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The Bridged Crack Model is a nonlinear fracture mechanics application, which explains and describes crack
propagation phenomena for brittle-matrix fiber-reinforced structural elements in bending. It takes into account
the fiber bridging action, which opposes to crack opening and propagation. The flexural response of a fiber-
reinforced element is governed by a dimensionless parameter called brittleness number, Np, which depends on
the reinforcement percentage, the fiber yield strength, the matrix fracture toughness, and the element size. In
particular, by varying Np, a ductile-to-brittle transition in the structural response arises. The reinforcement
induces some local discontinuities in the moment-rotation diagram, revealing local snap-back and/or snap-
through unstable branches.

In the first part of the present work, the application of the Bridged Crack Model to beams reinforced with
multiple fibers allows to define a minimum reinforcement criterion, as well as to investigate on the transition
from a localized to a continuous reinforcement distribution.

In the second part of the paper, the behaviour of fiber-reinforced cross-sections subjected to cyclic loading is
discussed, including phenomena of plastic shake-down and hysteresis. It is demonstrated that the plastic shake-
down moment of a single fiber is twice the plastic moment of the same fiber. In particular, for low values of Np,
the plastic shake-down moment is lower than the fracture propagation moment. On the other hand, for high
values of Np, unstable fracture propagation precedes the shake-down, and energy dissipation is not possible.

1. Introduction

Brittle matrix fiber-reinforced materials are characterized by en-
hanced strength, ductility, and fracture toughness thanks to the brid-
ging action exerted by the fiber reinforcements. The Bridged Crack
Model [1-7] allows to clearly explore the mechanical behaviour of
fiber-reinforced beams subjected to bending, taking into account the
elastic-perfectly brittle matrix, and a rigid-perfectly plastic law of the
reinforcements, that can represent either yielding or reinforcement
slippage [8,9]. Different versions of this model have been used to de-
scribe the microcracking of fiber-reinforced materials as well as mac-
rocracking of materials reinforced by a rather small number of elements
[1-4]. In both cases, the Bridged Crack Model is able to explain and
reproduce the constitutive flexural response that is often discontinuous
owing to the presence of virtual catastrophic branches, i.e., snap-
through branches due to load control, and snap-back branches due to
deflection control [1-4,10,11]. The bridging tractions are assumed as
constant plastic forces, whereas the crack runs in an elastic brittle
matrix. The effect of the size scale is considered as fundamental for the
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global structural behaviour, which can range from ductile to cata-
strophic simply with the variation of a dimensionless brittleness
number, Np, which is a function of the toughness of the matrix, of the
yielding or slippage limit of the reinforcement, of the volume fraction of
the reinforcement, and of a characteristic structural size [4,12].

The model described in the present paper considers a fiber-re-
inforced brittle matrix rectangular cross-section with an edge crack:
beam section, initial crack depth, and the position of the fibers are
shown in Fig. 1. Only the fibers crossing the crack are considered as
active.

It is possible to define a normalized crack depth (Eq. (1)), and a
normalized position of the generic fiber reinforcement (Eq. (2)), with
respect to the bottom of the beam:

E=a/b )
§ = hi/b )

The fiber reinforcements exert a bridging action across the crack
described by the forces F; (Fig. 1).
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Fig. 1. Fiber-reinforced brittle matrix beam model.

The matrix is assumed to be elastic-perfectly brittle and it is char-
acterized by the fracture toughness, Kjc, and the Young Modulus, E,
whereas the reinforcements are considered rigid-perfectly plastic, and
their ultimate force is equal to Fp;. In the slippage hypothesis, the value
of Fp; is related to the frictional bonding force between the matrix and
the reinforcement, whereas in the hypothesis of yielding, it represents
the force that makes the fiber plastically flow. This force is proportional
to the area of the reinforcement, A; and to its yielding stress, op;. The
same value is assumed both in tension and in compression:

Fpi = Aiop, 3

The Bridged Crack Model takes into account both equilibrium and
compatibility equations [13]. The crack opening displacements at the
reinforcement levels can be evaluated by using the Superposition
Principle: it is necessary to sum two contributions, the first due to the
bending moment, and the second due to the concentrated forces, re-
presenting the fiber actions applied on the crack faces:

n
w; = liMM - Z /LJF}
“ @

In the previous equation, the minus sign is related to the fact that a
positive bending moment tends to open the crack, whereas a traction
force tends to close the crack.

