during the fatigue loading was taken into account consid-

ering that the crack growth rate can be related to the

effective stress-intensity factor, which considers the vari-

ous forms of crack closure, ie, plasticity ahead of the

crack tip, roughness, and oxide-induced closure.10,11

More in detail, the plasticity-induced closure can be due

to the previously plastically stretched wake behind the

crack tip, which comes into contact when the crack prop-

agates in the plastic zone.6 Therefore, the plastic wake

behind the crack reduces the cyclic plastic deformations

at the crack tip (for more details see previous studies12,13).

Since small cracks are characterised by a limited wake in

comparison to their longer counterparts, it can be sup-

posed that the former ones will be less influenced by the

closure effect.6 In addition, it has been observed that the

crack closure can be due also to the presence of corrosion

debris within the crack itself or to the roughness of frac-

ture surfaces. Moreover, some experimental results have

highlighted that the crack closure increases with the

crack length, thus it may be expected that long cracks

propagate slower than shorter ones.6 Eventually, it has

been observed that chemical and electrochemical effects

play an important role in the different propagation mech-

anisms between longer and shorter cracks. A possible

explanation to this phenomenon has been given consid-

ering the differences in the crack tip environment, as well

as to the influence of the crack length on the rate of

renewal solution near the crack tip, as stated in Suresh

and Ritchie.6 More recently, a model that takes into

account the elastic-plastic behaviour of short cracks near

the crack tip was proposed for titanium alloys by Wang

et al, who assumed a fictitious crack length according to

Dugdale's model.14 Subsequently, a modified UniGrow

2-parameter driving force model was proposed in order

to predict the total fatigue life in presence of a short

crack.15,16 In addition, many researchers found that

fatigue threshold is a crack-size-dependent parameter.17

As a result, the fatigue threshold is a material constant

only for sufficiently long cracks, whereas it decreases by

decreasing the crack length, as is possible to note in

FIGURE 1 Sigmoidal or Paris' curve
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Kitagawa's diagram.18,19 Notice that, since fatigue thresh-

old represents a very important parameter in the fatigue

problem, much of experimental and theoretical efforts

were made during the last decades to understand this

phenomenon.20 For instance, Chapetti tried to provide an

explanation to the crack-size dependence of the fatigue

threshold by introducing the concept of micro-structural

threshold for crack propagation.21 The latter can be eval-

uated considering the fatigue limit of the material and

the strongest micro-structural barrier. Hence, an effective

fatigue threshold has been defined by the difference

between the fatigue threshold for long cracks and the

micro-structural threshold. Eventually, a comparison

with some experimental data available in the literature

has been done, which has shown a good agreement

between the theoretical model proposed by Chapetti and

the fatigue threshold data for all materials considered.

More recently, the concept of fractality has been

exploited to explain the size effect on LEFM parame-

ters.22 Thus, based on the results obtained by Al.

Carpinteri,22 An. Carpinteri and Spagnoli proposed to

apply the concepts of invasive fractal set in order to inter-

pret the experimentally observed crack-size effect on

Paris' regime and fatigue threshold.23,24

The purpose of this paper is to propose a

re-examination of available models in literature and to

obtain a unified treatise within the context of fractal

geometry in order to clarify the crack-size effect on

Paris' curve. In addition, the concepts of dimensional

analysis and incomplete self-similarity to Paris' law are

applied in order to determine a relationship that

takes into account the crack size dependence of Paris

parameter C.

Furthermore, by modelling the fracture surface as

an invasive fractal set, it is possible to confirm the

crack-size dependence of Paris' law. Analogously, scal-

ing laws for the coordinates of the limit points are

obtained in order to predict the crack-size effects on

Paris' curve. Moreover, a multi-fractal scaling law

(MFSL) is proposed for this parameter to model the

variation of the fatigue threshold over a wide size

range. Eventually, the proposed models are compared

to experimental data available in the literature, which

confirm the advantage of applying a fractal model to

the short cracks problem.

