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Instability problems are going to be more and more important for long-span structures, especially for
those where structural shape and loading capacity are strictly correlated. In view of this, a complete
buckling analysis seems to be essential for the correct prediction of structural behaviour. At the same
time, recent disasters, occurred in the last few years, such as the collapse of the new pavilion of
Charles de Gaulle Airport in Paris (2006), have brought the instability of shallow long-span roofs at the
cutting edge of structural engineering research. In this paper, different studies devoted to the stability
of the large span roof of the new railway station of Porta Susa in Torino (Italy) are proposed. In particular,
2D models were realized in order to evaluate in-plane linear and nonlinear instabilities for different load-
ing and restraining conditions of the steel arches constituting the bearing framework of the roof. These
arches have been subdivided into different groups according to the geometric characteristics. It has been
found that nonlinear analyses are able to give not only an interpretation of the post-buckling behaviour,
but also a more correct evaluation of the safety factor for this kind of structures. Moreover, a parametric
evaluation, taking into account different cross sections, is presented. The results reveal that much slender
arches would offer the same safety factor as the existing ones due to the activation of a different resisting
mechanism, although with an evident reduction in the employed material. Finally, the outcomes of this
case-study could be generalized in order to investigate the behaviour of other structural typologies and to
suggest alternative design approaches.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The structural behaviour of long-span arches and roofs is a topic
treated for a long time in structural engineering research [1–3]. For
steel arches, several studies are related to their limit state design
and to the consequent collapse mechanism: plastic collapse or
buckling. Both the problems are usually studied through numerical
approaches [4]. Plastic deformations occur rarely in slender struc-
tures where generally the buckling instability takes place when the
material is still elastic. On the other hand, the influence of plastic-
ity cannot be neglected in several cases, especially for arches sub-
jected to large bending moments. By the limit analysis, closed form
solutions have been obtained during the last sixty years [5].
Recently, the same problem has been analyzed for steel arches
characterized by different sizes and shapes [6,7], and also, in very
recent papers, for structures subjected to different restraining con-
ditions and loading configurations [8,9]. It has long been recog-
nized that a structure will in general lose its stability by either
‘‘snapping” or ‘‘buckling”. From a theoretical point of view, the
structure is said to snap when the equilibrium path emerging from
the unloaded state loses its stability on yielding the first locally
maximum value of the loading parameter; the structure is said
to buckle when the path loses its stability at a point of bifurcation
[10]. Physically, this means that when a snap-through instability
occurs, the structure reach a new stable configuration when the
maximum load is reached. On the opposite, this cannot happen
after the attaining of the critical load of the classical buckling the-
ory. As a consequence, not all the structural systems can have a
snap-through instability, in fact it is possible only with some load-
ing and geometric configurations. Generally, this problem regards
shallow and slender compressed structures [10]. The in-plane elas-
tic stability of arches has been analyzed for a long time since the
usage of slender steel and pre-stressed concrete members has been
intensified and the problem of buckling has become crucial [11]. In
the last few years, different loading configurations and restraining
conditions have been studied and many closed-form solutions
have been obtained [12], included the case of shallow arches
[13]. For elastically restrained arches, considering both geometric
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and material nonlinearities, a closed-form solution has been
recently proposed [14]. Generally, this problem is solved obtaining
the critical load multipliers by the extraction of the eigenvalues of
the arithmetic solving system associated with the linearized
expressions of the total elastic potential of the structure; this
means that the virtual work of each degree of freedom has to be
stated. The so-called snap-trough instability phenomenon was
analyzed in a series of works based on the analysis of simple struc-
tures [15,16]. The introduction of this different kind of instability
has opened the way for the study of the post-buckling behaviour
of structures by the analysis of the equilibrium paths [17,18]. Such
problem is still actual and a more refined theoretical approach has
been presented during the last twenty years [19]. The solution of
this problem is completely different from the former one because
the intrinsic geometrical non linearity makes impossible the
expression of a linear arithmetic system. A numerical step-by-
step approach is usually the most used and stable method, but
many alternative ways has been proposed during the years, such
as the power series expansions for the elastic potential used by
Thompson [10]. For some structures, the instability problem could
become of primary importance and then the post-buckling beha-
viour could be used as a leading design condition for structural
optimization [20]. In addition, during the last 30 years, some
experimental studies on the instability conditions of arches have
been conducted [21].

