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Abstract—In the present work, an approach based on fractal geometry, that has been successfully applied for
the tensile and the compressive behaviour of quasi-brittle materials, is followed in order to obtain a fractal
scaling from three-point bending tests of concrete specimens. According to this approach, bending strength,
fracture energy, and the critical kinematic parameter, represented by the localized rotation, are not defined with
respect to canonical physical dimensions, but on fractal sets presenting noninteger dimensions. In the case of
bending strength, the dimensional decrement of the reference area d, represents the weakening of the reacting
cross section, whereas in the case of fracture energy the dimensional increment d; represents the roughness of
the fracture surface. Furthermore, the kinematic parameter proves to be intermediate between a dimensionless
rotation angle and a curvature, i.e., it moves from a generalized displacement to a deformation: its dimensional
decrement d, represents the curvature localization along the beam span according to a lacunar fractal consti-
tuted by the infinite radial cracks converging to the center of curvature. As a consequence, the classical me-

chanical parameters are replaced by fractal quantities, which represent the actual material properties.
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1. INTRODUCTION: FRACTAL SCALING OF
BENDING STRENGTH, FRACTURE ENERGY,
AND CRITICAL ROTATION ANGLE

Progress in understanding complex physical pro-
cesses is closely connected with the recognition of
geometrical patterns in experimental evidences and
computational results. In the framework of dimensional
analysis, a physical process can be reduced in order to
determine a function of a single dimensionless vari-
able: it is the case described by the material scale length
for plastic materials [1], or the brittleness number for
aggregative materials [2, 3]. The correct choice of the
set of governing parameters is not only the result of
the application of a formal procedure, but requires good
intuition and a great deal of attention to the qualitative
analysis of the phenomenon under consideration [4].
This preliminary identification of forms and the search
for invariant relations constitute the foundation of the
intermediate-asymptotic representation of a wide range
of physical problems, mainly governed by scaling or
power-law relationships [5, 6]. They give evidence of
a very deep property of the phenomena under consid-
eration: their self-similarity [7].
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Indeed self-similar solutions are always “interme-
diate asymptotics” to the solutions of general prob-
lems valid for times and distances from boundaries
large enough for the influence of the fine details to
disappear, but small enough that the system is far from
the ultimate equilibrium state [5, 8—10].

A very powerful tool to study critical phenomena,
which exploits self-similarity, is the renormalization
group theory [11]. It analyzes the universal properties
of systems displaying scale invariance, as typically
occurs at critical points. It was successfully applied to
electromagnetism [12] and, later on, to solid mechan-
ics [13, 14].

Self-similarity is also the main property of fractal
sets, whose basic features and properties can effec-
tively model the microstructure of heterogeneous quasi-
brittle materials [13-17].

In the framework of fracture mechanics and mate-
rial science, the cohesive crack model [18, 19] is one
of the most widespread models when dealing with
quasi-brittle materials. Generally speaking, the cohe-
sive law is regarded as a material property. Neverthe-
less, experimental tests have shown that the cohesive
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law parameters depend on the structural size: the ma-
terial strength decreases with increasing sizes, whereas
the fracture energy increases. This dependence is usu-
ally referred to as size effect [2, 3]. Although such an
effect is evident only when a sufficiently broad range
of sizes i1s considered, the size effect is not a mere
speculation, since it is a common procedure to extrapo-
late from the laboratory tests, i.e. small sized speci-
mens, the cohesive law parameters that are then used
to simulate the structural behaviour of real structures,
i.e. large sized specimens. The importance of correctly
addressing the size effect on material strength, frac-
ture energy and critical kinematic parameter is there-
fore evident.

Accordingly, the size effects on the cohesive crack
model parameters are described by power-laws, that
are deeply investigated in [13, 14], where the size-in-
dependent or fractal cohesive crack model is intro-
duced. As a matter of fact, fractal geometry highlighted
that self-similar objects can be characterized by non-
integer geometrical dimensions. Both renormalization
and fractals imply the same scaling of a power-law
type.

Basically, the fractal view of material science re-
quires the introduction of new mechanical quantities:
the fractal stress, the fractal strain, and the fractal dis-
sipated energy. Scientists and engineers are used to
deal with quantities with integer physical dimensions,
although an effective, size-independent material de-
scription may be achieved only with noninteger physi-
cal quantities [20-22].

