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Abstract Protein mechanical vibrations play a piv-

otal role in biological activity. In particular, low-

frequency (terahertz) modes are related to protein

conformational changes, which represent the founda-

tions for a correct protein functionality. Relying on the

fact that such low-frequency motions involve large

protein portions, thus modeling of local details is not

necessary, coarse-grained models have proven their

efficacy in capturing the essential dynamic behavior.

In this paper, we show that a coarse-grained finite

element space truss model is suitable for investigating

protein vibrations. Hen egg-white lysozyme is

selected as a case study and modal analysis is

performed in order to investigate the protein dynam-

ics; the influence of interaction cutoff values on

optimal force constant, obtained vibrational frequen-

cies and mode shapes is also explored. The validity of

the structural model is demonstrated by comparing the

calculated B-factors with the experimental ones.

Moreover, from the methodology framework the truss

model is shown to be consistent with the well-known

anisotropic network model and this has been con-

firmed by the obtained results. The proposed truss

model is then believed to be a simple yet powerful tool

to investigate protein dynamics, and it could also be

used to analyze conformational changes and protein

stability from a Structural Mechanics viewpoint.

Keywords Space truss structure � Protein vibration �
Modal analysis � Coarse-grained model � Terahertz

range � Lysozyme � Modal assurance criterion � B-
factor

1 Introduction

Proteins constitute one of the main building blocks of

biological systems and are responsible for many

fundamental tasks. They are in charge of carrying

molecules and nutrients along the body (hemoglobin)

and inside the cell (kinesin, myosin), sustaining

contraction processes in muscles (actin), conferring

elasticity to tissues (elastin), catalyzing chemical

reactions (lysozyme), activating signaling pathways

(mitogen-activated protein kinase), etc. It is well

known that biological functionality is strictly related

to protein three-dimensional structure. In this sense,

evolution may have played a fundamental role in

determining the optimal folded shape [1].

Recently, it has also been suggested that the

investigation of the mechanical behavior of such

nanostructures may lead us to a broader understanding

of their biochemical functioning [2], as well as to a

proper description of the mechanical response of
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macroscopic systems [3]. For example, Structural

Mechanics approaches have proven their efficacy in

order to investigate complex biomechanical systems,

such as collagenous tissues and fibrils [4–6]. Addi-

tionally, the application of mechanics and statistical

mechanics methodologies has led to interesting

insights regarding the behavior of biological systems

at the cell scale [7–10].

Since biological activity is performed in a dynamic

manner, a deeper investigation of protein vibrations

around their native state is pivotal in order to

understand the complex mechanisms hidden behind

their functionality [11]. For this purpose, the dynamics

of protein structures is usually explored by means of

both numerical and experimental techniques. As for

the former, molecular dynamics (MD) simulations are

generally employed. However, due to demanding

computational cost of MD modeling, normal mode

analysis (NMA) has emerged as a powerful numerical

tool to investigate protein dynamics [12–19], by using

both all-atom and coarse-grained representations.

Each modeling procedure has its own advantages

and drawbacks; however, even simplified models, like

coarse-grained ones, have proven to be able to capture

the essential protein dynamic behavior [20–23]. The

reason may live in the aforesaid strict relationship

between the overall three-dimensional shape and

biological activity.

Protein vibrations can arise at various scales, e.g.

involving single amino acids, primary (covalent)

bonds, secondary structures, as well as the whole

protein three-dimensional structure. These motions

are completely defined by the corresponding mode

shape, which is identified by the displacement field,

and their frequency of vibration. Generally, the

smaller the scale of motion, the higher the frequency.

Within the entire mode spectrum, the low-frequency

modes, mostly occurring in the terahertz (THz) range,

have received increasing attention among researchers,

since they have been indicated to be strictly related to

protein conformational changes [24–29]. These

motions affect large portions of the protein and play

a key role in controlling binding activity. It is then

possible that some resonance phenomena in the THz

range occur, which may control the protein shape

change. Indeed, on a larger scale, it has already been

suggested that thermodynamic resonance phenomena

can affect cell biological activity [30–32]. Hence, a

deeper understanding of the dynamic behavior may

lead to a broader comprehension of the mechanisms of

life at the protein level.

