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A piezoelectric energy harvester made of a tapered cantilever surface bonded with piezoelectric patches
is developed to harness energy from ambient vibrations. Compared with the available cantilever har-
vester of a uniform shape in the length direction, this harvester has a higher energy harvesting efficiency
since a maximum collected power at each piezoelectric patch on the cantilever can be achieved. The cur-
rent available models for cantilever harvesters are not applicable for the new developed tapered har-
vester due to the difficulties in dealing with the tapered shape. A corresponding finite differential
model is hence developed to model the tapered harvester for estimating its efficiency by examining a
governing differential equation with variable coefficients. The influences of some practical considera-
tions, such as the geometry of the tapered cantilever and the width of piezoelectric patches on the root
mean square of the generated electric power, are discussed. The results from the developed model show
that an electric power up to 70 times higher than the available uniform cantilever harvesters can be
achieved by the tapered harvester. This research provides an effective model for evaluating the high effi-
ciency of the piezoelectric coupled tapered cantilevers in energy harvesting.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Piezoelectric energy harvesting devices converting ambient
energy into electrical energy have attracted much interest in both
the academia and industry. Their applications include wearable
electronics, where energy harvesting devices can power or
recharge cellphones, mobile computers, radio communication
equipment, high power output devices (or arrays of such devices)
deployed at remote locations to serve as reliable power stations
for large systems. The most common type of piezoelectric devices
is the piezoelectric/metal sandwich beam mounted as a cantilever
due to three major considerations. First, large mechanical strains
can be produced directly owing to the piezoelectric effect of the
materials during vibrations. Second, the construction of piezoelec-
tric cantilevers is simpler compared to other harvesters. Third, the
resonance frequency of the fundamental flexural modes of a can-
tilever is much lower than the other vibration modes of the piezo-
electric element. So far, studies on piezoelectric energy harvesting
technologies reported to date have involves a unimorph or
bimorph cantilever design [1–5].
The exact expressions for the voltage, current, power, and tip
deflection of a Timoshenko piezoelectric cantilever were derived
[6]. Subsequently, several case studies were presented to examine
the frequency response of vibration-based energy harvesters using
this model. An analytical approach based on the Euler–Bernoulli
beam theory and Timoshenko beam equations for the voltage
and power generation was provided and compared with the elec-
trical equivalent circuit and energy method [7]. The technique to
adjust the performance of a piezoelectric bimorph vibrating in
the flexural mode through axial preloads was studied to effectively
scavenge energy from ambient mechanical vibrations/noise with
varying-frequency spectra [8]. Based on a design of a bimorph can-
tilever located at an arbitrary position on a simply supported slen-
der bridge, a piezoelectric power generation from moving loads
was formulated [9]. An optimal design of a piezoelectric coupled
cantilever structure attached by a proof mass subjected to seismic
motion was introduced to achieve a higher efficient energy har-
vesting from high-rise buildings [10]. Two types of sea wave piezo-
electric cantilever energy harvesters with proof masses were
introduced and optimized to harvest electric energy from longitu-
dinal or transverse wave motions of water particles [11,12]. Their
results show that the harvesters can generate a power up to
55W and 30 W for a practical longitudinal and transverse wave
motions, respectively. A novel piezoelectric energy harvester
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device driven by a cantilever system to harvest energy from high-
rise buildings was demonstrated [13,14]. This harvester can pro-
vide an efficient and practical energy harvesting in the process of
dissipating the vibration energy of high-rise buildings. Dhakar
et al. [15] proposed a 21-mm-long polymer extension beam with
a proof mass of 0.72 g at its free end. The other end of the beam
is clamped firmly to the free end of a 32-mm-long PZT-5A bimorph
cantilever. Results showed that this design can tune the natural
frequencies of the combinational cantilever notably. Azizi et al.
[16] investigated the mechanical behavior of a bimorph piezoelec-
tric micro cantilever exposed to harmonic base excitation, and the
effect of load resistance and the effective piezoelectric stress con-
stant on the equivalent damping ratio of output circuits including
parallel and series connections. The effect of the impact of water
droplets releasing from different various heights on the piezoelec-
tric energy harvesting was studied [17] and the results show that a
power output for one unit at around 2.5 mW. An auxiliary can-
tilever with a piezoelectric patch glued at its fixed end subjected
to a resonance was conducted to improve power output [18].
Another innovative S-shaped meandering cantilever was designed
to achieve a low resonance frequency below 30 Hz by reducing the
stiffness of the beam [19]. A two-stage design was proposed in
which a spring-mass system was designed to respond at the input
frequency of the host structure, and then excite an array of piezo-
electric cantilevers to harvest the mechanical energy [20]. A theo-
retical study of a similar two-stage piezoelectric energy harvester
for human walking was conducted. In the study, ferromagnetic
structures were used to tune the natural frequency of a piezoelec-
tric cantilever with a magnetic proof mass [21]. Liu etc. [22] pre-
sented a power generator array based on thick-film piezoelectric
cantilevers with different resonance frequencies to improve fre-
quency flexibility and power output. The cantilever array can be
tuned to the frequency and expanded the excited frequency band-
width in ambient low frequency vibration. Xu et al. [23] presented
a low frequency piezoelectric energy harvester ‘‘CANDLE” consist-
ing of cantilever beam and cymbal transducers based on piezoelec-
tric single crystal. The design uses a cantilever as the driving
mechanism for two cymbal transducers to generate electrical
energy.

