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A B S T R A C T

In the study, an improved reference load solution is proposed to determine the reference stress and the J-integral
for pipelines subjected to reeling, where the axial strains during installation are typically within the range of
1.5%–3.5%. Accordingly, the reference stress can be directly correlated with the un-cracked remote stress of the
component through the loading-independent parameter, λ. The effects of cracked geometries and material
properties on the reference stress are systematically investigated, and an empirical formula for the reference
stress is provided. The proposed method is validated against various J estimation schemes in the literature. It is
concluded that the present reference load solution is able to provide an improved and simplified J-integral
estimation for the considered geometries over the full strain range of interest.

1. Introduction

The reel-lay is widely employed to install submarine pipelines and
riser, which allows the entire pipe to be fabricated at onshore by con-
necting shorter tubular sections through girth welds [1]. During in-
stallation, the pipeline is spooled onto a reel at first, then passing
through an aligner and a straightener, and final launched to the seabed
by unspooling the reel, as schematically shown in Fig. 1. Therefore, the
pipeline is subjected to plastic straining often involving more than one
cycle. The axial strains developed during installation depend on the
pipe and reel diameters but are typically in the range of 1.5%–3.5% [2],
which well exceeds the yielding limits of the parent material. To ensure
the integrity of submarine pipeline systems, it is mandatory to take into
consideration the complex loadings, such as high internal/external
pressure combined with bending, tension and even torsion, accom-
panied by large plastic strains. Meanwhile, the welding defects may be
introduced into the girth welds. The state of stress resulting from these
loads, in combination with other factors such as crack and pipe geo-
metry, material properties etc., may lead to initiation of fracture from
welding defects or cross-sectional instability and collapse of the pipe.

Fracture mechanics-based assessment procedures, such as BS 7910
[4] and DNVGL-RP-F108 [5], are employed to provide defect tolerance
of girth welds during installation and operation of offshore pipelines,
i.e. Engineering Critical Assessment (ECA), which provides the rational
decisions on monitoring and maintenance rate without compromising

the integrity of the girth welds. These assessment methodologies (e.g.
BS7910 [4], DNV-OS-F101 [6], API 579 [7]) are essentially developed
for load-controlled conditions. However, they do not necessarily pro-
vide accurate assessments for pipeline subjected to displacement con-
trolled loading into the plastic regime. For example, API 1104 [8] limits
to less than 0.5% strain and DNV-OS-F101 [6] to less than 0.4% strain.
Therefore, the defect assessment methodologies have been extended
recently through the modified stress-based approaches [1,9] or the
strain-based schemes [10–13]. The effectiveness of assessment proce-
dures of cracked pipes and cylinders relies strongly on the accuracy of
crack driving forces (CDF) [14], which is usually characterized by J-
integral and/or crack tip opening displacement (CTOD). Although the
substantial advancement in three-dimensional finite element analysis
(FEA) nowadays allow a direct calculation of J and/or CTOD, the cost of
manpower and time is enormous regarding the complexity of the pi-
peline configurations and loading conditions. Therefore, the established
analytical procedures for the CDF estimation are still substantially im-
portant in engineering designs.

At beginning, the foundation for fitness for service is essentially
based on the reference stress method proposed by Ainsworth [15],
which is an extension of the well-known Electric Power Research In-
stitute (EPRI) estimation [16]. Recently, the strain-based procedures
have drawn extensively attention due to the strain/displacement-con-
trolled loading nature in pipeline industry [17]. Øtsby et al. [11] and
Jayadevan et al. [10] found a simple linear evolution between the
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applied strain vs. CTOD under both tension and bending conditions.
Based on the reference strain approach, Nourpanah and Taheri [18]
developed more accurate J-integral estimation equations to assess
fracture behavior in reeled pipelines. Budden [12,13] adopted the re-
ference strain method in [19] and extended the stress-based failure
assessment diagram (FAD) to the strain-based FAD method. However,
since the reference strain is taken as the uncracked value at the location
of the crack [19], the application of these methods is limited to a crack
depth ratio less than 0.2 (a/t < 0.2) to exclude the significant effect of
deeper cracks on the compliance of the structure [13,20]. Jia et al. [21]
proposed an empirical formula to correlate the reference strain to the
uncracked strain for severe cracks. However, as indicated by Budden
[13], the reference strain estimate of J holds only for certain geome-
tries. Although a factor of 2 is retained to ensure the conservatism of
strain-based FAD, the selection of reference strain remains controversial
and its application in engineering is still limited [22].