From an experimental perspective, protein vibra-

tions can be detected by means of spectroscopy

techniques, such as infrared (IR) [33], terahertz time-

domain spectroscopy (THz-TDS) [34, 35] and Raman

spectroscopy [36, 37]. In particular, the latter has

emerged as a powerful tool in detecting vibrations in

the THz range, by using modern ultra-low frequency

(ULF) filters. In previous studies some of the authors

performed low-frequency Raman measurements on

lysozyme [38] and Na/K-ATPase [39] samples,

obtaining some notable peaks around 0.8 THz. Modal

analysis was then performed to investigate the vibra-

tions arising from FE-based all-atom lattice models,

and the modal displacements which were associated to

the obtained Raman peaks were found to involve the

entire lysozyme structure and large portions of Na/K-

ATPase [38, 40]. Such all-atom FE models, made of

point-masses connected by elastic beams simulating

local covalent bonds through their axial stiffness, were

originally built for describing breathing-like (i.e.

expansion–contraction) modes.

In this paper, we make use of a coarse-grained

structural model for investigating protein vibrations

still by an engineering approach, but this time focusing

on all possible global motions. Specifically, referring

to the coordinates of C
a
atoms only, a finite element

(FE) space truss structural model was constructed in

LUSAS FE software [41]. In this case, distortional

modes become possible, and non-local elastic con-

nections must be included in the model to simulate

long-range interactions, which are important for

global protein dynamics. After that mass and stiffness

parameters were assigned to the model, modal analysis

was performed in order to extract the dynamical

features (frequencies and mode shapes). The case of

hen egg-white lysozyme was selected as a benchmark:

the results were validated by calculating the thermal

B-factors and were also compared with those arising

from the well-known anisotropic network model

(ANM) [17, 42, 43]. Finally, we show that the

proposed structural model is consistent with ANM

and can be used to investigate protein vibrational

properties. Moreover, it is also suitable in perspective

for studying protein conformational changes and

stability from a Structural Mechanics viewpoint.
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2 Methodology

In this section, the details for the construction of the

space truss structural model are given. Moreover, the

fundamentals of modal analysis and ANM theory are

recalled.

2.1 FE space truss model and modal analysis

We considered a space truss structural model for the

investigation of the vibrational motions of lysozyme,

by means of the FE commercial code LUSAS [41].

The model was made up of point masses, which

represent C
a
atoms, and an assembly of linear-elastic

bars, which simulate the interactions between resi-

dues. The coordinates of C
a
atoms were obtained from

the PDB file (pdb code: 4ym8) [44], and the connec-

tions were created using different cutoff values (i.e.

only the nodes whose distance was lower than the

imposed cutoff were connected). Specifically, in this

analysis, the cutoff parameters were set equal to 8, 10,

12, 15 and 20 Å, thus leading to five different models

(Fig. 1a–e). Finally, from a structural viewpoint, the

links were modelled as 3D bar elements and they were

connected together by means of spherical hinges

located at the nodes. In Fig. 1f, a zoomed picture of the

truss model is shown, which highlights the single bar

structural element, together with the associated inter-

nal boundary conditions and the nomenclature used in

the remaining of Sect. 2.1.

According to the FE theory, for a structure made up

of N nodes and M connections, one can compute the

3N 9 3N global stiffness matrix K starting from the

2 9 2 local bar element matrix k�m; which is defined as

follows [45]:

k�m ¼
Ei;jAi;j

Li;j

1 � 1

� 1 1

� �

; ð1Þ

Ei;j, Aij and Li;j standing for the Young’s modulus,

cross-sectional area and length of the mth bar

connecting nodes i and j (Fig. 1f). Note that the bars

must not be intended as real physical elements, but just

as fictitious connections simulating the interactions

among residues. Since in the present analysis the

Fig. 1 Lysozyme models with varying cutoff values: a 8 Å, b 10 Å, c 12 Å, d 15 Å, e 20 Å, f zoomed picture of the truss model

highlighting the single bar element
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Young’s modulus and the cross-sectional area were set

equal for all the connections (i.e. Ei;jAi;j ¼ EA), the

stiffness of each bar turned out to be inversely

proportional to its length (km / L�1
i;j ). However, note

that by assigning different rigidities to different bars

with specific criteria based on their length, other

stiffness variation laws could be obtained.