The problem is statically indeterminate because the fiber force value
is unknown: in order to solve it, the compatibility equations are in-
troduced. Considering the rigid-perfectly plastic law of the fibers, the
crack opening displacements at the fiber levels are equal to zero until
the ultimate force Fp; is reached [4]. If the bending moment is known,
the reactions in the reinforcements, {F}, can be calculated by solving the
linear equation system:

[ANF} = {AnIM 5)

When the i-th fiber reaches its ultimate force, the crack opening
displacement starts increasing. The force transmitted by the fiber be-
comes known and equal to Fp;, whereas the corresponding opening
displacement, w;, remains unknown.

The crack propagation condition is evaluated according to Linear
Elastic Fracture Mechanics. The crack propagates when the stress-in-
tensity factor reaches its critical value, K;c [14-18]. Within the Bridged
Crack Model, the stress-intensity factor is considered as the sum of two
contributions, the first due to the bending moment, and the second due
to the reinforcement reactions:

K; = KI,M - Kl,i
i; (6)

The minus sign in the previous equation is related to the fact that a
positive bending moment tends to open the crack, whereas a positive

force closes it [19-20].

It is worth recalling that the flexural response of a fiber-reinforced
element is controlled by a dimensionless parameter called brittleness
number, Np, which depends on the reinforcement percentage, the fiber
yield strength, the matrix fracture toughness, and the element’s size [4]:

opbl/2
Np = ——
P Kic

2. Monotonically increasing loading

Within the Bridged Crack Model, the behaviour of a fiber-reinforced
beam subjected to bending can be evaluated by studying the evolution
of the fracturing process, and defining for each crack depth the crack-
propagation moment, My, and the corresponding localized rotation, @.
The dimensionless crack propagation moment depends on the crack
depth, the fiber reactions, the mechanical and geometrical character-
istics of the cross-section.

In this way, it is possible to capture the unstable structural behavior
which is represented by the negative slope of the moment versus ro-
tation softening branch [10,11,21]. As a matter of fact, in extremely
brittle cases, crack propagation occurs suddenly with a catastrophic
drop in the load carrying capacity, and the moment versus rotation
softening branch assumes a positive slope. If the loading process is
controlled by the rotation, the mechanical response presents a dis-
continuity, and the representative point drops onto the lower branch
with negative slope. This means that both moment and rotation must
decrease to obtain a controlled crack propagation. Such a phenomenon,
the so-called snap-back instability, was deeply investigated with re-
ference to crack growth in elastic-softening materials [11,22,23]. On
the other hand, by means of the Bridged Crack Model it is also possible
to detect the snap-through instability, that is represented by an hor-
izontal jump at constant load in the moment versus rotation diagram
[6].

Snap-back and snap-through phenomena occur during the different
phases of cracking in fiber-reinforced structural elements: whereas the
cusp catastrophe (snap-back) is basically due to brittle fracturing of the
cross-sectional matrix, snap-through is due to plastic deformation of
fiber reinforcements.

In Fig. 2 it is possible to observe local snap-back instabilities in the
case of a number of fibers n = 3, and a brittleness number Np = 0.8.
Snap-back instabilities manifest by the vertical drops A-A’, B-B’, and C-
C.

In Fig. 3, local snap-through instabilities are shown in the case of
loading control. Snap-through instabilities manifest by the horizontal
jumps A-A’, B-B’, and C-C’.

In Fig. 4, dimensionless moment versus rotation curves are shown,
obtained by varying the brittleness number, Np, from 0.1 to 1.0, for a
beam cross-section with one single layer of reinforcement (n = 1)
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Fig. 2. Dimensionless moment versus rotation for a cracked beam subjected to
bending: Snap-back instabilities. The red curve is obtained by means of the
Crack Length Control Scheme, while the black one represents the rotation
control. Blue circles indicate the yielding of the fibers. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 3. Dimensionless moment versus rotation for a cracked beam subjected to
bending: Snap-through instabilities. The red curve is obtained by means of the
Crack Length Control Scheme, while the black one represents the loading
control. Blue circles indicate the yielding of the fibers. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web
version of this article.)

positioned in h = 0.1b, and with a notch depth equal to the cover.
Notice how different structural behaviours are predicted by the Bridged
Crack Model by varying Np, which represents a synthetic parameter
governing the structure ultimate response. By analysing the different
behaviours shown in Fig. 4, a ductile-to-brittle transition can be de-
termined according to which, from a strain-softening structural re-
sponse for low Np values, a strain-hardening one appears for high Np
values. In brief, for a cross-section with n = 1, a critical value of the
brittleness number, Npc, which represents the ductile-to-brittle transi-
tion, is found to be equal to 0.55, allowing to define a minimum re-
inforcement ratio [24] identified by the dashed line in Fig. 4.