In the present work, the approach based on fractal
geometry, that has been successfully applied for the
tensile and the compressive behaviour of quasi-brittle
materials [23, 24], is followed in order to obtain a
fractal scaling from bending tests of concrete beams.
According to this approach, bending strength, fracture
energy, and critical localized rotation are not defined
with respect to canonical physical dimensions, but on
fractal sets presenting noninteger dimensions. In par-
ticular, the kinematic parameter proves to be interme-
diate between a dimensionless rotation angle and a
curvature, i.e., it moves from a generalized displace-
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Fig. 1. Prenotched plain concrete beam specimen.
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Fig. 2. Specimen sizes.

ment to a deformation. As a consequence of this fractal
interpretation and transition, the abovementioned clas-
sical mechanical parameters should be replaced by
fractal quantities, which represent the actual material
properties.

2. OUTLINE OF THE EXPERIMENTS

In order to study scale effects on bending strength
and fracture energy, a set of three-point bending (TPB)
tests is performed on prenotched plain concrete speci-
mens (Fig. 1). These tests are conducted following
RILEM recommendations [25], and considering the
notch depth a, equal to the beam half-depth 5/2 (table).
TPB tests are performed exploiting a servohydraulic
MTS universal testing machine. All the specimens are
tested until final failure.

The tests involving the specimens with =100 mm
are controlled by the crack mouth opening displace-
ment (CMOD), while the other ones are conducted by
the vertical displacement § of the hydraulic jack (de-
flection). In all cases, a stable post-peak behaviour is
obtained.

Figure 2 shows the specimen sizes recommended
by RILEM Technical Committe (table).

The result of each test is a curve representing the
load F, as a function of the deflection J, as displayed

Table
b, mm t, mm L, mm
100£5 100£5 800+5
2005 100£5 1130£5
3005 1505 13855
4005 2005 1600+5
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5. 0

Fig. 3. Load versus deflection curve [25].

in Fig. 3. The area under this diagram gives the energy
W, supplied by the machine [25].

3. EXPERIMENTAL RESULTS:
LOAD-DEFLECTION CURVES

Figure 4 shows the superimposed load—deflection
curves obtained from the TPB tests of three plain con-
crete specimens with » = 100 mm, two specimens with
b =200 mm, one specimen with b =300 mm, and three
specimens with b = 400 mm.

For each test, it is possible to evaluate fracture en-
ergy and bending strength. These values are interpreted
in the following by fractal scaling laws.

4. SCALE EFFECTS ON BENDING STRENGTH

The values of apparent bending strength obtained
from TPB tests can be graphically represented in a
bilogarithmic diagram (Fig. 5). A fractal scaling law is
used to fit the experimental results, providing the value
of the renormalized scale-independent bending strength
o, and the fractal exponent ds [13, 14]:

c,=0.b". (1)
Hence, the weakening of the ligament is characterised
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Fig. 4. Experimental load—deflection curves from TPB tests
(color online).
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Fig. 5. Size effect on apparent bending strength.

by the dimensional decrement with respect to an area,
ds =0.36, which provides a fractal domain of dimen-
sion equal to 1.64.

For each test, the value of Ino;, can be represented
as in Fig. 6, deducing the renormalized bending
strength, o, =22.6 Nmm 64,

5. SCALE EFFECTS ON FRACTURE ENERGY

A power-law can be used for highlighting the scale
effect on fracture energy [13, 14]:

G, = Gpb%e. 2)

The experimental results concerning this apparent
characteristic are represented in a bilogarithmic dia-
gram (Fig. 7), which is due to the roughness of the
fracture surface: it involves the dimensional increment
d; =0.19. This means that the energy dissipation oc-
curs in a fractal domain with dimension 2.19.

The values of InG; are represented for all the tests
in Fig. 8. It shows the renormalized scale-independent
value of the fracture energy Gp=209.9 Jm ! =
209.9 Nm™",

Renormalized bending strength and fracture energy
represent the target of the renormalization procedure,
i.e., the determination of physical quantities that are
invariant under a change of observation scale [13, 14]:
this means that, for size scales where random self-simi-
larities hold, the universal mechanical properties o,
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Fig. 6. Renormalized bending strength.
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Fig. 7. Size effect on apparent fracture energy.

and Gy are constant, although they are represented by
unusual physical dimensions.