Taking into account the different orientation

between the local reference system of each bar and

the global reference system, the 2 9 2 local element

matrix k�m can be referred to the global reference

system. This can be achieved by means of the 2 9 6

rotation matrix Nm, which contains the direction

cosines between the local and global reference

systems and can be written as follows:

Nm¼

xj�xi
� �

Lij

yj�yi
� �

Lij

zj�zi
� �

Lij
0 0 0

0 0 0
xj�xi
� �

Lij

yj�yi
� �

Lij

zj�zi
� �

Lij

2

6

6

6

4

3

7

7

7

5

;

ð2Þ

being xi, yi and zi the three-dimensional coordinates of

node i in the global reference system, and xj, yj and zj

the coordinates of node j (Fig. 1f).

By pre- and post-multiplying the element stiffness

matrix k�m (Eq. 1) by the rotation matrix Nm (Eq. 2),

one obtains the 6 9 6 element stiffness matrix km
referred to the global reference system, which takes

the following form:

km ¼ NT
mk

�
mNm ¼

ai;j � ai;j

� ai;j ai;j

� �

; ð3Þ

being ai;j a 3 9 3 matrix containing the stiffness

values and the direction cosines:

ai;j¼
Ei;jAi;j

Li;j

xj�xi
� �2

L2ij

xj�xi
� �

yj�yi
� �

L2ij

xj�xi
� �

zj�zi
� �

L2ij

xj�xi
� �

yj�yi
� �

L2ij

yj�yi
� �2

L2ij

yj�yi
� �

zj�zi
� �

L2ij

xj�xi
� �

zj�zi
� �

L2ij

yj�yi
� �

zj�zi
� �

L2ij

zj�zi
� �2

L2ij

2

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

5

:

ð4Þ

Finally, the global stiffness matrix K can then be

computed by the FE code, as a sum over all the bar

elements, as follows:

K ¼
X

M

m¼1

CT
mkmCm ¼

X

M

m¼1

CT
mN

T
mk

�
mNmCm; ð5Þ

where Cm is the 6 9 3N expansion matrix [45]. The

specific values of E and A, which define completely

the stiffness of the structure, were set a posteriori in

order to have the best match with the experimental B-

factors available from the PDB file (see below). Note

that this affects the values of the vibrational frequen-

cies, but not the mode shapes. Finally, the mass of the

protein was equally divided among the nodes and,

once the mass values were assigned to the C
a
atoms,

the FE code could also compute the 3N 9 3N global

mass matrix M. The assumption of a homogeneous

mass distribution along the protein chain is a simpli-

fication, but it is justified by the fact that, in general,

the mass un-homogeneities in proteins are not large,

therefore a homogeneous mass distribution can give

relatively accurate results both for frequencies and

eigenmodes. Some exceptions for specific proteins

exist, in which case the actual mass distribution should

be considered.

Built the coarse-grained FE model and assigned the

mechanical properties, a free vibration eigenvalue

analysis (i.e. modal analysis) was performed. For the

sake of clarity, it basically consists in solving the

equations of motion for an MDOF (multi degree-of-

freedom) undamped oscillator [45], which leads to the

following generalized eigenvalue problem:

K � x2
nM

� �

� dn ¼ 0; ð6Þ

where x2
n represents the nth eigenvalue (square of the

nth natural angular frequency) and dn is the corre-

sponding eigenvector, i.e. the displacement field of the

nth mode shape. Ignoring the trivial solution dn ¼ 0,

which lacks of physical meaning, Eq. 6 can be solved

by the following equation:

det K � x2
nM

� �

¼ 0; ð7Þ

which allows to compute the nth eigenvalue, which in

turn is related to the nth natural frequency of vibration

fn by the following formula:

fn ¼
xn

2p
: ð8Þ

Once obtained xn, the nth eigenmode can be easily

computed via Eq. 6. Note that, since the protein

structure is not externally constrained, the first six
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eigenvalues are equal to zero and the corresponding

eigenvectors correspond to rigid motions. For this

reason, only the 3N-6 non-rigid vibrational modes

were taken into account.

From an operative viewpoint, working with SI units

we have interatomic distance * Å = 10-10 m and

atomic mass * 10-26 kg; therefore, the scaling for

distance and mass values already used by some of the

authors in [38, 40] was adopted to avoid numerical

errors (this must not be intended as a physical scaling,

but just as a numerical artifice to avoid computational

problems).