2 | INTERMEDIATE
ASYMPTOTICS THEORY IN THE
ANALYSIS OF PARIS' LAW

Let us analyse the phenomenon of fatigue crack

growth.25-29 We assume the crack growth rate as the

quantity to be determined. This quantity is influenced by

the three different categories of variables. The first one

takes into account the testing conditions, ie, the stress-

intensity factor range, ΔKI, and the loading ratio, R. The

second category of parameters considers the static and

cyclic material properties, such as the ultimate tensile

stress, σu, the fracture toughness, KIC, and the stress-

intensity factor range threshold, ΔKth. Eventually, the last

category includes the geometric parameter, ie, the crack

length, a.

Thus, we can write the following relationship:

da=dN =Π ΔKI ,1−R;KIC ,σu,ΔK th;að Þ, ð3Þ

where we are neglecting the dependence on the time.

The physical dimensions of the parameters entering

Equation (3) are expressed in the Length-Force-Time

class as follows:

da

dN
= L½ �,ΔK I =K IC =ΔK th = F½ � L½ �−3=2,

σu = F½ � L½ �−2,R= −½ �, a= L½ �:

From dimensional analysis,30 we select two dimen-

sionally independent quantities, so that the number of

parameters in Equation (3) can be reduced from six to

four as follows:

da

dN
=

K IC

σu

� �2

~Π
ΔK I

K IC

,1−R;
ΔK th

KIC

;
σu

K IC

� �2

a

 !

, ð4Þ

where the dimensionless parameters are as follows:

Π1 =
ΔK I

KIC

;Π2 =1−R; Π3 =
ΔK th

KIC

; Π4 =
σu

K IC

� �2

a:

Notice that Π4 is responsible for the crack-size

dependence of the fatigue crack growth. The application

of Barenblatt-Botvina's approach allows us to further

reduce the quantities involved in Equation (4). In fact,

in Paris' law regime, the fatigue crack propagation mech-

anism does not depend on the initial and boundary con-

ditions and, at the same time, the Griffith-Irwin critical

condition has not been reached yet. As a consequence,

Paris' law can be interpreted in the framework of inter-

mediate asymptotics theory.31 Hence, assuming an

incomplete self-similarity in the corresponding dimen-

sionless parameters, we obtain a power-law dependence

of the crack growth rate on Πi, with i =1,..,432-34 as

follows:
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da

dN
=

K ICð Þ
σu

2

2−α1

ΔKI
α1 1−Rð Þα2 ΔK th

KIC

� �α3
σ
2
u

K2
IC

a

� �α4

: ð5Þ

Comparing Equation (5) with Paris' law, we find the

following relationships:

m= α1, ð6aÞ

C=
K ICð Þ
σu

2

2−α1

1−Rð Þα2 ΔK th

K IC

� �

α3
σ
2
u

K2
IC

a

� �α4

: ð6bÞ

Consequently, we can see how the parameter C repre-

sents a general power-law function of the crack length

for a given material and loading condition. Therefore,

Equation (6b) can be considered as a generalised Paris'

law, in which all the main functional dependencies of the

parameter C have been considered, allowing the detec-

tion of any anomalous deviations from the simple power-

law regime first suggested by Paris.

It is interesting to note that, for m = 2, we obtain the

following relationship:

da=dN = ΔK I=σuð Þ2, ð7Þ

which corresponds to the so-called complete self-similar-

ity, as pointed out by Barenblatt and Botvina.25

3 | SOME REMARKS ON THE
INVASIVE FRACTAL SCALING
LAWS

It is well known that a similar morphology of the

fracture surface appears over a wide range of observation

scales.35 In other terms, the fracture surface can be

modelled as a fractal set of dimension greater than two,

where its non-integer dimension is the way to quantify

the disorder.

Thus, supposing that the total energy dissipation nec-

essary to break a specimen occurs in a fractal domain of

dimension α=2+ dG , with 0≤ dG ≤ 1 , the application of

the renormalization group theory provides the following

scaling law for the fracture energy22,35,36:

GF ’G*

F b
dG , ð8Þ

where G*

F represents the scale-invariant fracture energy

with anomalous physical dimensions F½ � L½ �− 1+ dGð Þ, which
is intermediate between a classical fracture energy and a

plastic bulk dissipation.37-39

Let us consider now an infinite plate with a fractal

crack of projected length 2a, where the invasive fractal

dimension of the crack profile is equal to 1+ dG , so that

the fractal measure of the crack is

a* ’ a1+ dG : ð9Þ

Considering the Irwin's relationship for the critical

values and making the following position:

K*

IC ’
ffiffiffiffiffiffiffiffiffi

G*

FE

q

, ð10Þ

Equation (8) becomes:

KIC ’K*

IC a
dG
2 , ð11Þ

which, generalised to non-critical values, allows us to

obtain22

K I ’K*

I a
dG
2 , ð12Þ

with:

K*

I

� �

= F½ � L½ �− 3+ dGð Þ=2: ð13Þ

It is interesting that, for dG !1, ie, for an energy dissi-

pation in the volume, K*

I will have the same physical

dimensions of stress so that the stress singularity

vanishes.

This approach is strictly valid only within a limited

scale range. In fact, as the size increases, the concept of

geometrical multi-fractality implies the progressive

vanishing of fractality, ie, there is a change of the fractal

dimension with the scale of observation.40,41

In other words, since the microstructure of a disor-

dered material remains the same independently of the

scale of observation, the influence of disorder on

mechanical properties depends on the ratio between a

characteristic material length, lch, and the external size of

the specimen, b. Hence, the effect of microstructural dis-

order on the mechanical behaviour of the material

becomes progressively less important at the larger scales

and, eventually, fractality vanishes for b tending to

infinity.

This transition from a disordered regime for smaller

scales, where a Brownian disorder holds with a fractal

scaling exponent equal to 1/2, to an ordered regime for

larger scales can, therefore, be considered in the scaling

CARPINTERI AND MONTAGNOLI 791



of any mechanical quantity. The analytical expression of

the multi-fractal scaling law (MFSL) for fracture energy

is shown in Figure 241:

GF =G∞

F 1+
lch

b

� �

−1=2

: ð14Þ

This scaling law is a two-parameter best-fitting, where

the asymptotic value of the nominal quantity,

corresponding to the highest value of the fracture energy,

is reached only in the limit case of infinite specimen

sizes. The dimensionless term within round brackets rep-

resents the variable influence of disorder on the mechani-

cal behaviour by means of the characteristic length, lch.

On the other hand, in the bi-logarithmic diagram, the

transition from the fractal scaling regime to the Euclidian

one is represented by the point of abscissa loglch.
42-44

4 | FRACTAL AND MULTI-
FRACTAL APPROACH TO PARIS
REGIME

In the most recent decades, experimental evidence has

shown a dependence of crack growth rate on crack-size,

the stress-intensity factor range being the same. Although

different approaches have been introduced to describe

the anomalous behaviour of short cracks, a rigorous

explanation to the short cracks problem can be given by

the concepts of fractal geometry. In fact, the latter is able

to capture the short crack propagation behaviour by tak-

ing into account directly the deflections of the crack path

from the macroscopic propagation direction. In other

words, the fractal geometry allows to consider the posi-

tive effect of tortuosity in crack path by modelling the

crack profile as an invasive fractal set, without the need

to consider explicitly the mechanism of crack deflection

in the propagation of short fatigue cracks, which is due to

the interaction with the grain boundaries and micro-

structural discontinuities. On the other hand, it has been

observed that the plasticity-induced crack closure model

is not able to predict correctly the anomalous short crack

behaviour as stated in Vasudeven et al.45 The fractal

geometry was first applied by Mandelbrot et al.46 to char-

acterise the fractal nature of fracture surfaces of metals

and, in the last few years, noticeable advances have been

made in the study of the fractal aspects of crack morphol-

ogy and energy dissipation over fractal domains. Thus,

considering the renormalized quantities related to the

fractal crack represented in Equations (9) and (12) in

fatigue crack growth law, a crack-size dependent Paris'

law can be found. By employing Equation (12), the nomi-

nal stress-intensity factor range, ΔKI, can be related to the

corresponding fractal parameter, ΔK*

I , by the following

relationship:

ΔK I ’ΔK*

I a
dG
2 : ð15Þ

Furthermore, by applying the derivation rule for com-

posite functions to the nominal crack propagation rate, it

is possible to express the latter as a function of the fractal

crack propagation rate da*/dN:

da

dN
=

da

da*
da*

dN
, ð16Þ

where

da

da*
=

a−dG

1+ dGð Þ : ð17Þ

Thus, the nominal crack propagation rate in Equa-

tion (16) is given by:

da

dN
=
da*

dN

a−dG

1+ dG
, ð18Þ

which, substituted into Paris' law together with Equa-

tion (15), allows us to obtain:

da*

dN

a−dG

1+ dG
=CΔK*

I

m
a

m
2 dG : ð19Þ

Now, the following position can be put forward:

da*=dN =C*
ΔK*

I

m
: ð20Þ

In other terms, Equation (20) introduces the fractal

Paris' parameter C*, which is a crack-size-independentFIGURE 2 Multi-fractal scaling law for fracture energy
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parameter. Finally, this relationship, once substituted

into Equation (19), allows us to find

C* = 1+ dGð ÞC adG 1+m
2ð Þ: ð21Þ

Hence, inverting the previous formula, the scaling

law for Paris' parameter C is obtained as follows:

C að Þ= C*

1+ dG
a−dG 1+m

2ð Þ: ð22Þ

In this way, Equation (22) leads to a crack-size depen-

dence of crack propagation law as follows:

da

dN
=

C*

1+ dG
a−dG 1+m

2ð Þ
ΔKm

I , ð23Þ

which can be regarded as a modified Paris' law, since the

parameter C is no longer a material constant (see

Figure 3A). In other words, Equation (23) predicts a

decrease in the crack growth rate, da/dN, by increasing

the crack-size (see Figure 3B). Thus, comparing Equa-

tion (22) with Equation (6b), we note that the assumption

of the invasive fractal roughness of crack profile implies

an incomplete self-similarity in the problem.

It is interesting to specify that Equation (23) was

obtained by Andrea Carpinteri and Spagnoli,23,24 but fol-

lowing the diametrically opposite path. In fact, in the pre-

sent paper, Equation (8) has been found herein starting

from the well-known Paris' law. Thus, exploiting the rela-

tionships between nominal quantities and corresponding

fractal ones, Equation (8) has been directly demonstrated.

Although the two approaches permit us to obtain the

same scaling law for parameter C, nevertheless the

modus operandi herein proposed is logically more

consistent.

In addition, it is interesting to note that the fractal

Paris' law in Equation (23) and the NASGRO crack

growth equation can capture equally well the anoma-

lous small crack behaviour. In fact, as stated in Jones

et al,47 the NASGRO crack growth equation can be

used to represent the small crack propagation if closure

effects are neglected and the fatigue threshold is set to

a very small value. Furthermore, notice that the scaling

law proposed for Paris parameter C can be applied only

to a limited crack-size range in order to consider a con-

stant value of the dimensional increment dG. Otherwise,
although the general trend can be captured considering

just the fractal approach, a transition occurs from a frac-

tal regime for small cracks to a Euclidian regime for long

cracks.

Exploiting the concept of self-affinity, the fractal

increment with respect to 2 can be assumed to vary with

the scale of observation so that it becomes a function of

the crack length. Therefore, according to Equation (22), a

MFSL for Paris' parameter C can be put forward48 as

follows:

CMF að Þ=C∞

MF 1+
lch

a

� �dG 1+m
2ð Þ
: ð24Þ

This relationship is shown in Figure 4 and connects

the two asymptotic behaviours for shorter and longer

cracks. For shorter cracks, the maximum possible disor-

der is reached and an oblique asymptote, with slope

equal to −dG 1+m=2ð Þ , is obtained. On the other hand,

for very long cracks, the dependence on the crack-size

disappears and a horizontal asymptote is found, ie, dG !
0. Additionally, notice that lch represents the crack length

that separates the two asymptotic behaviours. Eventually,

we can write the following modified Paris' law:

da=dN =CMF að ÞΔK I
m, ð25Þ

FIGURE 3 A, Crack-size effect on Paris'

parameter C. B, Crack-size effect on Paris' law

CARPINTERI AND MONTAGNOLI 793



where the expression of CMF(a) is given by Equation (25).

Eventually, note that the aforementioned decrease in the

dimensional increment dG with the scale of observation is

consistent with the experimental evidence that the fractal

dimension changes when the segment of profile measure-

ment approaches the size of the structural element, since

the effect of the microstructural disorder on the mechani-

cal behaviour becomes progressively less important at a

larger scale.