However, the results of these general studies cannot entirely
satisfy the safety needs in practical engineering. In fact, history tea-
ches us that the most severe collapses of the past have generally
occurred in extreme conditions [22] for which structural weakness
emerged only after the failure, or, as in the case of terminal 2E of
Charles de Gaulle airport, where the definitive failure cause has
not been found yet.

Therefore, a complete and correct understanding of the struc-
tural stability response is necessary for the evaluation of the load-
ing capacity of the entire building even in uncommon situations,
i.e., for particular loading configurations, even when they are not
prescribed by the codes.

The analysis, described in the present paper regards the struc-
tural behaviour of a series of arches that constitute the main steel
skeleton of a large roofing structure, the actual core of the Porta
Susa railway-station, built in Turin (Italy) in 2011 (see Fig. 1).

The numerical simulations that have been conducted in this
investigation concerned: the load configurations, their effect and
their possible mutual interaction in a geometrically nonlinear
regime. This analysis appears to be able to identify the most vul-
nerable portion of the entire vaulted structure. Also the interaction
between plastic collapse and buckling is analyzed and it is shown
how the two mechanisms are strictly related and neither of them
can be neglected in a correct evaluation of the safety factor.

The results outline the crucial role of the computational nonlin-
ear analysis for the design of this kind of structures. In addition, a
correct evaluation of the safety factor is obtained regarding the
efficiency of the structural shape. Therefore, thanks to the study
of the post-buckling, it has been possible to provide some prelim-
inary remarks about the optimization process in the structural
design. All the analyses that have been carried out showed that a
true identification and comprehension of the collapse modalities
leads to a more performing structural optimization regarding the
restraining condition, the geometric configuration, and the
mechanical parameters.
2. Analysis of the arch-type members

The structural members of the new Porta Susa station in Turin
have been analyzed. These 108 unique (the geometry of each one
is different to the other) arch-type members are composed of
two equal straight columns and three upper circular arch portions
(Fig. 2a and b). The employed section is the same for each element:
an alveolar steel HEB 600 beam. Each frame is restricted by a
pressed pivot-system at the basis of the columns. The procured
rotational stiffness is in general not null, then the established con-
straint cannot be assumed only as a perfect hinge (see Fig. 2c).
From this point of view, it must be considered the role played by
the global rigidity to the structural instability, and especially
how the collapse can be influenced by a certain restraining degree.
For this reasons, the analyses conducted in the present paper will
be carried out taking into account the two extreme restraining con-
ditions: (i) perfect hinges and (ii) fully fixed supports. Operating
this way, those two conditions will envelope all the possible inter-
mediate circumstances. Obviously, these considerations are neces-
sary in a second-order analysis, because in the presence of a
geometric nonlinearity an higher restraining degree not always
guarantees a greater maximum critical load or a softer post-peak
branch. The two modelling condition has been adopted in all the
analyses in order to make comparison between them.

Eventually, the structure of each arch frame member is longitu-
dinally connected by a set of straight beams laying at the top of
each frame and by a complex bracing system (see Fig. 2d). Further-
more, some additional transversal elements offer a support to
pedestrian platforms, stairways, elevators and anchorages of the
tunnel. All these elements, due to their reduced contribution to
the roof in-plane stability, were neglected in the numerical simula-
tions proposed in the next sections. The lack of a rigid connection
with the vertical elements and the reduced flexural inertia of the
longitudinal elements, in comparison to the one of the arch frames,
makes this as a right assumption. In the present paper, a classifica-
tion has been proposed according to the following geometrical
parameters: OR = ls/li and SR = ls/f, that define the Opening Ratio
and the Shallowness Ratio of each arch frame as shown in
Fig. 2b. OR remains approximately constant around the unitary
value, whereas SR shows a wide variation from a minimum value
equal to 2.62 for the least shallow arch frame to a maximum value
of 11.03 for the most shallow one. By means of an unitary step vari-
ation of SR, ten sets of arch frames have been identified and for
each set the arch frame with minimum SR value has been selected
as the representative one (Fig. 3). Operating this way, each typical
arch frame differs from the nearest two by a variation in SR at least
equal to 1. The most shallow one has been chosen because it rep-
resents the most severe geometric configuration towards the snap-
through instability. All the numerical analyses have been imple-
mented in the finite element solver and modeller LUSAS 14.3. For
the nonlinear analyses, a co-rotational formulation together with
an arc-length based solver algorithm has been used. In this way,
the post-peak paths can be followed, and if an incremental dis-
placement parameter is performed, even the unstable branch can
be carried out by the solver.
3. First-order analysis