The accuracy of crack driving force estimation in the reference
stress method depends highly on the definition of the plastic limit load
PL, through which the geometry and strain hardening dependence of
the h(n)/h(n= 1) ratio is minimized [15], where h(n) is a dimensionless
function of the component geometry and the strain hardening ex-
ponent. Several popular reference stress solutions can be found in the
literature [23–26]. Among which the limit load solution of Kastner
et al. [23] is recommended by DNV-RP-F108 and extensively used for
the fracture assessment in the offshore industry. Although Kastner’s
limit load solutions for defective components are commonly available

[24], Tkaczyk et al. [1] pointed out that this approach may lead to
inaccurate fracture assessments. Following the optimized reference
stress approach in [9], Tkaczyk et al. modified Kastner’s limit load so-
lution through a non-dimensional factor γ, which is a function of geo-
metry and hardening exponent n, to P L = γPL [1]. Moreover, the limit
load solution of Kastner is a function of cracked geometries considering
local plastic collapse of surface cracked cylinders, which thus makes the
J estimation formula quite complicated. Thus, higher level of required
effort still underlies the need of simplified J and CTOD estimation
methods in the defect assessments. In addition, the theoretical foun-
dation of the modified limit load solution is still unclear, and the cou-
pling effects of geometry parameters and hardening exponent on the
limit load has not been exhausted yet.

In the study, an improved reference load solution is proposed to
determine the reference stress and the J-integral for pipelines subjected
to reeling with axial strain in the range of 1.5%–3.5%. First, the theo-
retical background of J estimation schemes is briefly reviewed. A geo-
metry and material dependent parameter λ is used to relate the re-
ference stress directly to the uncracked remote stress of the component
for a wide range of crack configuration and material property. An
empirical formula for λ is provided based on the detailed parametric
analyses. Finally, the proposed solution is manifested by comparing
with various J estimation schemes in the literature.

Nomenclature

a crack depth
c crack length
D pipe outer diameter
E Young’s modulus
f1, f2 dimensionless parameter
J J-integral
Je, Jp elastic and plastic components of J-integral
KI stress intensity factor (Mode I)
Kr vertical axis of FAD
Lr horizontal axis of FAD
n strain hardening exponent
P remote load
PL plastic limit load
R reeling radius
r pipe outer radius
t pipeline wall thickness
α dimensionless material constant
β0-β10 fitting coefficients

σ nominal stress (remote stress)
σ0,σys yield stress of the material
σu ultimate stress of the material
σref reference stress
ε0, εys yield strain
εref reference strain
εn nominal strain (remote strain)
λ non-dimensional factor of reference stress in the study
γ non-dimensional factor of reference stress by Tkaczyk

Abbreviations

CDF crack driving force
CTOD crack tip opening displacement
ECA engineering critical assessment
EPRI electric power research institute
FAC failure assessment curve
FAD failure assessment diagram
FEA finite element analysis

Fig. 1. Illustration of offshore reel-lay technique [3].
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2. The proposed reference load solution

2.1. Theoretical framework of stress-based J estimation schemes

The path-independent J-integral [27] and crack tip opening dis-
placement (CTOD) [28] are two most important elastic-plastic fracture
parameters [29]. For defect assessments of elastic–plastic materials
with sufficient toughness, the J-integral can be derived from the HRR
stress field solutions [30,31]
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+
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ys ys n
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where (r, θ) are the polar coordinates centered at the crack tip; In is an
integration constant related to hardening exponent n and ij(n, θ) are
dimensionless stress functions. The J-integral can then be conveniently
derived from the above equation in the reference stress method as
follows:
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Since the reference stress method is the most successful J estimation
scheme applied in conducting structural integrity assessment for com-
ponents with cracked defects, a brief overview of the development of
the stress-based J estimation approaches is given in this section.