5. SCALE EFFECTS ON THE KINEMATIC
PARAMETER

It was observed considering the critical displace-
ment w, in uniaxial tensile tests [20], that the corre-
spondent fractal kinematic quantity can be represented
by the renormalized axial strain €. Nevertheless, in
the case of TPB tests, it may be difficult to take into
consideration the axial strain, because it varies along
the depth of the cross section. Moreover, also the cur-
vature %, may be not immediately useful to describe
the damage process, because it presents a discontinu-
ity in correspondence of the cracked cross section.

For these reasons, the most suitable kinematic pa-
rameter, able to describe the critical point in TPB tests,
is the localized rotation at the beam midspan. In order
to evaluate the critical value of this parameter, i.e., the
rotation angle at failure, some geometric considerations
are made, based on Fig. 9.

At failure, the rotation angle can be evaluated as
S
L/2 ®)

It is possible to define the critical value of the lo-
calized rotation for each TPB test: these values are
graphically represented in the bilogarithmic diagram
of Fig. 10.
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Fig. 8. Renormalized fracture energy.
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Fig. 9. Localized rotation at the beam mid-span (color

online).

Ing,

.
6.0
65 y=-0.49x 351

45 ' 5.5 Inb

49

Fig. 10. Size effect on critical rotation angle.

A power-law can be proposed to describe the scale
effects on the critical value of the kinematic param-
eter for TPB tests:

OGN 4)
where d, =0.49. Hence, from Eq. (4) the renormalized
critical rotation @, results to be intermediate between
a dimensionless rotation angle and a radius of curva-
ture. The inverse of this parameter returns the renor-
malized critical curvature .

The values of Iny, can be represented in the bi-
logarithmic diagram of Fig. 11, deducing the
renormalized critical curvature, . =33.45 mm™%4,

As is shown, the kinematic parameter proves to be
intermediate between a dimensionless rotation angle
and a curvature, i.e., it moves from a generalized dis-
placement to a deformation. The dimensional decre-
ment d, represents the curvature localization along
the beam spam according to a lacunar fractal consti-
tuted by the infinite radial cracks converging to the
center of curvature.
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Fig. 11. Renormalized critical curvature.
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Fig. 12. Renormalized load—deflection curves from TPB
tests (color online).

The remarkable dispersion between the different
curves in Fig. 2 due to the scale effects can be mini-
mized by introducing a correct renormalization of the
load—deflection diagrams. In order to obtain a decrease
in dispersion, it is necessary to use the renormalized
bending strength ©, and the rescaled dimension of
the ligament. In particular, the dimensionless value of
the load turns into
F

oib! o
In the same way, the dimensionless value of the
deflection can be evaluated as

F )

. O
5 =b%x 6)
The renormalized load—deflection curves are rep-
resented as overlapping in Fig. 12.
Thus, considering the fracture energy definition as
proposed by RILEM [25], and the renormalized criti-
cal values G, and ., we have

o & Y
G =~ [ A8 =g [ Fd8
Xe 0 b th
I
=g G (7

Recalling Eq. (2), the fundamental relation between
the three scaling exponents [23, 24] is found again

do+d, +dg=1. (8)

The experimental validation of Eq. (8) is then provided:

ds+d,+d;=036+0.49+0.19=1.04=1. (9)

7. CONCLUSIONS

Fractal models of material strength and fracture
energy indicate the need for a significant change in

the framework of measuring material properties in solid
mechanics. When dealing with disordered materials
with fractal microstructure, the concept of ideal refer-
ence areas for material ligaments and fracture surfaces
must be dramatically revised. Moreover, fractal geom-
etry permits to give a unified explanation to the size
effects on mechanical properties of quasi-brittle mate-
rials, otherwise impossible to obtain. In the present
work, a fractal scaling is obtained from three-point
bending tests of concrete specimens. Bending strength,
fracture energy, and localized rotation are not defined
with respect to canonical physical dimensions, but on
fractal sets presenting noninteger dimensions. In the
case of bending strength, the dimensional decrement
of the reference area d, represents the weakening of
the reacting cross section, whereas in the case of frac-
ture energy the dimensional increment d; represents
the roughness of the fracture surface. Furthermore, the
dimensional decrement d, represents the curvature lo-
calization along the beam span according to a lacunar
fractal constituted by the infinite radial cracks con-
verging to the center of curvature. In this way, the clas-
sical mechanical parameters are replaced by fractal
quantities, which represent the actual material proper-
ties. Finally, an experimental validation of the funda-
mental relationship among the scaling exponents of
bending strength, fracture energy, and critical rotation
angle is provided.
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