5 | CORRELATION BETWEEN
BARENBLATT-BOTVINA'S AND
FRACTAL APPROACHES TO PARIS'
REGIME

The purpose of the present section is to find a correlation

between the two approaches previously proposed so that

a relationship can be determined between the dimen-

sional increment of fractal approach, dG , and m. By con-

sidering the fractal crack in Equation (9), Paris' law can

be written in the following form:

da1+ dG

dN
’ ΔKI

σu

� �m

, ð26Þ

which, from a dimensional point of view, implies:

L½ �1+ dG = L½ �m=2: ð27Þ

Equation (27) shows that, for m = 2, the dimensional

increment is equal to zero so that a flat crack is obtained.

In other words, for m = 2, the crack-size effect on Paris'

law disappears, which corresponds to the case of com-

plete self-similarity shown in Equation (7):

m=2, ð28aÞ

da1

dN
’ ΔKI

σu

� �2

, ð28bÞ

dG =0: ð28cÞ

Let us consider the case of m = 3. Following the same

path of reasoning, Equation (27) implies a value of the

dimensional increment equal to 1/2, which leads to the

concept of Brownian surface in the context of fractal

geometry:

m=3, ð29aÞ

da3=2

dN
’ ΔKI

σu

� �3

, ð29bÞ

dG =1=2: ð29cÞ

As a result, Equation (25) allows us to demonstrate

that the assumption of fractal roughness in the crack pro-

file implies the incomplete self-similarity, being m > 2. It

is interesting to note that Equation (29b) can be seen as a

generalisation of Frost-Dugdale crack growth law.49 In

fact, Jones et al obtained the following generalised Frost-

Dugdale law50-53:

da

dN
’ ΔK

1−p
I Kp

max

σu

 !m

a1−
m
2 : ð30Þ

Furthermore, by considering the relationship between

the stress-intensity factor range and the loading ratio, the

previous equation can also be written in the following

form:

da

dN
’ ΔK I 1−Rð Þ−p

σu

� �m

a1−
m
2 , ð31Þ

which was confirmed by experimental results.48 For

instance, the material constants obtained for

AA7050-T7451, p = 0.2 and m = 3, yield to the following

expression:

da=dN ’ ΔK I

σu

� �3

a−1=2, ð32Þ

in agreement with Equation (29b). Moreover, noteworthy

is the Williford's paper54 in which he modelled fracture

FIGURE 4 Multi-fractal scaling law for Paris' parameter C
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surface at the crack tip as an invasive fractal and a

power-law was considered for J integral. Williford

obtained a crack-size dependent Paris' law in which both

parameter m and exponent of crack length are functions

of the fractal dimension. It is very interesting to note that

Williford's model provides m = 3 for dG =0:5, in perfect

agreement with Equation (29b) and, in particular, with

experimental data. For instance, for AISI 4340 steel, the

measured value of the fractal dimension under mono-

tonic loading is equal to 1.51,55 as well as m = 2.82,

which is very close to 3.56 Eventually, we should analyse

the case of m = 4. In fact, by inserting this value into

Equation (26), we obtain

m=4, ð33aÞ

da2

dN
’ ΔK I

σu

� �4

, ð33bÞ

dG =1, ð33cÞ

which corresponds to the maximum value for dG and to

maximum disorder and volumetric plastic dissipation.

Thus, we can summarise as follows:

0≤ dG ≤ 1, ð34aÞ

2≤m≤ 4: ð34bÞ

In other words, Equation (34b) allows us to say that

values of m higher than 4 are not permitted, otherwise

we would have the paradox of a planar dimension larger

than 2. On the other hand, experimentally determined

values of m higher than 4 have been observed for brittle

materials, like concrete or ceramics. Therefore, it seems

reasonable to suppose that the approach here proposed

can be applied to the analysis of ductile fatigue fractures,

which are characterised by values of m lower than 4.