2.2. EPRI j-integral estimation method

The J-integral estimated by the EPRI approach of Kumar et al. [32]
begins by considering materials whose true uniaxial stress–strain re-
lationship can by characterized by the Ramberg–Osgood constitutive
model

= + ( )n

0 0 0 (3)

where α is a dimensionless material constant, σ is the nominal stress,
which is taken as the far-field applied stress of the pipeline in the work,
n is the strain hardening exponent, 0 and 0= 0/E denotes the yield
stress and strain, respectively. Omitting the elastic component, it is
approximately given as:

= ( )n

0 0 (4)

According to Kumar et al. [32], the fully plastic component of J-
integral can be written as:
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where a denotes the crack depth; h(n) is a dimensionless function of the
component geometry and the strain hardening exponent; the applied
load can be determined as P= 2πrtσ, and PL is the normalizing limit
load proportional to 0. Considering α= 1 and n= 1 in Eq. (5), the
elastic contribution of J can be expressed as:

= =J a ah n
P

P
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L

0 0
2

(6)

Je can also be calculated directly from the Mode I stress intensity
factor KI:

=J
K

E
e

I

2

' (7)

where E
' = E/(1−v2) for the plane strain condition and E

' = E for the
plane stress condition. The total J-integral is the sum of the elastic and
plastic components:

= +J a J a J a( ) ( ) ( )e p (8)

However, the accuracy of the EPRI method depends highly on the

fitting accuracy of the Ramberg-Osgood model [9,33], and its applic-
ability is limited only to a few configurations, for which the h factors
are tabulated [1,14,34].

2.3. The modified reference stress method

Ainsworth [15] extended the reference stress approach to materials
besides Ramberg-Osgood curve as well as the tabulation of h values, by
defining a reference stress:

=

P

P
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0
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Substituting Eq. (9) into Eqs. (5) and (6) gives:
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The reference strain εref can be determined as:

= +ref
ref ref

n

0

0 0 (11)

Considering Eqs. (10) and (11), the ratio of plastic and elastic
contributions can be obtained as:
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Although the strong dependence of
=

h n

h n
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on cracked geometries

and strain hardening exponent was observed [9], a proper limit load
should be selected to minimize the geometrical and material depen-

dence [15]. By assuming =
=

1
h n
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, Eq. (12) becomes:
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By incorporating minor plastic correction terms proposed by Milne
et al. [35], the final form of the J-estimation approach of BS 7910 [4] is
obtained:
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and the FAC can be drawn as follows:
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where the horizontal axis =Lr
P

PL
measures the proximity to plastic

collapse, and the vertical axis Kr represents the proximity to fracture.
Eq. (15) is suitable to any material response for the estimation of J
without the limitation of Ramberg–Osgood material. However, the ac-
curacy of such J estimate procedure is strongly dependent on the limit
load. Following BS 7910 [4], DNV [5] recommends the limit load so-
lution of Kastner et al. [23] to calculate the reference stress:

=

+
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a t c r a t

a t a t c r
2

(1 / )[ ( / )( / )]

(1 / ) 2( / )sin( / )
L 0

(16)

where 2c, r, and t are the crack length, pipe outer radius and wall
thickness, respectively. The geometry features are schematically illu-
strated in Fig. 2.

For a given material and crack configuration, the PL proposed by
Kastner et al. [23] holds constant, whereas the accuracy of such J-es-
timation scheme is questionable [36]. To further eliminate the influ-
ence of h(n)/h(n= 1) and provide the improved J-estimation results,
Kim and Budden [9] replaced the limit load PL with an optimized re-
ference load:

=P PLL (17)

where parameter γ is a function of geometry and hardening exponent n.
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The optimized reference load is determined as:

=

=

h n

h n

P

P

( )

( 1)
1

L

L

n 1

(18)

Using Eq. (9) and Eq. (18), Eq. (10) is expressed as
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and the parameter γ is expressed as
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which is determined through the elastic and total J-integral obtained
from linear elastic and elastic–plastic FE analyses.