Three major principles used in the available piezoelectric can-
tilever harvesters mentioned above to improve their power output
are: (1) decreasing the natural frequency of the cantilever device
by using a proof mass attached to its free end or a combination
beam; (2) enhancing the excitation frequency to the vicinity of
the natural frequency of the cantilever by a tuned resonance
device; and (3) broadening the band response with respect to the
excitation from the host structures. In the aforementioned energy
harvester designs, the common intention is to make the piezoelec-
tric coupled cantilever working at the resonance to achieve a max-
imum power output. However, many ambient vibration sources
possess a spectrum of random frequencies. In these situations, tun-
ing a piezoelectric energy harvester to a specific resonance fre-
quency may not be an effective approach to improve efficiency
because even a small amount of fluctuation in the input frequency
will result in a large drop in the power output. Meanwhile, the
tuned frequency device and proof mass may also increase the
space and weight of the energy harvester device, and hence
decrease the efficiency of the harvesters. And more importantly,
the above-mentioned harvester devices only fully use the maxi-
mum strain at the fixed end which leaves the piezoelectric material
under-utilized, resulting in sub-optimal efficiency [24].

The electrical energy from a piezoelectric material is propor-
tional to the induced mechanical strain. Hence it is desirable to
maximize the strain at each point in a beam to fully utilize the
potential energy in piezoelectric materials. Under an optimal con-
dition, the strain distribution in the beam would be completely
uniform within the strain limit. The consideration suggests a trian-
gular or trapezoidal shape cantilever which has a linearly increased
wider cross-section, while reducing the size and weight of a piezo-
electric cantilever. Baker et al. [25] introduced a piezoelectric har-
vester prototype made of a trapezoidal geometry cantilever by
finite element method to examine the effect of geometry of the
cantilevered piezoelectric beam on the power density. The results
showed that the output power is 50% higher than that of a compa-
rable rectangular cantilever with an even strain distribution
throughout the beam. Glynne-Jones et al. [26] built a prototype
of a thick-film PZT coupling trapezoidal cantilever, and then stud-
ied the effect of the load resistance and beam amplitude on the
power output of the harvester. Mateu and Moll [27] provided a
comprehensive study on a triangular piezoelectric bending beam
structure for energy harvesting using shoe inserts. The results
showed that by using a triangular cantilever, the strain along axial
direction is made to be a constant and the harvested energy
increases with an increase in the thickness of the triangular can-
tilever. Roundy [28] provided a relationship between the relative
bending energies and strain profiles for alternative cantilever
geometries, and found that a trapezoidal geometry can supply
more than twice of the energy (per unit volume PZT) than the rect-
angular geometry. Reducing the coupled governing differential
equations with variable coefficients to a pair of uncoupled
second-order differential equations, Yuan et al. [29] simplified
the governing equations for the free vibration of circular
Timoshenko beams with both geometrical nonuniformity and
material inhomogeneity along the beam axis and derived a series
of exact analytical solutions from the reduced equations for the
first time.

