
Contents lists available at ScienceDirect

International Journal of Non–Linear Mechanics

journal homepage: www.elsevier.com/locate/nlm

Interaction between snap-through and Eulerian instability in shallow
structures

F. Bazzucchi⁎, A. Manuello, A. Carpinteri

Politecnico di Torino, Department of Structural, Geotechnical and Building Engineering, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

A R T I C L E I N F O

Keywords:
Structural stability
Snap-through
Buckling
Nonlinear analysis
Interaction analysis
Equilibrium path
Imperfection sensitivity
Coupled instability

A B S T R A C T

The multifold nature of structural instability problems necessitates a number of different kinds of analytical and
numerical approaches. Furthermore, instability collapses of large-span roof sensitized the global community to
reduce the effects of geometrical imperfections, then some limiting recommendations have been recently
proposed. This study provides new insights into the interaction between the two different categories of
structural instability and, for the first time, a unified theoretical evaluation of the critical load due to interaction
is proposed. The snap-through phenomenon of 2D Von Mises arches was investigated by an incremental-
displacement nonlinear analysis. At the same time, the equilibrium paths were considered in relation to the
Eulerian buckling loads for the same structural systems. For each structural scheme the effect of the two
governing parameters was investigated: slenderness and shallowness ratios. For these purposes, several original
theoretical and numerical snap-through versus buckling interaction curves were obtained. These curves provide
indications about the prevailing collapse mechanism with regards to the geometric configuration of the
structure. Consequently, this innovative method is able to predict the actual instability of a wide range of
mechanical systems. With this approach, it is possible also to establish the connection between the magnitude of
structural imperfections (defects) and instability behavior. The proposed procedure is able to provide the
effective critical load given by the interaction effect and to correlate the instability behavior to the maximum
tolerable imperfection sizes.

1. Introduction

Traditionally, in Civil Engineering, Eulerian buckling and snap-
through instabilities are treated separately because they are supposed
to take place with different modalities and physical mechanisms.
However, such phenomena can interact in real structures implying
more critical scenarios (interaction) than the ones obtained by
separated analyses. One of the main consequences is that the greater
the interaction the greater the imperfection sensitivity. A typical case
where the interaction effect is appreciable is that of shallow structures
– arches or domes – in which the presence and the magnitude of the
interaction mainly depend on the slenderness and the shallowness
ratios.

It has long been recognized that slender structures generally loses
their stability by “snapping” or “buckling”. On one hand, from a
theoretical point of view, the structure is said to snap when the
equilibrium path, emerging from the unloaded state, loses its stability
on yielding the first locally maximum value of the load. Commonly, this
condition occurs when the structure works mostly through a compres-

sive regime of internal forces. On the other hand, the theoretical critical
condition is reached when the structure is said to buckle and the
equilibrium path loses its stability at a point of bifurcation. The study of
the latter condition reached a very complete treatment in the work of
Koiter [1], who provided the fundamentals to determine the imperfec-
tion sensitivity of a structural system by the investigation of the pre-
critical elastic buckling condition. This study represents the first step of
a more refined and generalized theory on the elastic buckling. A theory
that is rooted in the works of some of the most eminent scientists of the
Eighteenth Century [2,3]. On the contrary, the snap-through instabil-
ity, even if widely accepted, did not find rigorous mathematical
collocation until the Sixties. Concerning this topic, in fact, the main
contribution has been given by Thompson [4,5] where the analytical
conditions in which snap-trough may occur are enounced theoretically.
This author, founding his work on the expression of the total potential
energy by series expansion, demonstrated that the limit point condition
(snap-through) is related to a zero value of one of the coefficients of the
expansion and, if two null coefficients are present, the bifurcation point
is recognized. It is worth to note that this bifurcation occurs in a non-
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linear regime, because the pre-critical deformations are not neglected.
Thompson's theories find the natural prosecution in the works of
Huseyin [6,7], who extended the definition of the instability conditions
to the case of multiple independent loads. In order to do this, Huseyin
used the definition of stability domains, because the nonlinear essence
of the problems makes ineffective the use of superposition principle to
obtain the equilibrium path of the structure. The obtained surface (a
curve when only two independent parameters are considered) is the
boundary over which the critical condition occurs. Working on these
parameters, the nature of the instability (snap-through or buckling)
cannot be recognized a priori, thus additional conditions must be
defined aside the total potential energy definition [8,9].