As a first stage, for each representative arch frame the Eulerian
buckling load, by the critical multiplier k, has been evaluated
according to the following structural constraint conditions: double
hinged and fully restrained arches. At the same time, two different
loading configurations (1 and 2), assumed according to the Euro-
code recommendations [23–25], and two additional ones (locally
distributed, 3 and 4) were imposed to evaluate the buckling effects
as shown, for the double hinged arch, in Fig. 4. Every load configu-
ration has the same linear density and its position on the span is
representative for a particular external loading configuration.
Together with the classical load applications (1 and 2), Configura-



Fig. 1. Cross-section of the Railways station (a). Picture of the external roof (b). The Railway station was built in 2009.
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Fig. 2. The arch-type frames are composed by two equal vertical straight columns and three upper circular arch portions (a) and (b). Base connection (c) and a detail of the
longitudinal bracing system (d).
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tion 3 and 4 simulate some supplementary and eventual external
load positions along the span. For the double hinged arch configu-
ration, the results regarding the k multiplier of the four adopted
loading schemes are reported in Fig. 5a. The multiplier value
reached a minimum value equal to 26.7 for ARCH 8 (which for sim-
plicity stands for the arch frame number 8) with a load configura-
tion characterized by a uniformly distributed load (Loading
Configuration 1). This means that this particular structural



Fig. 3. Ten sets of arches are identified. For each one a representative arch has been chosen for the numerical analysis.
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Fig. 4. The four configuration of the loading conditions in the case of hinged arches.
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arrangement, as a combination of geometry, constraints and loads,
is the most sensitive to buckling. In particular, the geometry of the
ARCH 8 creates the minor rigidity condition towards the applied
loading and then the critical multiplier results as the lowest one.
A more shallow structure procures an additional strength as can
be seen by the higher value of k for ARCHES 9 and 10. This contri-
bution has to be also associated with the curvature near the top
of the column, which confers a supplementary local stiffness. Fur-
thermore, the loading Configuration 1 appears as the heaviest con-
dition for each arch frame with a small variation of the critical load
factor. At the same time, the non symmetric configurations seem to
be the less burdensome for all the arch frames, especially for those
characterized by mid values of SR. These variation of the k factor
for the considered configurations can be justified by the same
explanation given for the lower value of the ARCH 8 in the load
Configuration 1.



Fig. 5. Multiplier factor for each arch types in the case of double hinged (a) and fully restrained (fixed bearing) members (b).

Fig. 6. Multiplier factor of Load Configuration 1 for each arch types in the case of
double hinged and fully restrained (fixed bearing) members compared to theoret-
ical buckling loads of circular arches subjected to uniformly distributed loads.
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In Fig. 5b, the results for the fully restrained condition are
reported for the same loading Configurations 1–4. First of all, it is
possible to observe how each value of the critical multiplier is lar-
ger than the previous ones and the Load Configuration 1 is again
the most unsafe. The results confirms that, as expected from a lin-
ear analysis, the greater the rigidity of the constraint, the higher is
the load multiplier. Even in this case, the non symmetric loading
seems to lead to a more stable condition for the structure. It is
worth to note, that in this particular restraining condition, the
geometry of ARCH 2 results as the most efficient one towards Load
Configurations 2, 3 and 4. Furthermore, the presence of fixed bear-
ings tend to uniform the values of the buckling loads, especially for
the shallower members. This particular behaviour will be con-
firmed in the further analyses, but it has to be ascribed to the com-
bination of high structural rigidity and high shallowness ratio. In
addition, it can be observed that the buckling load diminishes with
the increase in the SR factor. At the same time, the higher is the
constraint degree, the lower the dependency of k on the SR ratio
(especially for higher SR ratios).