2.4. The improved reference load solution

Although the optimized reference stress method results in an im-
proved accuracy, the parameter γ is essentially dependent on the se-
lection of the limit load solution. Since the geometry and material de-
pendence of the reference stress cannot be directly characterized by the
parameter γ, the optimized reference load solution can be quite com-
plicated without explicit theoretical foundation. According to Eqs. (16)
and (17), PL is proportional to 2πrt 0. Therefore, a reference load can be
defined as:

=P rt2L

R
0 (21)

where the dimensionless parameter λ is assumed to be a function of
cracked geometry and material property.

Substituting Eq. (21) into Eq. (9), the reference stress can be directly
related to parameter λ:

= /ref (22)
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=

1
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, the non-dimensional parameter, λ, can be

obtained by substituting Eq. (22) into Eq. (10) as:
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The reference stress proposed in the study can be thus understood as

Fig. 2. Geometry features of an external circumferential crack.

Table 1
Parameters of geometries and material properties.

Parameter Value

a/t 0.1, 0.2, 0.3, 0.4, 0.5
D/t 10, 15, 20, 25, 30
2c/(πD) 0.05, 0.1, 0.15, 0.2
n (σ0/σu) 10 (0.659), 15 (0.757), 25 (0.846)

Fig. 3. Evolution of parameter λ versus nominal strain for (a) various 2c/πD values, (b) various a/t values, (c) various D/t values, and (d) various n values.
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the stress of a cracked component, which is directly correlated with the
un-cracked remote stress of the component through the geometry and
material dependent parameter, λ. The process of the determination of λ
is given in the coming section.

3. Determination of λ

According to Eq. (23), the nominal stress can be determined in
terms of the remote strain, εn, with the Ramberg–Osgood model. For

reeled pipes, the value of J can be calculated by a simple displacement-
controlled J estimation approach proposed by Nourpanah and Taheri
[18], and the maximum error is within 2% for the considered strain
range (1.5% ≤ n≤ 4%)

= +
J a

t
f f

( )
( n

0
1 2 (24)

where f1 and f2 are functions of material properties and cracked geo-
metries, and tabulated for the specified crack sizes and material prop-
erties [18]. The elastic and plastic components of J-integral can be
conveniently calculated using Eqs. (7), (8) and (24) as well as the stress

Fig. 4. The interaction effect of (a) 2c/πD and a/t, (b) 2c/πD and D/t and (c)
2c/πD and n on λ.

Fig. 5. The interaction effect of (a) D/t and a/t, (b) D/t and 2c/πD and (c) D/t
and n on λ.
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intensity factor solution for circumferential surface cracks re-
commended by BS 7910 [4]. Then, the value of λ can be determined by
Eq. (23). A total of 300 models are presented in the study. The para-
meters of cracked geometries and material properties are from Nour-
panah and Taheri [18] as listed in Table 1.

3.1. Load-independence of λ

Fig. 3 shows the evolution of λ versus the applied load (for the
particular case of interest, the loading is phrased in terms of applied

strain) for a family of 2c/πD, D/t, n, and a/t. It is found that λ is only
sensitive to the geometry and material parameters, and approximately
load-independent. More specifically, although a nonlinear relationship
can be observed between λ and the nominal strain at the lower loading
levels, λ is approximately constant in the range εn ≥ 2%. Accordingly,
the value of λ corresponding to εn = 4% is chosen as the reference value
for one specific crack geometry and material property in Appendix A.

3.2. Effects of a/t, D/t, 2c/(πD) and n on λ

Since the dimensionless parameter λ is a function of cracked geo-
metry and material property as discussed before, it is essential to in-
vestigate the effects of a/t, D/t, 2c/(πD), and n on λ. The results are
shown in Figs. 4–6. Fig. 4a illustrates that λ is weakly dependent on 2c/
πD for shallow cracks (a/t= 0.1 and 0.2), while strongly dependence
on 2c/πD for deep cracks (a/t= 0.3, 0.4 and 0.5) can be found. As a/t
increases, λ decreases significantly with increasing 2c/πD, it is evident
that the coupled interactions of 2c/πD and a/t have strongly influences
on λ at large values of a/t > 0.3 and 2c/πD > 0.1. The synthesized
effect of 2c/πD and D/t on λ is shown in Fig. 4b. It is observed that a
linear evolution of λ versus 2c/πD can be observed for all the D/t ratios,
and the value of λ is much lower for larger D/t at the same 2c/πD. A
similar effect of 2c/πD and n on λ can be observed in Fig. 4c, with a
higher λ for the low hardening material (n= 25) at the same 2c/πD
ratio.