These studies represent the fundamentals of a general theory on
elastic stability and they have a remarkable importance since allow to
handle the real systems (affected by imperfections) by the simple
definition of a pre- deformed geometrical configuration in the
Lagrangian equations. An appropriate example can be found in the
work of Pecknold et al. [11].

In the last two decades, a consistent effort in how to evaluate the
imperfection sensitivity of shallow and slender structures has been
carried out by the scientific community. Operating this way, instability
problems become primary and many optimization procedures (based
on instability conditions) have been proposed. Among these studies,
the coincidence of the critical loads related to different buckling modes
has been proposed (Bleich-Shanley postulate) [10]. At the same time,
the studies by Koiter, Thompson, and Huseyin demonstrated that
interaction of different equilibrium paths could lead the system to an
higher imperfection sensitivity. Finally, Gioncu [12] observed that in
the real structures the presence of imperfections implies that the
intersection between two equilibrium paths degenerates to a limit
point. The greater the imperfection, the smaller the consequential
critical load [12].

To this day, the study of snap-through of framed structures is
carried out mostly in the field of deployable [13] and shape-changing
systems [14], because new stable spatial configurations can be achieved
by the occurrence of a snap instability. The so-called buckling induced
systems have been recently proposed for MEMS devices [15], and they
are based on the same concepts of shape-changing structures. For all
these applications, the control of the displacements and (above all) of
the actual maximum instability load is essential. Despite the fact that
original researches about this topic are not so extended, some works
have proposed new approaches on the study of the Von Mises truss
[16] and some original derivations of it [17] to evaluate the actual
displacements and instability loads.

In this paper, the investigation on the interaction between the two
different categories of structural instabilities was presented and, for the
first time, a unified theoretical evaluation of the critical load due to
interaction was proposed. Moreover, the theories of Gioncu were
confirmed even for the case of the interaction between the two different
typologies of instability, snap-through and buckling. On the other
hand, results demonstrated how the magnitude of the imperfections is
not very significant with this type of interaction. To this purpose, the
snap-through phenomenon of 2D Von Mises arches was investigated by
an incremental-displacement nonlinear analysis. At the same time, the
equilibrium paths were considered in relation to the Eulerian buckling
loads for the same structural systems.

For each structural scheme, different parameters were analyzed,
such as slenderness, together with arch depth. Several original
theoretical and numerical snap-through versus buckling interaction
curves were obtained. These curves provide indications about the
prevailing collapse mechanism with regards to the geometric config-
uration of the structure. Consequently, this innovative method is able
to predict the actual instability of a wide range of mechanical systems.
With this approach, it is also possible to establish the relationship
between the magnitude of the structural imperfections (defect) and
instability behavior. The proposed procedure is able to provide the

effective critical load given by the interaction effect and to correlate the
instability behavior to the maximum tolerable imperfections.
Therefore, this study makes a major contribution to research on non-
linear instability of structures by demonstrating that the evaluation of
the critical load can be affected by the interaction of different-order
phenomena.

2. Interaction between elastic buckling and snap-through
instability

2.1. Interaction in a simple structure

The mechanical system represented in Fig. 1a is traditionally called
Von Mises Arch [18]. This simple structure is made of two hinged bars
subjected to a vertical force F applied at the crown. As is well-known,
the arch has a nonlinear pre-critical behavior, which involves a snap-
through if the equilibrium path is followed beyond the limit point. This
same system can be analyzed in respect to the elastic buckling,
assuming a non-deformed pre-critical configuration. For a given
external load F, the bars react with the axial forces:

N F
α

= 1
2 sin

.
(1)

When N reaches the critical Eulerian buckling load of a hinged bar
in compression (NCR,EB), the bars lose their flexural stiffness and the
equilibrium is established in the adjacent configuration (see Fig. 1a).
Under these conditions, the external load is equal to

F
α

N π EI
L

1
2 sin

= = ,CR EB,
2

2 (2)

F π EI
L

α= 2 sin .CR EB,
2

2 (3)

In order to determine the more burdensome instability condition,
this load must be compared to the snap-through instability load [4,19]:

⎛
⎝⎜

⎞
⎠⎟F EA φ α

φ
= 2 sin 1 − cos

cos
,

(4)

in which the value of the critical angle φCR has to be substituted. This
value was obtained by the functional analysis of the equilibrium path.
Between the two related limit points, an unstable branch of the path (as
indicated by the relative negative slope in Fig. 2) is identified, and the
values of the critical angle are

φ α= ± arccos cos .1,2
3 (5)

The limit points are obtained by findings the turning points of Eq.
(4), since its zeros represent the equilibrium coordinate of the system.