At the end, a comparison between theoretical buckling load of
circular arches with the same span subjected to a uniformly dis-
tributed load [1] and the steel members adopted in the case-
study, showed noticeable differences (Fig. 6): for each arch mem-
ber, the numerically computed buckling load is lower than the
one theoretically evaluated for the respective circular arch. There-
fore, the structural behaviour of the considered structure is very far
from the one of an actual arch. These first results show that the
presence of the columns leads the structure to a less efficient shape
with regard to stability. This evidence will be confirmed in the non-
linear analysis, reported in the next section.

4. Second-order analysis

The second kind of analyses were conducted imposing an incre-
mental vertical displacement d to the top of the arches and extract-
ing the value of the vertical reaction F at the same node. By
working on these parameters, it is possible to obtain the F versus
d curve for each arch, which describes the structural response
accounting for geometric nonlinearity. No external loading are
applied to the structure, then the equilibrium path has to be asso-
ciated to the sole application of the displacement d.

Using such numerical simulation, it is also possible to evaluate
the unstable equilibrium path beyond the maximum load accord-
ing to a post-buckling analysis. Both of the two previous restrain-
ing conditions (fully restrained arch and double hinged arch) were
considered, and, for the numerical models, the nonlinear thick
beam elements have been used along with an updated co-
rotational formulation for the solving equation system. Each dis-
placement increment was assumed equal to 0.025% of the maxi-
mum displacement adopted, which coincides with ¼ of the total
height of each arch frame.

In Fig. 7, the F versus d curves for the hinged arch condition
have been reported. It can be noted the presence of a sharp transi-
tion in the structural behaviour between the first three arches
(ARCHES 1–3), which are the less shallow, and the remaining ones.

ARCHES 4–10, in fact, reached the maximum load in correspon-
dence to a displacement range between 2 and 3.5 m, and after this
phase the equilibrium path proceeds with a softening post-
buckling behaviour. On the contrary, for the first three arches, even
with the achievement of very large deformations (dP ¼H) the
maximum load seems not to be reached. According to the defini-
tion of the SR parameter, a particular value can then be obtained



Fig. 7. F–d curves related to ARCHES 1–10 considering a double hinged restrain
conditions. A SR value equal to 5.07 may be assumed to recognize the transition
between the two kinds of equilibrium paths.
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to describe the transition in the behaviour of the two arch sets:
ARCHES 1–3 and ARCHES 4–10. In the case of the arches reported
in Fig. 7, the transition is at an SR value equal to 5.07 (ARCH 4).

As is well known [8], the decrease in the height of the arch gen-
erally leads the structure to the secondary type of progressive
instability, that is the one characterized by an immediate softening
post-peak branch. According to this fact, lower values for the buck-
ling loads were obtained by using a nonlinear analysis, which
interprets correctly these kind of instabilities, with respect to the
results that came out from linear computations.

Fig. 8 shows F versus d curves of the arches with fixed supports
at the basis of each column. If compared to the previous case
(Fig. 7), the reduction in the bearing capacity takes place with a
gradual transition for all the elements. At the end of the loading
Fig. 8. F–d curves related to ARCHES 1–10 considering a fully fixed restrain
conditions. Resultant equilibrium paths show no transition on the structural
behaviour.
process, each arch has reached the peak condition and the equilib-
rium path presents a different behaviour along with the decrease
in the SR parameter. ARCH 10, which is the most shallow one,
shows in fact a tendency to a snap-through instability in the last
branch of the post-buckling path.