Once the complete set of vibrational frequencies

and eigenmodes were obtained from FE calculations,

the estimated B-factors, which provide information

about the flexibility/rigidity of the protein structure,

could be computed according to the following equa-

tion [12]:

Bi ¼
8

3
p2kBT

X

3N

n¼7

d2i;n

x2
n

; ð9Þ

where Bi represents the calculated B-factor for the ith

residue, kB is the Boltzmann constant

(* 1.38 9 10-23 J K-1), T is the absolute tempera-

ture, xn the angular frequency of the nth vibrational

mode and di;n represents the mass-weighted displace-

ment of the ith residue for the nth mode. Note that,

since di;n is computed by normalization through the

mass matrix, the numerical scaling for mass param-

eters [38, 40] had also to be taken into account for the

calculation of B-factors via Eq. 9.

By comparing the calculated B-factors to the

experimental ones available from the PDB file, the

bar rigidity (EA) could be set and the absolute values

of the vibrational frequencies could be obtained.

Finally, normalized B-factors were also calculated,

which are defined as follows:

Bi;norm ¼
Bi � l Bð Þ

r Bð Þ
; ð10Þ

where l Bð Þ and r Bð Þ represent the mean value and the

standard deviation of the B-factor distribution along

the protein chain, respectively.

2.2 Anisotropic network model (ANM)

The main purpose of the ANM is the investigation of

the dynamical features of proteins based on the

assumption that these complex systems can be mod-

eled as elastic networks at the residue level, i.e.

considering only C
a
atoms [17]. Vibrational motions

can be obtained with relatively low computational cost

by means of the extraction of eigenvalues and

eigenvectors from the Hessian matrix, which contains

the information regarding the connectivity between C
a

atoms. In particular, for a system counting N residues,

the 3N 9 3N Hessian matrix is defined as follows:

H ¼

H1;1 . . . H1;i . . . H1;N

. . . . . . . . . . . . . . .

Hi;1 . . . Hi;i . . . Hi;N

. . . . . . . . . . . . . . .

HN;1 . . . HN;i . . . HN;N

2

6

6

6

6

4

3

7

7

7

7

5

; ð11Þ

where each 3 9 3 Hi;j submatrix contains the inter-

action information between residues i and j included

within a certain cutoff distance. Submatrices Hi;j can

be obtained by computing the second partial deriva-

tives of the potential V with respect to the three

directions of the global reference system:

Hi;j ¼

o
2V

oxioxj

o
2V

oxioyj

o
2V

oxiozj

o
2V

oyioxj

o
2V

oyioyj

o
2V

oyiozj

o
2V

ozioxj

o
2V

ozioyj

o
2V

oziozj

2

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

5

: ð12Þ

Considering the residues i and j, whose initial

distance in the equilibrium condition is ri,j
0 , the

potential Vi,j takes the form of the simple harmonic

potential associated to an elastic spring connecting the

two nodes:

Vi;j ¼
c

2
ri;j � r0i;j

� �

; ð13Þ

where c is the elastic force constant (stiffness) of the

spring, and ri,j represents the distance between the

residues after deformation. Note that, c being the

stiffness of the fictitious connection between two

residues, it has the same meaning of the bar stiffness

considered in the FE space truss model shown above

(km, Eq. 1). By calculating the partial derivatives at the

equilibrium position (i.e. ri,j = ri,j
0 ), the ANM yields

the following expression for the off-diagonal Hi;j

elements:
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Hi;j¼�c

xj�xi
� �2

r2i;j

xj�xi
� �

yj�yi
� �

r2i;j

xj�xi
� �

zj�zi
� �

r2i;j

yj�yi
� �

xj�xi
� �

r2i;j

yj�yi
� �2

r2i;j

yj�yi
� �

zj�zi
� �

r2i;j

zj�zi
� �

xj�xi
� �

r2i;j

zj�zi
� �

yj�yi
� �

r2i;j

zj�zi
� �2

r2i;j

2

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

5

:

ð14Þ

The diagonal terms Hi;i can be then calculated as a

summation involving all the residues connected to the

ith node as follows:

Hi;i ¼ �
X

N

j¼1;j 6¼i

Hi;j: ð15Þ

Equations 13 and 14 do not account for the

interaction specificity among different residues since

they consider the same force constant c for all

interacting pairs. An improvement of this has been

achieved by considering also a distance-dependent

force constant [42]:

ci;j /
1

r
p
i;j

; ð16Þ

where p is an empirical parameter which allows to

consider lower force constants for longer interaction

distances. In this case, Eq. 14 can be rewritten as

follows:

Hi;j / �

xj � xi
� �2

r
2þp
i;j

xj � xi
� �

yj � yi
� �

r
2þp
i;j

xj � xi
� �

yj � yi
� �

r
2þp
i;j

yj � yi
� �

xj � xi
� �

r
2þp
i;j

yj � yi
� �2

r
2þp
i;j

yj � yi
� �

zj � zi
� �

r
2þp
i;j

zj � zi
� �

xj � xi
� �

r
2þp
i;j

zj � zi
� �

yj � yi
� �

r
2þp
i;j

zj � zi
� �2

r
2þp
i;j

2

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

5

:

ð17Þ

By comparing Eq. 17 to Eqs. 3 and 4, it is clear

that, when p is equal to 1, there is the complete

consistency between the ANM and the proposed FE

truss structural model. Moreover, the bar rigidity in the

truss model (i.e. the product Ei;jAi;j) represents the

proportionality factor hidden in the ANM in Eqs. 16

and 17.

Once the ANM Hessian matrix is computed based

on the residues coordinates from the PDB file [44], it

can be decomposed in order to find the 3N-6 non-zero

eigenvalues and 3N-6 non-rigid mode shapes. The

decomposition takes the following form:

H ¼ UKUT
; ð18Þ

where U represents the matrix containing the 3N-6

eigenvectors and K is the diagonal matrix containing

the 3N-6 non-zero eigenvalues kn of the Hessian

matrix. Moreover, from the calculated set of eigen-

values and eigenvectors, the pseudoinverse of H can

be computed:

~H�1 ¼
X

3N

n¼7

1

kn
UnU

T
n ; ð19Þ

which contains the information about the fluctuations

of residues around the equilibrium position.

3 Results and discussion

Hen egg-white lysozyme was analyzed here (pdb

code: 4ym8). As reported above, the total mass of the

protein (14.4 kDa * 2.37 9 10-23 kg) was equally

divided among the 129 residues and the numerical

scaling reported in [38, 40] was adopted for inserting

the input parameters into the LUSAS FE code. This

led to a numerical mass value assigned to each C
a

atom equal to 18.37 kg.

Five different structural models were then created

by varying the cutoff values in the range 8–20 Å

(Fig. 1). In order to obtain the best match between the

calculated and experimental B-factors, the numerical

rigidity values (EA) shown in Table 1 were adopted

for the different structural models. The table shows

also the mean length of the bonds included into the

model.

As can be noted from Table 1, higher cutoff values

imply lower bar rigidities. By dividing the optimal bar

rigidity by the mean bond length from Table 1, one

can obtain a measure of the mean stiffness kmean

Table 1 Numerical rigidity values (EA) adopted for the five

structural models

Model Cutoff (Å) Optimal EA (N) Mean length (Å)

A 8 8.31 9 10-10 5.71

B 10 2.35 9 10-10 7.21

C 12 1.24 9 10-10 8.61

D 15 0.71 9 10-10 10.59

E 20 0.45 9 10-10 13.46
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associated to the different structural models (Fig. 2).

Lower stiffness values need to be used when increas-

ing cutoff values, and a remarkable reduction can be

observed especially when passing from model A to

model B (* -78%).

By using the parameters reported above, the B-

factors shown in Fig. 3 were obtained. In particular:

Fig. 3a–e show the comparisons between the calcu-

lated B-factors from the space truss model (Eq. 9), the

ones deriving from ANM [42] and the experimental

ones available on the PDB file; in the same way,

Fig. 3f–j show the comparisons between the normal-

ized B-factors from (Eq. 10), the normalized ones

deriving from ANM [42] and the normalized exper-

imental ones. In particular, the black curves refer to

the experimental values, the gray ones to the ANM

results, whereas five different colors were used for the

results from the five different models (blue: model A,

magenta: model B, orange: model C, purple: model D,

green: model E).