Fig. 1. a) Eulerian elastic buckling of a Von Mises Arch and the adjacent configuration
(dotted lines). b) The generic equilibrium configuration along a displacement control
analysis, identified by F* and φ*.
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Is it worth to note that, both the critical loads are dependent on the
value of the initial angle α, which indicates the shallowness of the arch.
This means, that for a given bar cross section, only the shallowness of
the arch represents the discriminating factor between a snap-through
instability or an elastic buckling one.

A complete analysis must consider both the two instability phe-
nomena in order to choose the correct design scenario, by the selection
of the minimum critical loads. Operating this way, however, the two
instabilities typologies are treated in a separated way, thus their
possible mutual interaction is neglected. In the aim of investigating
this interaction, let us consider a generic configuration (φ*,F*) along
the nonlinear equilibrium path before the limit point (Fig. 1b).
Equilibrium in this configuration implicates that the value of the axial
force is equal to

N F
φ

= 1
2

*
sin *

.
(6)

It is obvious that the nature of the problem leads to a larger value of
the axial force in the deformed configuration in comparison to the one
characterized by the initial angle α. Then, substituting (4) into (6), the
axial force increases nonlinearly along the equilibrium path according
to the following law:

⎛
⎝⎜

⎞
⎠⎟N EA α

φ
= 1 − cos

cos
.

(7)

This relation was reported in Fig. 2 (black curve) in overlapping to
the snap-through equilibrium path (grey). When the axial force reaches
the Eulerian critical load NCR,EB, the system undergoes through a
bifurcation of equilibrium (Fig. 3). This point is characterized by a
lower value of the external load with respect to the one obtained by (3).
The bifurcation, occurring in nonlinear regime before the critical snap-
through, takes place when the primary equilibrium path, given by Eq.
(3), is intersected by the equilibrium path provided by the following
equation:

F π EI
L

φ= 2 sin .2
2 (8)

This equation was obtained by introducing the value of NCR,EB

into (6). The intersection, represented in Fig. 4, occurs in a range [α;-α]
(coordinate axis is inverted since φ decreases along the path) of the
coordinate system. In this domain the portion of sinusoidal Eq. (8) can
be assimilated to a straight line due to small values of the shallowness
angle α. Eq. (8) is a function defined in the range π; −π. By focusing on
the point of intersection identified by the angle φint, the system lays in
a mixed condition between the snap-through and the unstable buckling
bifurcation: related branch is decreasing, thus a small perturbation
would lead the structure to snap towards a non adjacent equilibrium
configuration (Fig. 5a). Considering instead a displacement controlled
test, a perturbation leads the system to abandon the primary equili-
brium path towards the branched one and to follow it until the primary
one is intersected again. Fig. 5b shows how the deflection at the mid-
span of the two beams (subtracted by the constant vertical displace-
ment of the primary equilibrium path) is present only along the
bifurcation, that is where the beams are in equilibrium in a non-
rectilinear configuration.

The interaction between the two instabilities occurs only if the
intersection between the equilibrium paths is located before the critical
state of the snap-through, identified by Eq. (6). There are four possible
configurations for the equilibrium paths, and, only two of them make
possible the interaction, cases a) and b) as shown in Fig. 6. Case c) in
Fig. 6 shows that the system already snapped with the maximum
critical instability load, FCR,S-T. Once the snap-through limit point
was overcome and the primary equilibrium path was intersected by the
elastic buckling one, no interaction took place. As a limit case, if the
elastic buckling load is very high with respect to the snap-through one,
the slope of the correlated equilibrium path does not allow any
intersection (Fig. 6d).

Existence interaction conditions depend on shallowness and slen-
derness of the structure. Recalling (7), which provides the axial force in
the bars, and equalizing it to NCR,EB the following relation can be
obtained:

α
φ

π
λ

1 − cos
cos

= .
2

2 (9)

Substituting the value of φ given by (5), the intersection between
the two equilibrium paths is forced to coincides with the snap-through
limit point. The following equation, defined as interaction curve:

⎛
⎝⎜

⎞
⎠⎟α π

λ
= arccos 1 −

2

2

3
2

(10)

Fig. 2. Variation of the axial force in the generic bar along the equilibrium path (black
curve) overlapped to the relative snap-through equilibrium path (grey).