As a limit case, the behaviour of a portal frame (an arch with
SR?1, Fig. 9) was analyzed: the F versus d curves of the portal
for the two already used restraining conditions were overlapped
to the curves of the ten arches. In an unexpected way, the curves
of the portal configurations lay in the transition zone. This can be
easily observed in Fig. 9a (double hinged arch configuration),
where it is possible to conclude that there is a limit value SR for
which it is not advantageous, in structural stability terms, to use
a curved structure; this is due to the fact that the contribution of
the shape is not effective to the resistance because the generated
internal axial forces become larger in the horizontal direction. In
a portal frame this cannot happen since there are no such compo-
nents because the vertical displacement applied on the mid section
of the horizontal beam produces axial forces only on the columns.
This condition induces the opening of the columns and the conse-
quent collapse condition. The SR limit (SR = 5.07) defines the value
for which ARCH 4, and the consecutive ones up to ARCH 10, show a
behaviour much more similar to that of a portal frame than to that
of an actual curved arch.

Eventually, the values of the buckling loads related to the differ-
ent order analyses in the two examined restraining conditions
were reported in Table 1 and in Fig. 10. In order to perform this
comparison, the first-order linear analysis was implemented
assuming a loading condition characterized by a concentrated ver-
tical force at the crown of each arch. This condition is indeed the
dual one to the incremental displacement analysis, which in fact
measures the vertical reaction at the top of the crown of each arch.

As reported in Fig. 10a, only in the case of hinged arches it is
possible to recognize for the first three arches that the second-
order analysis leads to higher values of the buckling load. This
results can be interpreted considering that less shallow arches
are generally affected by a first kind instability which is not char-
acterized by any progressive effects. Only in these cases, in fact, a
first-order analysis results to be more safe in terms of capacity
design. In all the other instances the nonlinear analysis involves
lower buckling loads with a proportional factor (FCI order/FC

II order)
equal to 2 or 4 for double hinged arches or fully restrained arches,
respectively (see Table 1).

A further remark can be done considering that with the linear
analysis, the fully restrained arches show always larger values of
the critical load with respect to the hinged ones; using a second-
order analysis, it is possible to observe that these results are true
only for the most shallow arches. This is another disadvantage of
the usage of a first-order analysis, that generally associates more
stability to more restrained conditions. As far as the second-
order nonlinear analysis is concerned, the evaluation of the equi-
librium condition in the progressive deformed configuration was
taken into account. Moreover, comparing the two deformed struc-
tures obtained in the two analyses, it can be seen that the one
related to the linear procedure (Fig. 11a) is not consistent with
the last considered loading configuration, which is characterized
by the concentrated load at the crown. The second one (Fig. 11b),
related to a vertical incremental displacement at the crown of
the arch, corresponds to the actual loading process.
5. Influence of the load configuration

In order to determine the effects of the loads on the stability of
the considered structure, the previous nonlinear analysis will be
now conducted with the presence of two different load configura-



Fig. 9. F–d curves of a portal for the two restrain conditions, double hinged (a) and fully restrained (b), are overlapped to the curves of the ten arches.

Table 1
Comparison between the maximum buckling loads obtained by first and second order analysis of the arches. Fully restrained and double hinged conditions.

Fixed bearings FC
I order/FCII order Double hinged FC

I order/FCII order

FC
I order (kN) FC

II order (kN) FC
I order (kN) FC

II order (kN)

ARCH 1 11526.0 3678.5 3.1 4053.0 5574.5 0.7
ARCH 2 11328.1 3412.1 3.3 4360.1 5519.2 0.8
ARCH 3 11091.9 2946.0 3.8 4321.4 5254.0 0.8
ARCH 4 10237.4 2542.2 4.0 4373.7 2291.8 1.9
ARCH 5 9438.6 2309.8 4.1 4504.5 2128.5 2.1
ARCH 6 8409.1 2112.9 4.0 4886.9 1988.8 2.5
ARCH 7 7461.9 1951.2 3.8 4418.0 1874.0 2.4
ARCH 8 6864.6 1840.7 3.7 4156.3 1799.3 2.3
ARCH 9 6292.1 1727.8 3.6 3968.4 1710.5 2.3
ARCH 10 5446.7 1640.7 3.3 3703.6 1631.6 2.3
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tions. These conditions represent respectively the existence of a
symmetric and a non symmetric distributed load, applied statically
to the structure, on the upper portion of the arches. According to
these loading configurations, the F versus d curves were obtained
considering the two previous different restraining conditions
(Fig. 12).