These researches aforementioned on cantilever energy har-
vester with varying cross-sectional area use either simulation or
model testing, and focus on the cantilever tapering in the width
because there is no analytical solution to the dynamic governing
equations of the piezoelectric coupled cantilever tapering in both
width and thickness directions. In fact, a taper in thickness of a
cantilever has a greater contribution on the surface strain of the
cantilever than that from the taper in width.

It is hence expected to develop a mathematical model for a
tapered cantilever energy harvester in both width and thickness
directions to harvest energy from ambient vibration. With this
novel model, the effect of the taper in width and/or thickness of
the cantilever, the width of the pzt patches, the width and the
thickness at the fixed end of the cantilever on the energy harvest-
ing efficiency of the tapered harvester can be studied comprehen-
sively. The research findings are significant and helpful in
designing the most efficient and economic piezoelectric coupled
tapered cantilever energy harvesters which can maximize the sur-
face strain at each point in the beam to harvest the strain energy at
a fullest extent.
2. Introduction of the analytical model

The introduction of a piezoelectric coupled cantilever harvester
with a rectangular cross section tapered in both thickness and
width is depicted in Fig. 1(a and b). The cantilever is subjected to
a sinusoidal force F = Ysinx0t at its free end. Fig. 1a schematically
illustrates the normal section view of the harvester with a length
of l. it is tapered in the thickness direction from h0 at the fixed
end to h1 at the free end, and attached by pzt4 patches with the
same thickness of tp one by one on the upper and lower surfaces
of the cantilever. Fig. 1b is the top view of the harvester tapered
in the width direction from b0 at the fixed end to b1 at the free
end. The attached individual pzt4 patches fully on the surfaces of
the cantilever are with a varying length lp(x). Based on the model
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Fig. 1. Set-up of a piezoelectric energy harvester. (a) Normal section view, (b) Top view.
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in Fig. 1, a mathematical model for the piezoelectric tapered can-
tilever energy harvester is developed and solved by a finite differ-
ential method to evaluate the efficiency of the developed
harvester.

3. Development of the theoretical model

The electric power of the piezoelectric coupled cantilever can be
studied by setting an excitation of a harmonic sinusoidal wave as a
simple representative of the ambient vibration. Therefore, the har-
monic motion on the cantilever is set to be, f(x,t) = F(t)d(x) = d(x) Y
sinx0t, where Y is the amplitude of the ambient excitation;x0 is the
angular frequency of the excitation; d(x) is the Kronecker Delta
function to represent a point force in beam models. Such a model-
ing for a point force should also be adopted in another work by the
authors [30] although the research findings remain similar.

The motion equation for the forced lateral vibration of the
piezoelectric coupled tapered cantilever can be expressed as:
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It is assumed that the piezoelectric patches are bonded on the
surfaces of the tapered cantilever. When bending motion takes
place on the cantilever subjected to the excitation force, the gener-
ated charge Qg and voltage Vg as well as the electric power of the
piezoelectric patches are hence provided as below [31]:
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where e31 is the piezoelectric constant; w(x, t) is the transverse dis-
placement of the tapered cantilever; CV is the electrical capacity of
the piezoelectric patch; and C’V is the electric capacity per unit
width of the piezoelectric patch (C0

V = CV/lp(x)), m is the number of
piezoelectric patches bonded on the upper and lower surfaces of
the tapered cantilever.

To obtain the time varying displacement field, w(x, t), in Eq. (1)
by the classical elastic beam model, the cantilever is simply sepa-
rated into m/2 sections, as shown in Fig. 1, by considering each
piezoelectric bonded area connected each other. Based on the
Euler-Bernoulli beam theory, the vibration governing equation
for the tapered cantilever can be expressed as:
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where, m0 ¼ qb0h0, I0 ¼ b0h
3
0

12 , u ¼ ½aþ ð1� aÞ x
l�, v ¼ ½bþ ð1� bÞ x

l�,
a ¼ b1=b0, b ¼ h1=h0.