Fig. 3. Nonlinear bifurcation of equilibrium.

Fig. 4. Interaction angle φint and load Fcr,int identified by the intersection between the
primary snap-through equilibrium path and the Eulerian buckling path.
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indicates the value for slenderness λ so that, for a given shallowness α,
the elastic buckling instability and the snap-through occur simulta-
neously. Analogously, Eq. (9) provides the angle φint, for which the
interaction occurs:

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟φ α= arccos cos

1 −
.

π
λ

int 2

2 (11)

A smaller value of φint than φ1,2 (Eq. (5)) means that the
interaction occurs because the snap-through critical state is located

Fig. 5. a) Interaction equilibrium path with the nonlinear bifurcation unstable branch. b) Value of the vertical displacement at midspan of every beam along the nonlinear bifurcation
branch.

Fig. 6. Possible configurations of the equilibrium paths. a) and b) the interaction phenomenon is real since the intersection occur before the limit snap-through point. In c) the
interaction occur along the already unstable branch of the primary path since the intersection is located beyond the limit point. In d) the interaction cannot take place because there is no
intersection between the equilibrium paths.
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later along the equilibrium path.
Relation (10) can be simplified with a linearization of Eqs. (4), (5)

and (8), hypothesis which is valid for small shallowness ratio (α).
Operating in this way, the approximate expression for Eq. (10) is:

α π
λ

≅ 2 .
(12)

Plotting Eq. (10) and Eq. (12), as reported in Fig. 7, it is possible to
observe that the linearization remains efficient until the shallowness is
high, although provides adequate values also for larger values of α. The
curves reported in Fig. 7 represent the boundary condition for which
the interaction between the two instability typologies may or may not
occur. For a given value of slenderness λ, if the shallowness ratio is
adequate to define a couple (λ,φ) above the curves, then an interaction
is present and its effect on load reduction is stronger as the distance
from the curve increases (see Fig. 7). The value of the angle φ, which
defines the critical deformed configuration, can be evaluated by Eq.
(11). The critical interaction load can be obtained from every relation
between φ and the external load, i.e. Eq. (8).

It is worth to note that all the obtained results are consistent with
what has been presented in the existing literature for the stability of
Von Mises arches [4,11,15,19].

Interaction between snap-through and elastic buckling, when it is
present, implies a lower value of the critical load respect to the ones
evaluated by the two separated analyses, as can be observed in Fig. 4.
This reduction is consistent, and for typical slenderness and shallow-
ness ratios, can reach the 40% of the maximum critical load. This
evidence will be shown in the numerical analyses reported in the next
Section.

2.2. Interaction effects on imperfection sensitivity

The proposed system was considered as perfect, but real systems
are always affected by defects and imperfections. The effect of the
previously discussed interaction has an influence also in the structural
behavior of imperfect structures. In a Von Mises Arch, considering an
initial curvature for each hinged bar, the imperfection can be seen as an
eccentricity of the centroid of the section from the straight axial line
[20]. Traditionally, a sinusoidal curve is used to represent such
imperfect configuration, thus the maximum eccentricity is located in
the mid-span of every bar (Fig. 8). Such configuration is proportional to
the first Eulerian buckled eigenshape. As a consequence, during a
displacement control snap-through analysis, the bars are pushed to
chase the bifurcation. Under these conditions, the actual equilibrium

path moves away from the ideal one, and, the bifurcation degenerates
to a limit point. Such point corresponds to the actual critical load of the
system, and its value is always lower than the one related to the
interaction phenomenon. From a qualitative point of view, this concept
can be seen in Fig. 9, where the actual equilibrium path (imperfect
system) results to be down-shifted by the elastic buckling branch; it
means that the higher the initial curvature, the greater the load
reduction. Under the light of this, the elastic buckling branch repre-
sents the envelope of the all the possible equilibrium paths of an
imperfect system. The distance between each equilibrium path of a set
of imperfect systems depends on how the interaction occurs. The load
reduction increases with the imperfection magnitude, but this increas-
ing it is obviously nonlinear. Thus, when the interaction is present, it is
not possible to determine a priori the quantitative effect of the
imperfection sensitivity on the load reduction.