By observing Figs 3a–e (absolute B-factors) and

particularly Fig. 3f–j (normalized B-factors), it can be

noted that the correlation between numerical and

experimental results is generally acceptable, and it

increases for higher cutoff values. In fact, by calcu-

lating the Pearson correlation coefficient between the

calculated and experimental B-factors, one obtains the

results shown in Table 2 and Fig. 4. The correlation

coefficients arising from the proposed FE model vary

from 0.57 (model A) up to 0.72 (model E), which are

in agreement with the correlation values from ANM

(Table 2; Fig. 4). It should be noted that experimental

B-factors from X-ray diffraction are not error-free and

may not reflect only thermal fluctuations: this could

indeed prevent a clear and ultimate comparison

between experimental an numerical values, and this

is also the reason why it is generally difficult to obtain

very high correlation coefficients (e.g. * 1). How-

ever, the remarkable agreement which has been found

in the literature [17, 42] between the experimental B-

factors and the ones calculated via simple mechanical

models (e.g. NMA on coarse-grained models) sug-

gests that these models are anyway able to identify the

key parameters governing protein dynamics (e.g. the

overall protein topology).

Finally, from Fig. 3 and as has already been

remarked in Sect. 2, it is evident how the FE structural

model is consistent with the ANM and provides

basically the same results, since the colored curves are

always entirely overlapped to the gray ones: in fact,

the B-factor profiles are almost identical, showing just

minor differences at specific residues. Therefore, the

space truss model, developed by a purely engineering

approach, can be seen as the counterpart of ANM by

following a purely Structural Mechanics approach and

can be a valid candidate to investigate protein

dynamical behavior.

In Fig. 5, the results from the five different truss

models are shown together, both in terms of absolute

B-factors (Fig. 5a) and normalized B-factors (Fig. 5b),

in order to highlight the differences. As can be

observed, the main differences arise in the portions of

the protein chain which are predicted to be the most

flexible ones, i.e. the regions in which the B-factor

distributions exhibit higher peaks. Specifically these

are found to involve mainly the 46–49 portion, as well

as the 70–72, 101–103, 117–119 and 124–126 regions.

As a general tendency, increasing the cutoff value (i.e.

from model A to model E) leads to lower values of the

calculated B-factors in these high-flexibility regions,

leading in turn to a better match with the experimental

B-factor distribution. This tendency is reasonable,

since increasing the cutoff value implies a more

uniform distribution of the connections throughout the

three-dimensional structure of the protein, and this in

turn should be reflected in a more uniform distribution

of the calculated B-factors along the protein chain,

especially when dealing with globular proteins, such

as lysozyme. Finally, it is interesting to observe that, in

the other portions of the protein chain (i.e. outside of

the most flexible regions), the five different modelsFig. 2 Cutoff versus mean bar stiffness values
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provide essentially the same values and distribution of

the calculated B-factors.

Since B-factors and in turn protein dynamics are

dominated by the lowest vibrational modes, a detailed

analysis of the characteristics of the first two vibra-

tional modes is presented below. In particular, Fig. 6a

shows the normalized modal displacements found for

the lowest mode, which corresponds to the hinge-

bending motion found by other authors [13], from the

five considered models. As can be seen, although the

models differ for their mechanical properties (total

number of bars and stiffness parameters), they provide

approximately the same modal displacements along

the protein chain. The most flexible region is identified

as being the 46–49 portion by all the models.

However, model A (blue) and model E (green) exhibit

some specific features: in particular, model E high-

lights another high-flexibility region in the 70–72

portion.

A more quantitative comparison in terms of modal

displacements obtained from the five models can be

achieved by means of Modal Assurance Criterion

(MAC) [46, 47], which is defined as follows:

MACm;n ¼
d
T
m � dn

� �2

ðdTm � dmÞ d
T
n � dn

� � ; ð20Þ

where dm and dn represent the vectors of the mth and

nth mode displacements, respectively. This index is a

powerful tool to investigate modal analysis results, as

it allows to explore the consistency between different

mode shapes (or sets of mode shapes). Its value ranges

from 0 to 1: 0 means completely uncorrelated or

orthogonal vectors, while 1 indicates a perfect match.

Moreover, it has been widely used in Structural

Mechanics for studying the correspondence between

modes deriving from numerical calculations and those

arising from experimental investigations, detected for

example by piezoelectric transducers [48].

Applying MAC operator to the first vibrational

modes obtained from the five models (Fig. 6a), one

obtains the results depicted in Fig. 6b, by means of a

2D matrix representation. Each grid square, of coor-

dinates i and j, stands for the combination of the first

non-trivial modes obtained from model i and model

j. MAC values are shown by means of colors, ranging

from dark blue (MAC = 0) to light yellow (MAC =

1). High MAC values can be found for the compar-

ison between models A, B, C and D, whereas MAC

values associated to the comparison between model E

and the other ones are much lower, which reflects the

peculiarity of the mode shape from model E reported

in Fig. 6a (green curve).