In order to obtain the natural frequencies and corresponding
vibration shapes of the tapered cantilever, we use the modal
method:

wðx; tÞ ¼
X1
n¼1

WnðxÞqnðtÞ; ð6Þ

Substitution of Eq. (6) into Eq. (5) leads to the following
expression:
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Since there is no analytical solution for the Eq. (7), here the
finite differential method is used to obtain the natural frequencies
and corresponding vibration shapes of the tapered cantilever.

For the tapered cantilever, the boundary conditions are as
below:

W 00ð0Þ ¼ 0; ðEIW 00Þ0j0 ¼ EI0ð0ÞW00ð0Þ þ EIð0ÞWð0Þ000 ¼ 0
W 0ðlÞ ¼ 0;WðlÞ ¼ 0

)
ð8Þ

By expressing the first three order derivatives of the boundary
points by Taylor Series, then the boundary conditions can be
expressed as:

2
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in which, h ¼ l

n�1, n is the number of discrete points on the tapered
cantilever including the free end and fixed end points, W1�4 and
Wn-3�n are the displacements of the vibration shape at correspond-
ing discrete points on the tapered cantilever.

By expressing the first four order derivatives of the internal
points by central differential formula, the finite differential equa-
tions of the internal points can be expressed as:
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to obtain the value of the vibration shape at each discrete point,
let Wð0Þ ¼ W1 ¼ 1, then the formula of W2�n can be derived based
on Eqs. (9)–(12) and (13).

W2 ¼ U2W4 þ V2; ð14Þ

W3 ¼ U3W4 þ V3; ð15Þ

Wiþ1 ¼ Uiþ1Wiþ2 þ Viþ1 3 6 i 6 n� 2 ; ð16Þ

Wn ¼ Vn; ð17Þ
The expressions of Ui and Vi can be seen in Appendix.Let Vn ¼ 0,

each natural frequency can be obtained by iteration method, and
then the corresponding vibration shape can be achieved through
back substituting natural frequency into Eqs. (16) and (17). So
the generalized coordinates can also be obtained below:

qn ¼ C
Bm0ðx2

n �x02 Þ sinx
0t; ð18Þ

in which, B ¼ R l
0 W

2
nðxÞdx, C ¼ Wnð0ÞY=ab.

Substitution of Eq. (18) into Eq. (6) and Eq. (6) into Eqs. (2)–(4)
lead to the expressions of the electric power Pe(t). Further the RMS
Table 1
Material properties and dimensions of a piezoelectric coupled tapered cantilever energy h

Tapered cantilever

l(m) b0(m) h0(m) a b E(N/m2)

0.6 0.04 0.003 0.2–1.0 0.2–1.0 2.1e11
Cv (nF) 0.75 for the piezoelectric patch with the geometry of 0.01

Table 2
Natural frequencies of cantilever beam with different parameters b.

N = 601 a = 1,b = 1
x1

a
x

Calculating solution 44.11 2
Analytical solution[31] 43.89 2
Tolerance 0.501% 0

Note: E = 2.1e11, b0 = 0.04m, h0 = 0.003m, a = b1/b0, b = h1/h0.
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Fig. 2. RMS of the electric power and amplitude of q1 versus the taper ratios of the cantil
h1/h0.
(root mean square) of the generated power from 0 to t/4 from the
piezoelectric patches can be obtained as:

Prms
e ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
t

Z t=4

0
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where PeðsÞ is the generated power of the piezoelectric coupled
tapered cantilever harvester at time s (0 < s < t/4).

To estimate the RMS of the generated power, the period, t/4, can
be separated into j time steps with a sufficiently short time interval
Dt. As a result, the expression in Eq. (19) can be rewritten in a dis-
crete form below:

Prms
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dt
t

Xj

i¼1

½PeðtiÞ�2
vuut ð20Þ
4. Results and discussions

Based on the finite differential model developed in Section 3,
the generated charge, voltage and electric power from the piezo-
electric patches can be obtained. In this section, we conduct simu-
lations to study the effects of the taper ratios in both thickness and
width of the cantilever, the width of piezoelectric patches, the
width and thickness at the fixed end of the cantilever on the har-
vester power. The dimensions and materials properties of the
piezoelectric coupled cantilever in the simulations are provided
in Table 1, unless otherwise noted. The amplitude of the harmonic
arvester.