Phenomenon of interaction cannot be neglected for a correct
evaluation of the critical load of a geometrically nonlinear system;
nevertheless, a classic nonlinear analysis led to an erroneous value of
the actual critical load [21]. Recalling the definition of a displacement
control analysis, the branch after a limit point of an equilibrium path
can be followed, even if it is an unstable one. As a consequence, the
interaction limit point is surpassed and the snap-though critical load is
assumed as the critical one. Furthermore, the nonlinear bifurcation
implicates a stronger imperfection sensitivity of the system in respect
with the one of the same entity of defects but not affected by interaction
[22].

3. Numerical simulations of the interaction effects

The results of the numerical analyses performed in order to confirm
the phenomenon of interaction between different instability typologies
were reported. As discussed at the end of the previous Section, the
transition from an instability condition to another depends on the
slenderness of the bars and the shallowness of the structure. A Von
Mises Arch of semi-span d=2,5 m and variable height h was considered
(Fig. 1). In the simulation, the cross section of the arch was realized by
a tubular profile with a variable diameter in order to obtain different
inertial properties (see Table 1). The following parameters were
considered during the analyses: the slenderness λ, the shallowness
ratio (h/d) and different imperfection patterns.

As far as the first two parameters is concerned, a large set of them
were used, as reported in Table 2. Additionally, different imperfection
schemes were adopted in order to evaluate the effect of their presence
and their size: (i) no imperfections: straight bar; (ii) sinusoidal
imperfection with maximum eccentricity equal to L/300; (iii) sinusoi-
dal imperfection with maximum eccentricity equal to L/1000.

The elastic buckling can occur with a symmetric or asymmetric

Fig. 7. Interaction curve for a Von Mises Arch.

Fig. 8. Possible imperfection patterns for a Von Mises Arch affected by a sinusoidal
initial deflection.

Fig. 9. Equilibrium path of a real system (black line) vs. the snap-through (grey line) and
elastic buckling (dotted line) paths of a perfect system.
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eigenshape. Under this conditions, the imperfection must be applied
both symmetrically and asymmetrically, as reported in Fig. 10.

All the numerical simulations were performed in a displacement
control scheme, applying a vertical incremental displacement U at the
top of the arch. A FEM solver engine was adopted using a co-rotational
formulation and a geometrically nonlinear BTS3 beam element. In this
section, equilibrium path will be displayed in terms of the vertical force
F applied at the top and the vertical displacement U. Because the angle
φ and displacement U are univocally related, the results remain
entirely valid.

In order to obtain a validation of the theoretical formulations of
Section 2, the results of the numerical analyses of a Von Mises Arch
were reported. The snap-through is always present for such structural

scheme, thus represent the perfect test structure for a given set of
slenderness and shallowness ratios. As a first implementation a fixed
value of λ=60 was chosen, and the shallowness ratio h/d was varied as
reported in Table 1. Fig. 11a shows the equilibrium paths in the case of
h/d ratio equal to 0,06 (h=0,15 m). It is evident that, for such structural
configuration there is no interaction between snap-through and elastic
buckling. L/1000 imperfection curve was not reported as it is practi-
cally coincident with the L/300 one. In Table 3, limit load values and
percentage reductions from the perfect system load were reported for
the three structural systems.

Table 1
Cross section properties of the arch bar member.

Dext External diameter

Dint Internal diameter
Thickness, s s D= 0,06 ext
Cross Section Area, A A D D= ( − )π

ext int4
2 2

Moment of Inertia, I I I D D= = ( − )y z
π

ext int64
4 4

Elastic Modulus, E
⎡
⎣⎢

⎤
⎦⎥

N
mm2

E E= 210 9

Poisson ratio, ν ν = 0,3

Table 2
Sets of λ and h/d parameters used for the numerical simulations.

Slenderness λ Shallowness ratio h
d

Arch depth h [m]

20 0,02 0,05
40 0,04 0,10
60 0,06 0,15
80 0,08 0,20
100 0,10 0,25
120 0,12 0,30
140 0,14 0,35
160 0,16 0,40
180 0,18 0,45
200 0,20 0,50

Fig. 10. Imperfection schemes applied for the numerical analyses: symmetric and
asymmetric beams implementation.

Fig. 11. Numerical equilibrium paths for two different h/d ratios and fixed λ.

Table 3
Critical load values for λ=60 and h/d =0,06.