Note that MAC operator is not only sensitive to the

displacement distribution along the protein chain

(Fig. 6a), but also to the directionality of such

displacements at each node. For sake of clarity, in

Fig. 6c–e the three-dimensional representation of the

first non-trivial modes is shown for model A, C and E,

respectively. As can be seen, high similarity can be

observed between the vector directions provided by

model A and model C (MAC1A,1C * 0.82), which

depict an hinge-bending motion implying the opening-

closing of the binding cleft. Otherwise, significant

differences arise in terms of displacement

bFig. 3 Numerical and experimental B-factors: a–e absolute B-

factors, f–j normalized B-factors. (Color figure online)

Table 2 Correlation coefficients between experimental and

numerical B-factors from FE model (present study) and ANM

[42]

Model FE model ANM [42]

A 0.57 0.56

B 0.67 0.64

C 0.66 0.64

D 0.69 0.68

E 0.72 0.69
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Fig. 4 Correlation coefficients versus cutoff values from FE

model (present study) and ANM [42]
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directionality when it comes to model E (Fig. 6e). This

is confirmed by the low MAC values found when

comparing the first mode from model E to the first one

from model A (MAC1A,1E * 0.08) and model C

(MAC1C,1E * 0.002).

In Fig. 7, the same analysis is shown regarding the

second eigenmodes. In particular, Fig. 7a shows the

comparison in terms of modal displacements and

Fig. 7b reports the calculated MAC values for the

comparison of the second eigenmodes. As can be seen,

the second modes are related to high flexibility in the

46–49 and 70–72 protein regions, from all the models.

However, also in this case, model E exhibits specific

features since the relative displacements in the 46–49

portion are much lower than those arising from the

other models. As already found for the MAC com-

parison between the first modes, Fig. 7b shows that the

second modes are found to be consistent for the

different models (highMAC values), except for model

E (lower MAC values). Again, these low MAC values

are caused by the difference in terms of displacement

directionalities, as can be seen by comparing the 3D-

shape of model E (Fig. 7e) to the mode shapes from

model A (Fig. 7c) and model C (Fig. 7d).

Since the first two modes deriving from model E

seem to be uncorrelated to the respective first two

mode shapes arising from the other models, it has been

conjectured that increasing the cutoff value might

have created an exchange between the lowest modes.

Indeed, this has been confirmed by calculating MAC

values between the first mode from model E (Fig. 6a,

green curve) and the second one from the other models

(Fig. 7a, blue, magenta, orange and purple curves).

The results are shown in Fig. 8, and confirm that the

first mode from model E, which implies high flexibil-

ity in the 46–49 and 70–72 regions, exhibit high

similarity with the second modes from the other

models (MAC[ 0.72). This can also be verified by

comparing the 3D-shape related to the first mode from

model E (Fig. 6e) to the 3D-shapes related to the

second eigenmodes frommodel A (Fig. 7c) and model

C (Fig. 7d) and by observing that there exist several

common features in the displacement field. This is

confirmed by the obtained cross MAC values (Fig. 8),

Fig. 5 Comparison

between B-factors arising

from the five different

models: a absolute B-

factors, b normalized B-

factors. (Color figure online)
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which are found to be equal to 0.72 (MAC1E,2A) and

0.91 respectively (MAC1E,2C).

Finally, in Fig. 9 the values of the first non-zero

vibrational frequencies are shown depending on the

mechanical parameters reported above (Table 1),

which are associated to the low-frequency motions.

As can be seen, the values of the vibrational frequen-

cies strongly depend on the considered cutoff value.

The fundamental frequency (i.e. the frequency asso-

ciated to the first eigenmode) varies from 0.046 THz

(* 1.5 cm-1) for model A to 0.117 THz

(* 3.9 cm-1) for model E. Note that, despite the

variation, this frequency range is in line with the

results arising from the calculations performed by

Markelz et al. [49] using Chemistry at HARvard

Molecular Mechanics (CHARMm) simulation, as well

as the ones by Levitt et al. [13]. Note also that the

lowest frequency mode obtained by Levitt et al. [13],

which occurs at 2.98 cm-1, was found to involve the

highest displacements near residues 47, 70 and 103

and to constitute a global hinge-bending motion,

which is very similar to the one found via the present

truss model (Fig. 6). In Fig. 9 the frequencies associ-

ated up to the five eigenmode are also shown.