PZT4 patches

q
(kg/m3)

wp(cm) tp(mm) q(kg/m3) e31 (C/m2)

7800 1–6 0.3 7500 �2.8
, 0.06, 0.0003m

= 1,b = 1
2

a = 1,b = 1
x3

a = 1,b = 0
x1

76.41 773.97 66.35
75.04 770.12 66.34
.498% 0.499% 0.015%
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ever harvester. (a) RMS versus b1/b0 and h1/h0, (b) Amplitude of q1 versus b1/b0 and
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excitation, Y, is set to be 1 N to assure a safe operation of the har-
vester without losing any generality. The piezoelectric patches and
the host cantilever beam are made of PZT4 (lead zirconate titanate)
and steel, respectively.

Firstly, to verify the effectiveness of the developed finite differ-
ence method, we set a = 1, b = 1 and a = 1, b = 0 to study a pure
uniform cantilever and a pure tapered cantilever, respectively.
The corresponding natural frequencies of the cantilever are calcu-
lated by finite differential method taking the discrete point num-
ber of n = 601, and compared to the analytical solutions. The
results (see in Table 2) show that the finite differential method
has a good precision.

Fig.2 shows the effect of the taper ratios in width and thickness
of the cantilever on the RMS of electric power and the amplitude of
first generalized coordinate of the cantilever harvester. The param-
eters in this simulation are set to be: n = 601, b0 = 0.04 m,
h0 = 0.003 m, l = 0.6 m, wp = 0.012 m, Y = 1 N, and x0 = 10 rad/s.
Fig. 2a displays that the RMS nonlinearly decreases from
0.1376W to 0.0263W, 0.1376W to 0.0077W, and 0.1376 W to
0.002W when the width ratio of b1/b0 and the thickness ratio of
h1/h0 change from (0.2, 0.2) to (1.0, 0.2), (0.2, 0.2) to (0.2, 1.0),
and (0.2, 0.2) to (1.0, 1.0), respectively. It also shows that the
RMS, at b1/b0 = h1/h0 = 0.2, is 70 times of the RMS at b1/b0 = h1/
h0 = 1.0, and 17.9 times of that at b1/b0 = 0.2 and h1/h0 = 1.0, and
5.2 times of that at b1/b0 = 1.0 and h1/h0 = 0.2, respectively. Simi-
larly, the amplitude of the first generalized coordinate decreases
a
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sum of voltage of pzt4 patches versus the width of pzt4 patch.
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(b) Amplitude of q1 versus fixed end width of harvester.
as shown in Fig. 2b from 0.0405 m to 0.0159 m, 0.0405 m to
0.0082 m, and 0.0405 m to 0.0038 m when b1/b0 and h1/h0 change
from (0.2, 0.2) to (1.0, 0.2), (0.2, 0.2) to (0.2, 1.0), and (0.2, 0.2) to
(1.0, 1.0), respectively. The findings on the decrease in RMS with
increases in the ratios are mainly caused by the similar change of
the first generalized coordinate q1. A nonlinear increase in q1 can
lead to a nonlinear increase in the electric power as shown in
Eqs. (6), (2)–(4). The results indicate that the taper ratio in thick-
ness has a more obvious effect on the RMS than the taper ratio
in width of the cantilever. More importantly, the results show that
the tapered cantilever harvester has a much higher energy harvest-
ing efficiency and is more economic than the counterpart uniform
cantilever.

Fig.3 illustrates the variation of RMS of the generated power
and the amplitude of the sum of voltage on the piezoelectric
patches versus the width of pzt4 patch with the following param-
eters: n = 601, b0 = 0.04 m, h0 = 0.003 m, l = 0.6 m, h1/h0 = 1.0, and
b1/b0 = 0.2. It can be seen from the Fig. 3a that the RMS nonlinearly
decreases from 0.1376W to 0.1354 W when the pzt4 width
changes from 0.01 m to 0.06 m. This phenomenon is mainly
because the increase in the width of pzt4 patch would cause an
increase in Cv, which in turn causes a decrease in the voltage and
electric power as shown in Eqs. (3) and (4). As we can see from
Fig. 3b, the amplitude of the sum of voltage on the piezoelectric
patches similarly decreases from 1074 V to 1050 V in this range.
This finding indicates that a larger energy harvesting requires a
b
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series of piezoelectric patches with a smaller width based on the
theoretical model.