F [kN] Variation [%]

Perfect system 48,20
L/1000 imperfection 47,99 − 0,43
L/300 imperfection 46,10 − 4,35

Table 4
Critical load values for λ=60 and h/d=0,08.

F [kN] Variation [%]

Perfect system 114,24
L/1000 imperfection 112,29 − 1,71
L/300 imperfection 102,47 − 10,30

Fig. 12. Secondary equilibrium path (dotted line) related to elastic Eulerian buckling for
λ=60 and h/d=0,08 in relation with the primary numerical equilibrium path of Fig. 11b.
The imperfect systems are enveloped by the Eulerian buckling equilibrium path.
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Increasing h/d ratio up to 0,08 (h=0,2 m), same results were
reported in Table 4. Even this case, the interaction does not occur
and the crisis takes place with the yielding of the limit point of the
primary equilibrium path, as displayed in Fig. 11b.

It is worth to note that there is a gap in the decreasing branch
between the equilibrium paths of the imperfect structure and the
primary one. This means that the interaction occurs but the intersec-
tion with the elastic buckling secondary path is located beyond the limit
point (see Section 2, Fig. 6c). Using the theoretical formulation as
displayed in Section 2, it is possible to demonstrate the hypothesis.
Expression (8), in terms of variable U, was overlapped to equilibrium
paths, as shown by the dotted line in Fig. 12. It is obvious that for U=0
the curve provides the critical load value of a linearized Eulerian
buckling analysis, in this case equal to 255 kN; this can be verified by
expression (1). The interaction occurs for a value of 94 kN beyond the
limit point, as a performed bracketing numerical analysis confirmed.
Although the interaction does not represent a critical situation, it is
evident that its presence influences the structural behavior along the
decreasing branch, especially for the imperfect systems.

Operating in the same way for a less shallow structure, the system
obviously acquires a larger strength with respect to vertical loads, but
the interaction phenomena becomes prevalent. Fig. 13a shows the F–U
curves for an h/d ratio equal to 0,12. The critical load values of the
imperfect systems is considerably lower than the ideal one. In this case
a numerical bracketing analysis has been performed in order to identify
the intersection point between the two equilibrium path. Then, by a
branching procedure it was possible to follow the elastic buckling path
(secondary one), as reported in Fig. 13b. In agreement with the
theoretical expression, it is possible to observe that the equilibrium
paths of the imperfect systems are below such numerical line; never-
theless, the intersection point could not be reached by the same
systems. Considering now the axial forces in the bar (Fig. 14) it is
possible to verify that the interaction has to be conferred to the yielding
of the critical load value NCR,EB, defined in Section 2, equal in this
case to 1612 kN. It is worth to note that the system can have three
possible different equilibrium configuration for the same level of
external load, as indicated by the a,b and c points in Fig. 13b, related
to a threshold value of 150 kN. In Fig. 14, the three corresponding
deformed configuration are reported. In detail, it can be observed how
following the secondary path (point b in Fig. 13b) the bars lose their
rectilinear form in order to institute the equilibrium in the adjacent
configuration (Fig. 15b). Once the overturn of the system (point c in
Fig. 13b) has occurred, the bars were tensed and the straight config-
uration was recovered (Fig. 15c). If expression (10) of Section 2 is now
considered, the value of the angle φint for which the interaction occurs
can be evaluated. Its value, equal to 0,093775 rad, when substituted in
expression (8) provides a maximum instability load equal to
Fcr,int=299,09 kN, which differs from the one numerically evaluated
(Fcr,int=301,10 kN) by less than 1%. Critical load values of the

Fig. 13. a) Numerical equilibrium path for λ=60 and h/d=0,12. b) Bracketing and branching analysis for the same system.

Fig. 14. Axial forces in the bars along the primary and bracketed equilibrium path.

Fig. 15. FEM computed deformed configuration for the same external load value
(150 kN), in three different position along the equilibrium path.

Table 5
Critical load values for λ=60 and h/d=0,12.