6 | FRACTAL AND MULTI-
FRACTAL APPROACH TO PARIS'
CURVE

In this section, we propose the fractal approach for the

study of crack-size effects on coordinates of the limit-

points of Paris' curve. To this aim, Equations (12) and (17)

are applied to the coordinates of fatigue threshold point in

order to obtain the following scaling laws for ΔKth and vth:

ΔK th ’ΔK*

th a
dG
2 , ð35aÞ

vth ’ v*th a
−dG : ð35bÞ

Thus, Equation (35a) implies that, in accordance

with the hypothesis of fractal roughness of the crack

profile, the fatigue threshold increases with the crack

length, whose trend is confirmed by the experimental

data. Also, notice that, for dG!1, we obtain ΔK th /
ffiffiffi

a
p

,

which implies that the fractal fatigue threshold

assumes the physical dimensions of stress or, in other

words, that the energy dissipation occurs in the bulk

volume.57 On the other hand, Equation (35b) predicts a

decrease in threshold growth rate, vth, with the crack

length.

Analogously, evaluating Equations (12) and (17) in

correspondence of the coordinates of the critical point of

Paris' curve, the following scaling laws can be put

forward:

ΔKcr ’ 1−Rð ÞK*

IC a
dG
2 , ð36aÞ

vcr ’ v*cr a
−dG , ð36bÞ

which predict the same trend given by Equations (35a)

and (35b). Therefore, according to Equations (35a) and

(36a), an increase in fatigue threshold and fracture

toughness is expected with the crack length, which can

be ascribed to the fractality of rough crack. Moreover,

notice that ΔK*

th and ΔK*

cr are the corresponding fractal

quantities of fatigue threshold and critical SIF range,

which can be seen as material constants with anomalous

dimensions. On the other hand, Equations (35b) and

(36b) predict a negative scaling for vth and vcr, ie, these

parameters decrease with the crack length.

As a result, the scaling laws previously introduced

yield a simultaneous rightward and downward transla-

tion of Paris' curve increasing the crack length, ie, we

obtain a crack-size-dependent Paris' curve, as shown in

Figure 5A.

In addition, substituting the nominal crack growth

rate and the nominal SIF-range with the corresponding

renormalized parameters, a fractal-coordinate system is

obtained. Consequently, through the introduction of frac-

tal coordinates, the set of Paris' curves, obtained varying

the crack length, collapse onto a single fractal (crack-size

independent) Paris' curve, see Figure 5B. In other words,

the application of renormalization group theory leads to a

fractal diagram where the coordinates of the limit-points

of Paris' curve correspond to the fractal quantities

entering Equations (35a,b) and (36a,b).

Furthermore, analogously to what has been done in

Section 4, a multi-fractal approach for the fatigue
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threshold should be considered in order to link the two

extreme behaviours so that the experimental trend is

reproduced.

In fact, according to Kitagawa's diagram, a transition

of fatigue threshold occurs from the long cracks regime,

where the fatigue threshold is a material property, to the

short cracks regime.58,59 Therefore, since the use of a

multi-fractal scaling law is strictly needed to model the

variation of the fatigue threshold over a wide size range,

the following scaling law should be put forward

(Figure 6):

ΔK th =ΔK∞

th 1+
lch

a

� �

−

dG
2

: ð37Þ

According to Equation (37), the fatigue threshold

increases with the crack length until, for very long

cracks, the fractality vanishes and the highest value for

the fatigue threshold is achieved, ΔK∞

th . On the other

hand, for very small cracks, the influence of the material

disorder becomes progressively more important and the

fatigue threshold tends to vanish. Notice that, for very

small cracks, Equation (37) provides an oblique asymp-

tote in the bi-logarithmic diagram with slope equal to the

exponent of the term within round brackets, which corre-

sponds to the maximum possible disorder for a given

material. On the other hand, for very long cracks, the

influence of disorder on the fatigue behaviour tends to

vanish, so that crack-size dependence disappears and we

obtain the asymptotic value of the fatigue threshold, ΔK∞

th

, which can be seen as a material constant.

Furthermore, it should be pointed out that,

although Equation (37) predicts the same trend of that

obtained by Carpinteri and Paggi58 for the fatigue

threshold, it shows as the scaling exponent only depends

on the fractal increment, dG , which takes into account

the microstructural disorder of the material. Conversely,

in Carpinteri and Paggi,59 the scaling exponent related

to fatigue threshold is function of both fractal increment,

dG , and Paris' parameter, m, which instead governs

the fatigue crack propagation phenomenon only in

Region II.