Fig. 4 demonstrates the effect of the width at the fixed end of
the cantilever on the RMS and the amplitude of the first general-
ized coordinate with the parameters: n = 601, h0 = 0.003 m,
l = 0.6 m, and h1/h0 = b1/b0 = 0.2. Fig. 4a shows a nonlinear decrease
in RMS from 0.1376W to 0.055 W under the condition of the width
at the fixed end of the cantilever changing from 0.04 m to 0.1 m.
The findings on the decrease in RMS with an increase in the width
at the fixed end of the cantilever are owing to the fact that an
increase in b0 would lead to an increase in the mass, m0 = qb0h0,
and hence the decreases in the amplitude of generalized coordi-
nates, q1, the voltage on PZT4 patches, Vg, and the electric power,
Pe, which can be seen from Eqs. (18), (3) and (4). For example,
the amplitude of q1 nonlinearly decreases from 0.036 m to
0.016 m in the same section shown in the Fig. 4b. This result sug-
gests that a smaller b0 for the tapered cantilever harvester will lead
to more electric power harvesting from the same ambient
excitation.

Fig. 5 displays the effect of the thickness at the fixed end of the
cantilever on the RMS, the first generalized coordinate and the first
natural frequency of the cantilever. The dimensions of the energy
harvester in this simulation are set to be, n = 601, b0 = 0.04 m,
l = 0.6 m, and h1/h0 = b1/b0 = 0.2. From Fig. 5a it can be found that
the RMS nonlinearly decreases from 0.1376 W to 0.0142W with
an increase in the thickness at the fixed end of the cantilever from
3 mm to 5 mm. This phenomenon is caused by the similarly varia-
tional tendency in the amplitude of the first generalized coordinate
which is relevant to two factors. The main factor is the linearly
increase in the first natural frequency of the tapered harvester
from 77.75 rad/s to 129.25 rad/s in the same thickness section
which can be seen from Fig. 5b; the second factor is the linearly
increase in the mass of m0 = qb0h0. Two reasons above lead to a
nonlinearly decrease in the amplitude of the first generalized coor-
dinate from 0.0405 m to 0.0087 m shown as Fig. 5c. These phe-
nomena in Fig. 5 can also be explained explicitly by Eqs. (18) and
(2)–(4). The results reveal that a thicker cantilever harvester with
the same taper ratio in thickness would lead to a decrease of
RMS significantly.
5. Conclusion

A piezoelectric energy harvester made of a tapered cantilever
surface bonded with piezoelectric patches is developed to harness
energy from ambient vibrations. The current available models for
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cantilever harvesters are not applicable for the new developed
tapered harvester due to the difficulties in dealing with the tapered
shape. A corresponding finite differential model is hence developed
to model the tapered harvester for estimating its efficiency by
examining a governing differential equation with variable coeffi-
cients. Numerical simulation results from the model show that
the RMS decreases with an increase in the taper ratio of thickness
and/or width of the cantilever and the width of the PZT4 patch, and
an increase in the thickness and/or width at the fixed end of the
cantilever. For an energy harvester structure with geometry and
material parameters of b0 = 0.04 m, h0 = 0.003 m, l = 0.6 m,
b1/b0 = h1/h0 = 0.2, wp = 0.012 m, tp = 0.3 mm, Y = 1 m and x0 =
10 rad/s, the RMS can reach up to 0.1376W which is 70 times of
the uniform counterpart. The research develops a novel technique
to improve the efficiency of energy harvesters to the fullest extent.

Appendix A.