However, it should be noted that, from these kinds

of models (i.e. coarse-grained mechanical models), we

are able to obtain an estimate of the frequency range in

which the slowest protein motions occur, but not an

accurate evaluation of the exact frequencies; in fact, as

mentioned above and shown in Fig. 9, changing the

model parameters leads to a not negligible change in

the obtained frequency values. Exact estimates of such

frequency values may be prevented by the simplified

nature of these models, which condense all the degrees

of freedom at the C
a
atoms and do not take into

account the effects of external conditions, e.g. damp-

ing phenomena caused by the specific environment

around the protein. However, these models are

believed to constitute a useful and low-computation-

cost tool to get information about the frequency range

of the slowest protein vibrations.

Fig. 6 First non-trivial vibrational modes: a normalized displacements, b MAC matrix, c 3D-shape from model A, d 3D-shape from

model C, e 3D-shape from model E. (Color figure online)

123

Meccanica (2019) 54:1927–1940 1937



4 Conclusions

In this paper, a finite-element-based space truss model,

which was developed by adopting a purely mechanical

approach, was presented for the investigation of low-

frequency protein vibrations. The model consists of

point masses, concentrated in correspondence to the

protein residues, connected by linear-elastic bar

elements simulating both short- and long-range inter-

actions (non-local model). Spherical hinges connect

the bars in correspondence to the point masses. The

Fig. 7 Second non-trivial vibrational modes: a normalized displacements, bMACmatrix, c 3D-shape frommodel A, d 3D-shape from

model C, e 3D-shape from model E. (Color figure online)
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total protein mass is equally distributed among the

residues, whereas the elastic stiffness of each bar

simulating the interaction between residues is inver-

sely proportional to the connection distance. The case

of hen egg-white lysozyme was selected as a bench-

mark and its mechanical vibrations were analyzed by

using five different models, with changing interaction

cutoff values (8, 10, 12, 15 and 20 Å). The validity of

the model was assessed by comparing the estimated B-

factors, arising from the calculated eigenmodes and

eigenfrequencies, to the experimental ones available

on the PDB file. Moreover, the influence of cutoff

values on the optimal stiffness was investigated, and it

was shown that the presented approach is consistent

with the ANM. In a sense, the proposed truss model

can be seen as the counterpart of the ANM by

following a purely Structural Mechanics approach.

Then, a detailed description of the lowest motions of

lysozyme was provided, highlighting the most flexible

regions, and MAC was used in order to calculate the

similarity among eigenmodes deriving from the dif-

ferent models. Finally, the dependence of the lowest

vibrational frequencies on the interaction cutoff was

investigated, thus identifying the THz frequency range

in which the fundamental lysozyme vibrations occur.

The proposed model represents an engineering

approach for analyzing small-amplitude low-fre-

quency (i.e. global) vibrations of protein structures,

in which some approximations are introduced by

looking at both experimental and modelling outcomes.

The proposed methodology is in line with several

other contributions in the Biomechanics and

Mechanobiology communities, aiming at embedding

crucial features of complex biomechanical systems via

a simplified structural approach. At the same time, the

main limitation of the model lies in the fact that it is

rather simplified and it is now not able to take into

account important factors, other than the intrinsic

protein topology, which may indeed have a strong

influence on protein behavior, e.g. the actual external

environment, pH level, interaction with water and

other molecules, etc. To overcome some of such

limitations, one possibility is to provide the model

some fictitious parameters (e.g. internal damping)

which could take into account, at least in part, some

external factors (e.g. water). Nevertheless, in line with

other elastic network models present in the literature,

it has proven to be an effective, yet simple, tool for the

investigation of protein dynamical features.

The proposed truss model can thus be seen as a

simple method, accessible to the Structural Mechanics

scientific community members, for analyzing protein

vibrations and their connections with biological

activity. For example, some of the authors made use

of this approach for studying the similarity between

low-frequency vibration modes and conformational

changes: this problem will be dealt with in future

contributions. Moreover, the truss model constitutes a

powerful tool for investigating not only protein

dynamics but, more in general, protein mechanics,

since it also allows for investigating the response of

proteins when subjected to external forces, applied

both in a static and dynamic way. Lastly, it is also

suitable in perspective for analyzing, from a Structural

Mechanics viewpoint, the stability of proteins when

they undergo large conformational transitions, by

making use of geometric nonlinear analyses.
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