Further investigations are needed to relate lch with

the fatigue threshold crack length, �a0 , where the former

is the transition length relating the two extreme asymp-

totic behaviours, whereas the latter is the length of the

micro-defect above which a subcritical crack propagation

may occur60:

�a0 =
1

π

ΔK∞

th

Δσfl

� �2

, ð38Þ

where ΔK∞

th refers to the fatigue threshold for very long

cracks, whereas Δσfl represents the fatigue limit. Eventu-

ally, notice that the fatigue threshold crack length, �a0 ,

shows a structure similar to that of the characteristic

crack length, a0. The latter represents the minimum

FIGURE 5 A, Crack-size-dependent Paris'

curve. B, Fractal (crack-size independent) Paris'

curve

FIGURE 6 Multi-fractal scaling law for fatigue threshold
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crack-size related to Griffith-Irwin critical condition and

is given by the following relationship:

a0 =
1

π

K IC

σu

� �2

: ð39Þ

7 | EXPERIMENTAL RESULTS ON
PARIS ’ LAW AND FATIGUE
THRESHOLD

In this section, we consider some experimental data

obtained by investigating Ni-based super-alloy samples

with different initial crack sizes, which are subjected to

four-point fatigue bending tests.61 It must be taken into

consideration that a proper comparison should require

geometrical self-similar specimens. Two different Paris'

curves in the midrange of growth rates are obtained for

different initial crack lengths, as shown in Figure 7A.

When experimental results are reported in the fractal

Paris diagram, they collapse onto a single straight line,

independently of the initial crack length. Thus, the

renormalization of the Paris' curve yields to a scale-

invariant curve. Best fitting of the experimental data col-

lected in Luo and Bowen,61 in order to collapse them

onto a single curve, provides the dimensional increment

dG , the fractal Paris' parameter C, and the exponent of

Paris' law m, which assume the values reported in

Table 1. Eventually, the experimental data are reported

in the fractal Paris' diagram, where they all collapse along

a single straight line (Figure 7B).

In addition, we consider the experimental results

on fatigue threshold available in literature. By per-

forming a nonlinear regression analysis on the experi-

mental data,18,19,60,62,63 an experimental assessment of

Equation (37) is proposed in Figure 8 through which

we evaluate the free parameters entering Equation (37),

ie, the asymptotic value of the fatigue threshold, ΔK∞

th ,

the fractal increment, dG , and the characteristic length of

the material, lch. Thus, the analysis of experimental data

shows how the dimensional increment, dG , varies

between 1/2, in the case of Brownian disorder, and 1, in

the case of a volumetric bulk dissipation, whereas the

transition length, lch, ranges from some micrometres up

to approximately 1 mm. In addition, it is interesting to

note that the experimental values of lch obtained from the

best-fitting procedure can be connected to the grain size

of the material. In fact, in Section 3, it has been affirmed

that the characteristic material length, lch, has been

connected to the effect of micro-structural disorder of the

material. Since it is reasonable to assume that the micro-

structural disorder can depend on the grain size,

therefore it follows that the horizontal coordinate of the

intersection point of the two asymptotes, lch, can be

related to the grain size of the material. To this aim, it is

interesting also to consider the best-fitting parameters of

the experimental data collected in Tanaka et al.,62 which

are reported in Figures 8c and 8d. For the material with

the most ordered microstructure, ie, the ferritic steel with

grain size equal to 7.8 μm, the characteristic material

length, lch, is smaller than the one obtained for the pearl-

itic steel, which is characterised by a grain size of 55 μm.