U2 ¼ 1

D2h
5 ;V2 ¼ 2

D2h
5 ;U3 ¼ 2

D2h
5 ;V3 ¼ 1

D2h
5 ;D2 ¼ D3 ¼ 3

h5 :

U4 ¼ �Z53

D4
; V4 ¼ �1

D4
½Z13W1 þ Z23V2 þ Z33V3�; D4

¼ Z23U2 þ Z33U3 þ Z43:

U5 ¼ �Z54

D5
;V5 ¼ �1

D5
½Z14V2 þ Z24V3 þ ðZ14U2 þ Z24U3 þ Z34ÞV4�;D5

¼ ðZ14U2 þ Z24U3 þ Z34ÞU4 þ Z44:

Uiþ1 ¼ �Z5i

Diþ1
;Viþ1 ¼ �1

Diþ1
fZ1iV i�2 þ ðZ1iUi�2 þ Z2iÞVi�1

þ ½ðZ1iUi�2 þ Z2iÞUi�1 þ Z3i�Vig;

Diþ1 ¼ ½Ui�1ðZ2i þ Z1iUi�2Þ þ Z3i�Ui þ Z4i:

Vn ¼ �1
Dn

fZ1;n�1Vn�3 þ ðZ1;n�1Un�3 þ Z2;n�1ÞVn�2 þ ½ðZ1;n�1Un�3

þ Z2;n�1ÞUn�2 þ Z3;n�1�Vn�1g;

Dn ¼ ½Un�2ðZ2;n�1 þ Z1;n�1Un�3Þ þ Z3;n�1�Un�1 þ Z4;n�1:
References

[1] Schoeftner J, Buchberger G. A contribution on the optimal design of a vibrating
cantilever in a power harvesting application – optimization of piezoelectric
layer distributions in combination with advanced harvesting circuits. Eng
Struct 2013;53:92–101.

[2] Shi Z, Li J, Yao R. Solution modification of a piezoelectric bimorph cantilever
under loads. Int J Eng Sci 2015;26(15):2028–41.

[3] Gao X, Shih WH, Shih WY. Vibration energy harvesting using piezoelectric
unimorph cantilevers with unequal piezoelectric and nonpiezoelectric lengths.
Appl Phys Lett 2010;97:233503.

[4] Zhang K, Wang D, Zhou Q. Study on the electromechanical coupling
performance of bimorph piezoelectric cantilever. Appl Mech Mater
2013;302:447–51.
[5] Song G, Sethi V, Li H-N. Vibration control of civil structures using piezoceramic
smart materials: a review. Eng Struct 2006;28:1513–24.

[6] Dietl JM, Wickenheiser AM, Garcia E. A Timoshenko beam model for
cantilevered piezoelectric energy harvesters. Smart Mater Struct
2010;19:055018.

[7] Ajitsaria J, Choe SY, Shen D, Kim DJ. Modeling and analysis of a bimorph
piezoelectric cantilever beam for voltage generation. Smart Mater Struct
2007;16:447–54.

[8] Hu Y, Xue H, Hu H. A piezoelectric power harvester with adjustable frequency
through axial preloads. Smart Mater Struct 2007;16:1961–6.

[9] Erturk A. Piezoelectric energy harvesting for civil infrastructure system
applications: moving loads and surface strain fluctuations. J Intell Mater Syst
Struct 2011;22:1959–73.

[10] Xie XD, Wu N, Yuen KV, Wang Q. Energy harvesting from high-rise buildings
by a piezoelectric coupled cantilever with a proof mass. Int J Eng Sci 2013;72
(11):98–106.

[11] Xie XD, Wang Q, Wu N. Potential of a piezoelectric energy harvester from sea
waves. J Sound Vib 2014;333(5):1421–9.

[12] Xie XD, Wang Q, Wu N. Energy harvesting from transverse ocean waves by a
piezoelectric plate. Int J Eng Sci 2014;81(8):41–8.

[13] Xie XD, Wang Q, Wang SJ. Energy harvesting from high-rise buildings by a
piezoelectric harvester device. Energy 2015;93:1345–52.

[14] Xie XD, Wang Q. Design of a piezoelectric harvester fixed under the roof of a
high-rise building. Eng Struct 2016;117:1–9.

[15] Dhakar HC, Liu FE, Tay H, Lee C. A new energy harvester design for high power
output at low frequencies. Sens Actuators A 2013;199:344–52.

[16] Azizi S, Ghodsi A, Jafari H, Ghazavi MR. A conceptual study on the dynamics of
a piezoelectric MEMS (Micro Electro Mechanical System) energy harvester.
Energy 2016;96:495–506.