The curves obtained for Np < Np¢ are characterized by softening
branches, which can be experimentally observed only if the loading
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process is controlled by a displacement parameter, in order to prevent
unstable crack propagation.

In Figs. 5 to 9, dimensionless moment versus rotation curves are
shown by varying the brittleness number, Np, from 0.1 to 1.0, for a
beam cross-section with a number of fibers, n, equal to 2, 3, 5, 10,
respectively, and with an initial crack depth corresponding to the cover.
As previously shown, snap-back and snap-through phenomena occur,
respectively, during brittle fracturing of the cross-sectional matrix, and
plastic deformation of fiber reinforcements. It is worth noting that the
critical brittleness number, Npc, varies starting from 0.67 for n = 2
(dotted line).

In Fig. 10, ductile-to-brittle transitions represented by the critical
values of the brittleness number, Np¢, are calculated for a beam cross-
section with a number of reinforcement layers, n, varying from 1 to
160. We obtain the asymptotical value Npc = 1.30, which can be con-
sidered as the condition of minimum reinforcement for n — o, i.e., for
a continuous distribution of fibers.

Furthermore, from Fig. 10 it can be deduced that the condition of
distributed continuous reinforcements into the matrix can be simulated
through n > 20, allowing the Bridged Crack discrete model to be very
effective in multi-fiber brittle matrix composites analysis. The limit
case, n = 20, characterises the starting point of the asymptotic branch,
representing the sufficiently large number of reinforcement layers
which allows the continuous and discontinuous formulations to con-
verge to the same global results [6].

3. Cyclic loading

The Bridged Crack Model with multiple fibers above presented in
the case of monotonic loading, can be extended to the case of cyclic
loading [8,25,26], since it is possible to divide a generic load history in
different phases, each one characterized by an increase or a decrease in
load, as shown in Fig. 11.

Eq. (5), in addition to a compatibility equation, can be rewritten in
incremental form by subtracting the initial condition (subscript 0) from
the current value:

{w} = {wo} = An}(M — My) — [A1({F} — {F}) )
{w} — {wo} = {0} (8)

Eq. (8) is valid only for fiber reinforcements in the elastic condition.
On the other hand, considering a generic situation with both elastic
(subscript ¢) and plastic (subscript f) fibers, it is possible to split the
problem into a statically indeterminate and a statically determinate
part:

: v Ay A Fr F
{W/} _ {ﬁ&f} B ELU VO VR A | o B
We 0,c e /lcf Ace E Fo,c 9
with the conditions Fj; = +Fp;;, and {w.} = {wq}. The sign + de-
pends on the direction of loading: the positive value is related to the

loading phase, whereas the negative one attains to the unloading phase.
The rotation can be computed as:

P — P
= Am (M — Mp) — Z Aint (F; — Fop)=Aym (M — My) — {Ay}7
=1
({F} - {R}) (10)

Also in the case of cyclic loading, the numerical results can be ef-
fectively represented in a moment vs. rotation diagram. If the crack
propagation does not occur, three different stages characterize the
system response shown in Fig. 12 (n = 2):

1. Linear elastic: M < Mp,
2. Linear hardening and elastic shake-down: Mp; < M < Msp
3. Plastic shake-down: M > Mgp ;
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Fig. 4. One single fiber abacus (beam cross-section with n = 1).
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Fig. 5. Two-fibers abacus (beam cross-section with n = 2).
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Fig. 6. Three-fibers abacus (beam cross-section with n = 3).
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Fig. 7. Three-fibers abacus (Zoom): Snap-through and snap-back instabilities.
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Fig. 8. Five-fibers abacus (beam cross-section with n = 5).
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Fig. 9. Ten-fibers abacus (beam cross-section with n = 10).

As it is shown in Fig. 12, the fiber undergoes yielding in compres-
sion only when the corresponding shake-down moment is overcome,
due to the hysteretic cycle between Msp ; and Mgp . If the shake-down
moment is not reached, the unloading phase occurs on a single elastic

branch without hysteretic cycle, energy dissipation, and compression
yielding.