Fig. 5a shows the complex effects of D/t and a/t on λ. It can be
observed that λ is almost independent of D/t for shallow cracks in
contrast to that for deep cracks. As a/t increases, λ decreases sig-
nificantly with increasing D/t. A nonlinear trend is found in Fig. 5b, and
2c/πD does not change the slope of the lines; Fig. 5c also exhibits a
nonlinear shape of the λ vs. D/t curve, and the descending trend be-
comes more modest as the strain hardening exponent increases. Fig. 6
further verifies that λ is relative independent of 2c/πD, D/t for shallow
cracks, especially for a/t≤ 0.1. Therefore, it is considered that the
shallow cracks have little influence on the overall compliance of a
component. Moreover, it is demonstrated in Figs. 4–6 that either in-
creasing 2c/πD, D/t and a/t or decreasing n individually leads to lower
λ.

It is worth noting that the normalized fracture parameter in terms of
J/(σyt) is independent of the yield stress, and Nourpanah and Taheri
[18] have shown that the yield stress can be excluded from the in-
vestigated cracked geometries and material properties (see Table 1).
Therefore, the yield stress from 400 MPa to 550 MPa is further ac-
counted to investigate the effect of the yield stress on parameter λ. It is
demonstrated in Fig. 7 that the difference of parameter λ is within 1.5%
for a fixed material and crack configuration at the considered strain
range, and the discrepancy decrease as the applied strain increases.
Since λ is usually determined at sufficient high loads, the yield stress
effect can be negligible.

For convenient application, a fitting equation is proposed based on
the parametric analyses:

= + + + +

+ + + + +
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The coefficients fitted by the Levenberg-Marquardt (LM) method are
given in Table 2, with a decisive coefficient R2 equal to 0.98. It is worth
noting that the applied range of the fitting coefficients is 10 ≤D/
t≤ 30, 0.1 ≤ a/t≤ 0.5, 0.05 ≤ 2c/πD≤ 0.20, 10 ≤ n≤ 25, and
0.015 ≤ εn ≤ 0.04 due to the specified λ in the study.

Fig. 6. The interaction effect of (a) a/t and 2c/πD, (b) a/t and D/t, and (c) a/t
and n on λ.

Y. Li, et al. Theoretical and Applied Fracture Mechanics 103 (2019) 102312

6



4. Comparison of J estimation schemes

In this section, the estimated J with the proposed reference load
solution are compared against the FEA results given in Tkaczyk et al.

[1]. Only five typical solutions are investigated: (1) the Kastner’s limit
load solution [23] recommended by BS 7910 and DNV-RP-F108 for the
determination of the reference stress; (2) the modified reference stress
solution of Tkaczyk et al. [1] based on the limit load solution of Kastner

Fig. 7. Effect of yield stress on λ.

Table 2
Fitting coefficients in Eq. (25).

0 1 2 3 4 5 6 7 8 9 10

1.1002 −0.0684 −0.0082 0.1865 −2.6559 −0.0289 1.6237 0.0003 0.4599 −0.5851 −0.4302

Fig. 8. Comparison of J estimation schemes (partially from Tkaczyk et al. [1]) with the results calculated by Eq. (25) for (a) API 5L X65 steel and (b) API 5L X70 steel
following the Ramberg–Osgood model.