[17] IIyas MA, Swingler J. Piezoelectric energy harvesting from raindrop impacts.
Energy 2015;90:796–806.

[18] Cornwell PJ, Goethal J, Kowko J, Damianakis M. Enhancing power harvesting
using a tuned auxiliary structure. J Intell Mater Syst Struct 2005;16
(10):825–34.

[19] Liu C, Lee T, Kobayashi T, Tay C, Quan C. A new S-shaped MEMS PZT cantilever
for energy harvesting from low frequency vibrations below 30 Hz. Microsyst
Technol 2012;18(4):497–506.

[20] Rastegar J, Pereira C, Nguyen HL. Piezoelectric-based power sources for
harvesting energy from platforms with low-frequency vibration. Proc SPIE
2006;6171:617101.

[21] Anderson B, Wickenheiser A. Performance analysis of frequency up-converting
energy harvesters for human locomotion. Proc SPIE 2012;8341:834102.

[22] Liu JQ, Fang HB, Xu ZY, Mao XH, Shen XC, Chen D, et al. A MEMS-based
piezoelectric power generator array for vibration energy harvesting.
Microelectron J 2008;39(5):802–6.

[23] Xu C, Ren B, Di W, Liang Z, Jiao J, Li L, et al. Cantilever driving low frequency
piezoelectric energy harvester using single crystal material 0.71Pb(Mg1/3Nb2/
3)O3-0.29PbTiO3. Appl Phys Lett 2012;101(3):033502.

[24] Li H, Tian C, Deng D. Energy harvesting from low frequency applications using
piezoelectric materials. Appl Phys Rev 2014;1:041301.

[25] Baker J, Roundy S, Wright P. Alternative geometries for increasing power
density in vibration energy scavenging for wireless sensor networks. 3rd
International Energy Conversion Engineering Conference. San Francisco,
California, USA: AIAA; 2005. 2005-5617.

[26] Glynne JP, Beeby SP, White NM. Towards a piezoelectric vibration-powered
microgenerator. IEEE Proc 2001;148(2):68–72.

[27] Mateu L, Moll F. Optimum Piezoelectric Bending Beam Structures for Energy
Harvesting using Shoe Inserts. J Intell Mater Syst Struct 2005;16(10):835–45.

[28] Roundy S, Leland ES, Baker J, Carleton E, Reilly E, Lai E, et al. Improving power
output for vibration-based energy scavengers. IEEE Pervasive Comput 2005;4
(1):28–36.

[29] Yuan J, Pao YH, Chen W. Exact solutions for free vibrations of axially
inhomogeneous Timoshenko beams with variable cross section. Acta Mech
2016;227:2625–43.

[30] Xie XD, Wang Q. A study on a high efficient cylinder composite piezoelectric
energy harvester. Compos Struct 2017;161:237–45.

[31] Lee CK, Moon FC. Modal sensors and actuators. J Appl Mech 1990;57
(2):434–41.

http://refhub.elsevier.com/S0141-0296(17)30614-4/h0005
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0005
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0005
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0005
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0010
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0010
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0015
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0015
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0015
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0020
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0020
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0020
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0025
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0025
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0030
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0030
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0030
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0035
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0035
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0035
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0040
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0040
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0045
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0045
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0045
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0050
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0050
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0050
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0055
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0055
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0060
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0060
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0065
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0065
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0070
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0070
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0075
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0075
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0080
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0080
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0080
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0085
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0085
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0090
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0090
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0090
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0095
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0095
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0095
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0095
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0100
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0100
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0100
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0105
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0105
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0110
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0110
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0110
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0115
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0115
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0115
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0120
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0120
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0125
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0125
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0125
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0125
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0130
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0130
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0135
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0135
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0140
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0140
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0140
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0145
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0145
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0145
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0150
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0150
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0155
http://refhub.elsevier.com/S0141-0296(17)30614-4/h0155

	A theoretical model for a piezoelectric energy harvester with a tapered shape
	1 Introduction
	2 Introduction of the analytical model
	3 Development of the theoretical model
	4 Results and discussions
	5 Conclusion
	Appendix A.
	References