In order to define the plastic moment values, the fiber reactions are
calculated from Eq. (5):

F =AM an

where i indicates the i-th row of the matrix [A] .
Then, the condition F, = Fp; is considered, and the corresponding
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Fig. 10. Critical value of the brittleness number, Npc, versus fiber number, n,
for the Bridged Crack discrete model (h;/b = 0.1).
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Fig. 11. Decomposition of the load history into monotonic phases.

bending moment is evaluated:

M. = Fp
O A ) a2
In the following stage when, at least, one fiber is yielded, we have:
{F} = [Aeel™ [AmeIM = [Ags {Fp s} ] (13)
E = [/‘Lcc]i_l [{/IMC}M - Mcf]{FP,f}] (14)

Again, the condition F, = Fp; is considered, and the corresponding
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bending moment is evaluated:

Fpi = [Aecli [{AMeIMp i — [Ap 1{Fp s3] (15)

_ FP,i + [/.tcc]i_1 [/lcf]{FP,f}
Aol {rsc} 16)

So, the j-th plastic moment is given by:

i+ /1cc i_1 Alj‘ Fo g
Mp; = min—" [ 11 Byl PJ}J' =2, 0
i=1,nc [lcc]i {AML’} (17)

Moreover, it can be shown that the shake-down moment, Mg, of a
generic fiber is always twice the relative plastic moment, Mp. The fiber
reactions can be calculated as:

£} = {Fo.c} = el e }M = My) — [ 1({F}} — {FosD] 18)

F = Foi = [Aee |7 [{Ame}M = Mo) = [Ag 1({Ff} = {FosD)] 19)

The conditions F = -F;, Fyi=F; M=0, My=Msp;
{F;} = —{Fps} and {F,s} = {Fps} are considered, and the corresponding
bending moment is evaluated, proving that:

= Fpi— Fpi = [Aee 7 e} (—Msp,p) — A1 (—{Fps} — {Fpy D] (20)

Mer: = 2(FP,i + [lcc]i_l [/.tcf]{FP,f})
Sp [Acc]i_l {;I-Mc} (21)

The j-th shake-down moment is the minimum of Eq.(21), and it is
twice the j-th plastic moment of Eq.(17).

In the following, size effects are examined [27], in addition to the
influence of the fiber number and the crack depth on the hysteresis
phenomenon.

Generally speaking, the increase in the brittleness number, Np, in-
volves an increase in the hysteretic cycle area, its shape remaining
unchanged. As a matter of fact, if Np doubles, the plastic and shake-
down moments double too, and consequently the dissipated energy
value becomes four times larger. This behaviour is depicted in Fig. 13,
in which three different values of Np are considered. The energy dis-
sipation increase is related to the value of the last shake-down moment.

On the other hand, in Fig. 14 it is possible to notice that an increase
in the crack depth, &, entails a decrease in plastic and shake-down
moments, the deformation becoming larger and larger. At the same
time, the area of the hysteretic cycle (dissipated energy) decreases.

The effect of the fiber number, n, is illustrated in Fig. 15. In this case
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Fig. 12. Shake-down and hysteresis for a cross-section with n = 2. Red circles indicate the yielding of the fibers, while green ones represent plastic shake-down
moments. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Influence of Np for a cross-section with n = 4. Red circles indicate the yielding of the fibers. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)
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Fig. 14. Influence of £ for a cross-section with n = 3.

the brittleness number, Np, and the total reinforcement percentage are
taken as constants, whereas n is increased from 10 to 160. It is possible
to notice that, increasing n, the value of the shake-down moment de-
creases. For large n values, the hysteretic cycles tend to the same shape,
and the values of the shake-down moment converge.

In Fig. 16, the cases with n = 10 and n = 80 are compared for the
same maximum load, highlighting the influence of n on the hysteresis.
The dissipated energy related to the curve with n = 80 is about 20%
larger than the one obtained for n = 10. Consequently, in a fiber-re-
inforced cross-section, keeping the total reinforcement percentage as
constant, a fiber number increase leads to a more dissipative behaviour
of the structural system.

If both brittleness number, Np, and fiber number, n, vary, significant
scale effects arise in terms of shake-down and hysteresis.

First of all, a cross-section with three different values of Np, and
n = 3 is analysed.

The moment-rotation responses for the three cases are characterised
by remarkable local instabilities, as displayed in Figs. 17, 18, and 19.
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1t n=20 g
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0.8 n=160 1
o
& g6l ]
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2
o 041 7
0.2 .
0 L L . f ) :
0 5 10 15 20 25 30
® E b1/2
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Fig. 15. Influence of fiber number, n, for a cross-section with constant re-
inforcement percentage. The maximum load is related to the plastic shake-
down.