In Fig. 13, the resultant instability behaviour for ARCH 1 was
reported and it can be observed how only the double hinged arch
condition (Configurations 1–3) is influenced by the external loads.
Therefore, the non symmetric load (Configuration 3) comes out
with a drastic reduction in the structural resistance. This serious
abatement in the buckling load induces a catastrophic collapse of
the arch with serious lateral deformations and loss of the bearing
capacity (softening branch). The three overlapped curves (configu-
rations 4–6) correspond to the fully restrained arch condition and
it can be seen that in these cases the buckling load and the beha-
viour are not influenced by any of the external loads. This happens
because the redistribution of internal stresses and forces allows the
structure to explicate the same vertical reaction at the crown for
every loading configuration. On the one hand, as can be observed,
the fixed restraining condition induces the arch to behave as a por-
tal frame subjected to vertical load. In this case, no increments in
axial stresses can be generated and the horizontal beam does not
reach compressive buckling. On the other hand, the double hinged
arch case is characterized by additional rotations at the basis, then
the consequent deformations cannot be compensated and a pro-
gressive instability condition is achieved as the loading process
moves forward.

Also in the case of ARCH 2, it is possible to observe that the dou-
ble hinged arch condition is affected by the presence of additional
external static loads (see Fig. 14). In this case, both the loading con-
figurations lead to a progressive instability with a consistent
reduction in the buckling load (compare Configurations 2 and 3
with configuration 1 in Fig. 14). Observing now the F versus d
curves relatively to ARCH 3 (Fig. 15), it can be pointed out that
the post-critical behaviour of the structure takes place sharply
with the non symmetric load configuration in the double hinged
condition. In this case, a snap-back instability appears (Configura-
tion 3) proving that on these conditions an high structural sensitiv-
ity is present. This is a particular snap-through instability, that
happens in fact with a regression of the total displacements after
the attaining of the maximum load (post-peak softening branch
is characterized by a positive slope). At the same time, taking into
account that the numerical analyses are controlled by the displace-
ment, it is possible to understand why this branch became evident.
In a real loading process, the snap-through will occur with a sharp
decrease of the bearable loading and no displacement. In this way,
the structural collapse can be considered very drastic.

The curves analyzed so far are related to the tallest arches
(ARCHES 1–3), which previously indicated a behaviour close to that
of circular arches. A simple nonlinear analysis (without the pres-
ence of external distributed loads) outlined the nature of the buck-



Fig. 10. Comparison of the values for the buckling loads between the different order analysis for the two restraining conditions: Fully restrained (a) and double hinged
conditions (b).

Fig. 11. Comparison between the deformed structure after a linear buckling analysis (a) and a second order numerical computation (b) with the same loading configuration
(central concentrated force on the top of the arch).

Fig. 12. Loading configurations and restraining conditions used in the numerical simulations.
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ling that was a first-kind one, with no progressive phenomena and
characterized by an high maximum load (Section 4, F versus d
curves, Configuration 1). Only by the investigation of the interac-
tion between different loading configurations pointed out how
much those structures suffer the instability and how the post-
critical behaviour is affected by this: the obtained curves repre-
sents the equilibrium path under the external loading configura-
tion and taking into account the intrinsic geometric nonlinearity.
A linear buckling analysis is no sufficient to the correct evaluation
of the critical load, and even the extraction of a general equilibrium
path needs a detailed analysis arrangement to be a proper usable
tool.



Fig. 13. Influence of the loading configuration on F–d curves for ARCH 1.

Fig. 14. Influence of the loading configuration on F–d curves for ARCH 2.

Fig. 15. Influence of the loading configuration on F–d curves for ARCH 3. Snap-back
instability.