Analogously, Figure 8F shows as FC20 cast iron, which

represents the most disordered material considered in the

present paper, is characterised by a higher value of lch. In

fact, as stated in Usami,63 the grain size of this cast iron

can increase by some millimetres. Thus, the application

of MFSL to the experimental data of FC20 cast iron pro-

vides a value of the characteristic material length that is

in agreement with its grain size, the former being equal

to 2,017 μm. The characteristic material length, lch, can

be also related to the intrinsic crack size, which has first

been proposed by El Haddad et al.60 In fact, if the

experimental data reported in Figure 8E are taken into

consideration, it is remarkable to highlight that the best-

fitting parameter, lch, has the same order of magnitude of

FIGURE 7 A, Experimental crack-

size-dependent Paris' curves in the

power-law regime. B, Experimental

fractal Paris' curve in the power-law

regime

TABLE 1 Fitting parameters of Equation (23)

m C (mm6.40 N−2.97) dG

2.97 3.125 10−14 0.38
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the parameter obtained by El Haddad et al. in a previous

study.60 More in detail, the parameter entering the MFSL

of Equation (37) is equal to 308 μm, whereas the esti-

mated value for the intrinsic crack size is 240 μm.

Eventually, considering the fatigue property chart

reported in Fleck et al,64 it is interesting to evaluate the

orders of magnitude between the fatigue threshold crack

length, �a0 , and the minimum crack-size related to

Griffith-Irwin critical condition, a0. To this aim, we con-

sider the orders of magnitude of the parameters entering

Equations (38) and (39). Starting with the fracture tough-

ness and fatigue threshold, the experimental data allow

FIGURE 8 Experimental assessment of

multi-fractal scaling law for fatigue threshold.

ΔKth is measured in (MPa m1/2), whereas lch is

measured in (m)
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us to say that two orders of magnitude separate these

parameters as follows:

ΔK∞

th ffi 10−2 K IC: ð40Þ

On the other hand, only one order of magnitude sepa-

rates ultimate strength and fatigue limit:

Δσfl ffi 10−1
σu: ð41Þ

Thus, substituting these relationships into Equa-

tions (38) and (39), we can assert that about two orders of

magnitude separate fatigue threshold crack length and

transitional crack length:

�a0 ffi 10−2 a0, ð42Þ

which is in agreement with the experimental data.

8 | CONCLUSIONS

When Paris' law was introduced in 1963, size effects

were not yet known. In fact, the so-called anomalous

behaviour of short cracks has only been investigated from

the early 1980s through the concepts of plasticity-induced

crack closure, roughness-induced crack closure, or the

use of empirical laws. Only in more recent times, through

the use of self-similarity concepts and fractal geometry,

it has been possible to give a consistent theoretical

explanation to the size-scale problem. In this paper, the

application of dimensional analysis and the intermediate

asymptotics theory are used to find generalised formula-

tions for Paris' law. Furthermore, by proposing a

modelling based on the concept of the invasive fractal

crack, a crack-size dependence of Paris' law is introduced

so that a correlation between the intermediate asymp-

totics theory and fractal geometry is found. Subsequently,

a multi-fractal scaling law for fatigue threshold is

proposed to find a correlation with the crack length in

accordance with Kitagawa's diagram. The use of the

fractal and multi-fractal approaches can explain the

increment in fatigue threshold with the crack length.

Eventually, the model proposed in this paper is compared

very satisfactorily with experimental data available in

the literature.
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NOMENCLATURE

Δσfl fatigue limit

ΔKI stress-intensity factor range (SIF range)

ΔK*

I fractal stress-intensity factor range

ΔKcr critical stress-intensity factor range

ΔK*

cr fractal critical SIF range

ΔKth fatigue threshold

ΔK*

th fractal fatigue threshold

ΔK∞

th asymptotic value of fatigue threshold

σu ultimate tensile strength

a crack length

�a0 fatigue threshold crack length

a0 micro-defects characteristic length

b specimen size

C Paris' parameter

C* fractal Paris' parameter

CMF asymptotic value of Paris parameter

da/

dN

fatigue crack propagation rate

da*/

dN

fractal fatigue crack propagation rate

dG dimensional increment

E Young's modulus

GF fracture energy

G*

F fractal fracture energy

G∞

F asymptotic value of fracture energy

KIC fracture toughness

K*

IC fractal fracture toughness

KImax maximum value of stress-intensity factor

lch characteristic material length

m Paris' exponent

p Frost-Dugdale's law parameter

R loading ratio

vcr critical value of the fatigue crack propagation

rate

v*cr fractal critical value of the fatigue crack propa-

gation rate

vth threshold value of the fatigue crack propagation

rate

v*th fractal threshold value of the fatigue crack prop-

agation rate
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