In Fig. 17, for Np = 0.4, a global strain-softening behaviour is
shown, highlighting how low brittleness numbers produce low plastic
and shake-down moments. A large hysteretic cycle is found.

In Fig. 18, for Np = 0.7, the ductile-to-brittle transition is empha-
sized, confirming the minimum reinforcement condition with n = 3. In
this case, the area of hysteresis is smaller than the area obtained in the
previous example (Np = 0.4), but the plastic moment values (blue cir-
cles) are larger than in the previous case.

In the last case (Fig. 19), for Np = 1.0, the structural behaviour is
strain-hardening, and the hysteretic cycle almost vanishes.

In a similar way, a cross-section with three different values of Np,
and n = 10 is now analysed. The moment-rotation responses for the
three cases are displayed in Figs. 20, 21, and 22.

In the first case (Fig. 20), for Np = 0.4, a global strain-softening
behaviour is shown, in spite of local snap-back instabilities. Eight
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Fig. 16. Influence of the fiber number, n, for a cross-section with constant re-
inforcement percentage and constant maximum load.

03

02

Fig. 17. Moment versus rotation diagram for Np = 0.4, and n = 3. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

reinforcements, over ten, reach their compression limit, producing a
large hysteretic cycle.

In the second case (Fig. 21), for Np = 0.7, only seven reinforce-
ments, over ten, attain the compression limit, due to the high shake-
down moment values.

For Np = 1.0, only five fibers achieve the compression limit, as
shown in Fig. 22.

The comparison between the three cases with n = 10 is shown in
Fig. 23, remarking that, keeping the crack depth constant, the area of
the hysteretic cycle (dissipated energy) increases with the increase in
the brittleness number.

In addition, comparing the cases of n = 3 (Figs. 17-19) with the
cases of n = 10 (Figs. 20-22), a more dissipative structural behaviour is
found for higher values of n.

Finally, it is possible to represent, for constant values of Np and ¢,
the decrease in the shake-down moment as the fiber number increases
(Fig. 24), identifying an horizontal asymptote for n > 80.
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051

04r

03

0.1

M
Kot b3/2

Fig. 18. Moment versus rotation diagram for Np = 0.7, and n = 3. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 19. Moment versus rotation diagram for Np = 1.0, and n = 3. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 20. Moment versus rotation diagram for Np = 0.4, and n = 10. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 21. Moment versus rotation diagram for Np = 0.7, and n = 10. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 22. Moment versus rotation diagram for Np = 1.0, and n = 10. The red
curve is obtained by means of the Crack Length Control Scheme, while the black
one represents the rotation control. Blue circles indicate the yielding of the
fibers. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 23. Dissipated energies for n = 10.

Theoretical and Applied Fracture Mechanics 104 (2019) 102351

£=0.5N, =0.8

T T T T T T T

& [——"somar| 1

1 20 40 60 80 100 120 140 160

Fiber number

Fig. 24. Shake-down moment versus fiber number for Np = 0.8, and & = 0.5.

4. Conclusions

In the first part of the present paper, the application of the Bridged
Crack Model to brittle-matrix fiber-reinforced structural elements al-
lows to define a minimum reinforcement criterion for cross-sections
with multiple layers of reinforcement, investigating the flexural re-
sponse in the transition from a localized to a continuous reinforcement
distribution. In particular, it can be deduced that the condition of dis-
tributed continuous reinforcements into the matrix can be simulated
through a number of fibers n > 20, allowing the Bridged Crack discrete
model to be very effective in multi-fiber brittle matrix composites
analysis. The limit case, n = 20, represents the sufficiently large
number of reinforcement layers which allows the continuous and dis-
continuous formulations to converge to the same global results.

In the second part of this analysis, the behaviour of a fiber-re-
inforced cross-section subjected to cyclic loading is discussed, with the
phenomena of hysteresis and plastic shake-down, highlighting how the
shake-down moment related to a fiber is always twice the plastic mo-
ment. Moreover, size effects are examined, showing that, in general, an
increase in the brittleness number, Np, involves an increase in the dis-
sipated energy, the hysteretic cycle shape remaining unchanged. On the
other hand, in a fiber-reinforced cross-section, keeping the total re-
inforcement percentage constant, an increase in the fiber number leads
to a more dissipative behaviour of the structural system.
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