F [kN] Variation from limit
snap-through point
[%]

Variation from
intersection point [%]

Perfect system 385,85
Intersection point 301,10 − 21,96
L/1000

imperfection
274,05 − 28,92 − 8,98

L/300
imperfection

239,69 − 37,83 − 20,40

F. Bazzucchi et al. International Journal of Non–Linear Mechanics 88 (2017) 11–20

17



numerical analyses were summarized in Table 5, which indicates, in
addition to the variation from the ideal snap-through limit value, even
the percentage reduction from the intersection point (interaction load
for the perfect system). Finally, the case of an asymmetric imperfection
pattern was applied to this structural arrangement in two different way:
(i) the L/300 deviation was present only in the left bar of the arch and
(ii) both L/1000 and L/300 deviations were present to the left
(Fig. 16b) and the right bar (Fig. 16c) respectively. Results, in terms
of F–U curves were summarized in Fig. 16a together with the
equilibrium path of the perfect system and the L/300 symmetric
imperfection evaluated above. As it can be observed, the F–U curves
of the asymmetric imperfection patterns resulted to be coincident with
the equilibrium path of the L/300 symmetric deviation. This means
that only the bar with the higher deviation governs the interaction
phenomenon. The Eulerian buckling of the arch corresponds in fact
with the Eulerian buckling of one of its beams, and a higher deviation
signifies a nearest condition to the critical load. Since the system is
subjected only to axial forces, the collapse of one of its element does not
allow any internal force redistribution and the arch goes towards a
snap-through instability. In Figs. 16d and e the computed deformed
shapes of the two asymmetric deviations at Point A of the equilibrium
path in Fig. 16a were respectively reported. Interaction has not
occurred yet and the system lowers itself with an asymmetrical shape
and the two bars have different displacements field [16]. Analyzing the
same deformed shapes at Point B (Figs. 16f and g respectively), it is
possible to observe that the equilibrium has been achieved in the
adjacent configuration for the L/300 deviated bars. In the case of no
imperfections for one of the beams, the rectilinear configuration was
maintained through all the nonlinear bifurcation branch (Fig. 16f). In
Figs. 16h and i, the deformed shapes at Point C were reported. The

inversion of the compressive regime to a tensile regime of internal
forces, makes impossible the achievement of the equilibrium with a
deviated configuration of the beams and in both of the cases the
rectilinear configuration of all bars was recovered.

It is evident from these results, that the interaction phenomenon
makes necessary a structural analysis considering the presence of
imperfections; nevertheless, the overestimation error would be even
larger if the non-linear bifurcation is neglected.

All the analyses discussed were repeated for all the values of h/d
ratios of Table 1 and for a fixed value of λ equal to 60. Results were
reported in Fig. 17, showing that the critical loads reduction increases
as the shallowness decreases. It is interesting to observe that, when the
interaction is present, the limit load of imperfect systems increases
linearly with the h/d ratio. This happens because the nonlinear
bifurcation load has the same trend, as reported by the dotted lines
in Fig. 17. These results are of a remarkable importance: they define
two different, but essential, concepts.

Firstly, the interaction phenomenon has a threshold value which
represents the least burdensome condition for the structure. Moving
away from the interaction boundary configuration, structural behavior
gets worse in terms of the actual explicable strength with respect to
potential strength. Secondly, the presence of the imperfections is more
significant than their magnitude for the limit load reduction of a
structural configuration affected by the interaction. This is clear in
Fig. 16, where there is a minor distance between the two imperfect
systems curves, although their difference in terms of imperfection
magnitude is substantial.

Until now, a fixed value of λ equal to 60 was used in order to
determine the effect of the interaction with respect to the shallowness.
However, the same analyses can be repeated with a variable slender-
ness and a fixed h/d ratio. To this purpose, a system with h/d ratio
equal to 0,08 (h=0,2 m) was chosen and a set of λ, as shown in Table 2,
was used. In Fig. 18, the equilibrium paths for three λ values from 40 to
140 were reported. The increasing of the slenderness implies a
reduction of the arch buckling strength. As a consequence, the arch
is more sensitive with respect to the instability interaction, as can be
seen by the significant load reduction in Fig. 18c. Under the light of
this, the critical loads for an increasing value of λ and a fixed value of h/
d ratio (equal to 0,08) were reported. The analogous graph of Fig. 17
was obtained. It is worth to note that the increasing of the variable
parameter (λ) is now related to the decreasing of the critical load, on
the opposite to the increasing of h/d ratio. As a consequence, the larger
reductions are located in the zone where the absolute magnitude of the
critical loads are lower. The larger distances between the imperfect
systems curves comes for λ over than 80. This happens because for
slenderness lower than 80, the effect of the interaction is less influential

Fig. 16. a) Numerical equilibrium paths for the system represented in Fig. 11b with the addition of the asymmetric imperfection patterns. b) and c) Imperfection schemes applied for
the numerical analysis. d) and e) Deformed shape of the arch at point A for the related imperfection scheme. f) and g) Deformed shape of the arch at point B for the related imperfection
scheme. h) and i) Deformed shape of the arch at point C for the related imperfection scheme.