Fig. 9. The reference strain vs. uncracked body surface strain for (a) API 5L X65 steel and (b) API 5L X70 steel following the Ramberg–Osgood model.
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et al. [23]; (3) the SINTEF procedure [37,38] developed for offshore
pipes under large scale yielding during installation by S-lay or reel-lay;
(4) the strain-based FAD proposed by Budden [13] using the uncracked
surface strain εn as the reference strain εref, and (5) the empirical for-
mula of Jia [21] correlating the reference strain to the uncracked strain
for severe cracks. The comparison is plotted in Fig. 8a for a X65 grade
steel idealized with a Ramberg-Osgood fit; Fig. 8b is for a X70 steel,
whose stress–strain curve includes a Lüders plateau, whereas its ma-
terial response was only approximated by a Ramberg-Osgood fit (fol-
lowing the method proposed by Nourpanah and Taheri [18]). The
agreement between the proposed J estimation and the FEA results of
Tkaczyk et al. [1] is reasonably good within the considered strain
range. The proposed method slightly overestimates J for X70 steel due
to the fitting bias of Eq. (25). It is demonstrated in Fig. 8a and b that the
limit load solution of Kastner overestimates or underestimates J for
some circumstances as indicated by Tkaczyk et al. [1]. In addition, the
Kastner’s limit load solution does not take the material property into
account, which may have a significant influence on the determination
of the limit load as demonstrated in Fig. 6c, though this solution has
been generally considered to provide conservative acceptable surface
breaking weld defects [1]. The SINTEF solution provides an accurate J
estimation in Fig. 8a and overestimates J for X70 steel in Fig. 8b, and
the discrepancy becomes noticeable as the strain increases. Budden and
Ainsworth [13,20] had pointed out that the strain-based FAD approach
contained a certain degree of non-conservatism. Therefore, the crack
driving force by the uncracked surface strain εn is observed to be the
lowest line in Fig. 8. The empirical reference strain formula proposed by
Jia et al. [21] is essentially derived from the strain-based J estimation

=J a J a
E

( ) ( )
2

e
ref

ref (26)

Comparing Eq. (26) with Eq. (14), it is noted that the second term in
Eq. (14) is negligible in the fully plastic domain (E /ref ref > > 1)
[39,40], and the J estimated from Eq. (26) is then twice of that from Eq.
(14). As a result, the corresponding reference strain determined from
Eq. (24) and Eq. (26) is much lower than the actual reference strain for
a given load level as shown in Fig. 9. Therefore, although the reference
strain method modified by Jia et al. [21] is found to elevate the results
of Budden et al. [13] to some extent, its estimation still underestimates

J and remains a high level of non-conservatism. It is thus concluded that
the proposed reference load solution is able to provide an improved
estimation of J-integral for the considered geometries over the full
range of interest. Moreover, the tolerable crack sizes obtained by the
proposed method are examined against standard procedures for the
cases considered in Fig. 8. As the cracks were assumed to be stationary,
a single value of fracture toughness was used (Jc = 400 N/mm). For
each estimation scheme, the pipe size (Outer diameter D and the cor-
responding bending strain ε), the crack length (2c), and the crack depth
(a) were altered until the crack driving force (J) reached the critical
toughness, Jc. The cut-off line is chosen as =L /r max U ys, . The pre-
dicted critical defect sizes calculated by different approaches are given
in Fig. 10. BS 7910 [4] and DNV-RP-F108 [5] both adopted the limit
load solution of Kastner et al. [23] for the determination of the re-
ference stress. The results show that compared to the standardized
procedure, the proposed method can give more conservative prediction
of critical defect sizes, which further support the validity of the present
method.

5. Conclusions

In the work, an improved J estimation method is proposed to ad-
dress the drawbacks of the existing J estimation schemes in cir-
cumferentially surface cracked pipes subjected to reeling. Following the
EPRI methodology, a geometry and material dependent non-dimen-
sional parameter λ is introduced to relate the reference stress directly to
the uncracked remote stress. By virtual of its load-independence, an
empirical formula of λ is constructed as a function of a/t, D/t, 2c/(πD),
and n. In summary, the proposed reference load solution is significantly
simplified and has an explicitly theoretical foundation. Meanwhile, the
comparison with the other methods in the literature indicates that the
proposed crack driving force estimation of J-integral can achieve an
improved accuracy for geometries over the full range of interest.
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