Fig. 17. Critical load reduction for an increasing h/d ratio and a fixed λ=60.
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and the load reduction must be associated only to the size of the
imperfections. As a consequence, the same observations of Fig. 17 can
be done. The most burdensome condition occurs when the effect of the
interaction becomes primary and the imperfections are present. In
addition, the interaction condition represents the boundary of a
structural configuration in order to exclude substantial load reductions
due to the imperfections. This results are in total agreement with the
theoretical formulation of the interaction curve, obtained in Section 2
(Fig. 7). It is worth to note that for λ values larger than 140, the critical
elastic buckling load is very low, then the imperfection sensitivity
becomes secondary with respect to the interaction phenomenon. This is
clear in Fig. 19, where the two curves related to the imperfect systems
are practically overlapped in the high λ zone. At the same time, this

coincidence was observed for the minimum values of λ, thus where the
interaction cannot take place (λ lower than 40).

4. Conclusions

In the present study, an original approach to evaluate the interac-
tion between different instability typologies was proposed for slender
and elementary shallow structures. For the first time, a theoretical
interaction curve was obtained (Eq. (10), Fig. 7). This result permitted
to define the existence domain of the interaction phenomenon in term
of inertial and geometrical properties of a structure. In addition, the
proposed approach allowed to determine the dangerousness of a
certain structural configuration in terms of critical load reduction as

Fig. 18. Numerical equilibrium path for three different structural arrangement with a fixed h/d ratio and variable λ.

Fig. 19. Critical load reduction due to different imperfection patterns for an increasing λ and a fixed h/d ratio equal to 0,08.
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reported in Section 3. This was possible by the distance evaluation
between the considered system and the interaction boundary curve
(Fig. 7). Results confirmed that the reductions for the critical load were
consistent, and, for some cases equal to the 40% of the critical load
computed by buckling or snap-through analysis separately.

A parametric set of numerical analyses for a large number of
slenderness and shallowness ratios was conducted in order to confirm
and verify the theoretical results for a Von Mises arch. On the one
hand, when the h/d ratio is high, the interaction phenomenon was
observed, and the related critical load reductions were substantial. On
the other hand, same results were obtained with small values of λ, but
with a critical load reductions less significant because the critical loads
were lower in terms of magnitude. The numerical simulations reported
in Section 3 proved the validity of the theoretical formulation. Critical
load reductions appeared to be consistent with the expressions
obtained by the closed form solution, and values of the 40% of the
critical load (the minimum between buckling and snap-through
analysis) were found. In addition, the expected physical structural
behavior was observed in the numerical models, and the deformation
time history analysis was in agreement with the theory.

At the same time, the interaction effect on the imperfection
sensitivity was evaluated. In order to do it, two different imperfection
schemes (L/300 and L/1000) were applied on the structures.
Equilibrium paths of the imperfect systems were evaluated, and, as
expected, the interaction appeared to intensify the imperfection
sensitivity. The additional load reduction, numerically computed, must
to be attributed to the interaction. This happens because the consid-
ered imperfection pattern forced the structure to follow the secondary
equilibrium path from the first loading steps. Furthermore, it has been
found that an asymmetric pattern of imperfections have no effects on
the interaction because the phenomenon is always governed by the
beam element that first buckles. Finally, the effect of the magnitude of
imperfections was evaluated. When the system laid on the interaction
curve, the effect of the magnitude was very important. The system was
characterized by the worst instability condition and the relative
deviation due to the imperfection was substantial. Although, when
the system was far from the interaction curve, but still in the
interaction zone, the magnitude of the imperfections became to be
secondary respect to their presence. In this case, the interaction effect
was strong, and just a small perturbation led the system to nonlinear
bifurcation.

As the conclusion, the presented approach underlines the impor-
tance of the interaction phenomenon, and its possible existence must
be always checked. If a structure can suffer this occurrence, the
imperfections must be accounted in all the structural analyses since
their effect can be very high on the maximum tolerable design load. The
challenge now is to extend the results to more articulated structures.

The findings of this study have a number of important implications for
future practices, in terms of structural design/analysis guidelines and
advancement in researching snap-instability of structures.
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