Fig. 16. Influence of the loading configuration on F–d curves for ARCH 4.
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Eventually, the F versus d curve of ARCH 4 is reported (Fig. 16). It
can be observed that the additional distributed loads are not influ-
encing the stability of the structure. As in the previous cases, this is
due to the fact that ARCHES 4–10 behave like portal frames. The
curves for these arches are rather similar to those obtained in the
case of portal frames (see Fig. 9).

For ARCH 10, which is the most shallow, the overlapping of the
six curves (related to Configurations 1–6) appears proving how this
behaviour is very close to that of a portal frame. The latter in fact
has a unique in-plane structural stability response (F versus d
curve), which is not influenced by any additional vertical loads
configuration. The presence of external loads on the horizontal
beams can in fact only interfere with the vertical displacement
since the vertical columns will absorb the load step by step by
an increasing of their axial force. According to the particular imple-
mented analysis, the vertical displacements are imposed then the
resultant equilibrium path will be no influenced by the application
of superposed vertical loads. Obviously, this happens because a
snap-through cannot occur for such structural arrangement and
then every point of the equilibrium path is a stable one.
6. Influence of plasticity

It is worth to note that the steel arches were analyzed assuming
a linear elastic constitutive law. Nevertheless, a plastic collapse
investigation is necessary in order to determine the actual failure
mechanism. A plastic analysis was conducted on ARCH 1, and ARCH
10, respectively the tallest and the most shallow, by an incremental
loading routine in the simulation and considering the two different
previous configurations concerning the external loads. For the
restraining system at the foundation, two hinges were used in
order to minimize the possible redistribution of the internal stres-
ses. The maximum resisting bending moment was estimated to be
equal to 1.47 � 103 kN m, and when the arch reaches it in one of its
sections, the first critical plasticity load is evaluated. For both the
analyzed arches, the most severe load configuration is the one with
the vertical uniformly distributed load along the entire span. For
ARCH 1, the collapse condition is reached with the formation of a
plastic hinge at point D (Fig. 2) and progressively at the top of
the columns, identifying the critical load by a multiplier factor kPLA



Fig. 17. F–d curves for ARCH 3 using different section with decreasing inertia.
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equal to 15. Recalling the multiplier associated to pure instability,
kBUCK = 28.5, obtained in the section on linear buckling analysis, it is
to be noted that the latter is almost twice as much as the one
related to plasticity. Yielding then occurs before buckling, confirm-
ing the high sensitivity of the structure to this kind of collapse. The
last evidence may be associated to the section and material prop-
erties. Even if the results seem to exclude instability phenomena in
favour of plastic collapse, considering both geometrical and mate-
rial nonlinearities, the multiplier k becomes equal to 9.5. It is evi-
dent that neglecting the instability effects (kPLA = 15) leads to
overestimate the maximum load by 50% with respect to the true
one (9.5). It is worth to note that it is possible to obtain similar
results for the multiplier k by using the Merchant–Rankine
formula:

k ¼ kPLA
1

0:9þ kPLA
kBUCK

¼ 9:83 ð1Þ

The analysis can be repeated for ARCH 10 and the value of the
plasticity multiplier kPLA results to be equal to 10. The collapse
mechanism is now different, with the top of the columns reaching
first the plastic bending moment. Comparing this value with that
obtained by the instability analysis, namely 29.6, it can be
observed how the latter collapse does not prevail. Nevertheless,
an inelastic incremental analysis leads to a value of the multiplier
k equal to 7.1, confirming once again an abatement of about 1/3 of
the plastic load multiplier. Also in this case, the previous formula
leads to a similar value:

k ¼ kPLA
1

0:9þ kPLA
kBUCK

¼ 7:47 ð2Þ

In conclusion, nonlinear buckling analyses have to be conducted
for the correct estimation of the safety factor.
7. Minimum section calculation and structural optimization

Purpose of the following analysis is to study how the progres-
sive instability phenomena are affected by a variation in the inertia
of the beam cross section. The arch chosen for the analysis is ARCH
3, the one that in the previous analyses showed a snap-back in cor-
respondence of a non symmetric loading configuration. F versus d
curves were obtained considering different cross sections, charac-
terized by a uniform decrease in the section depth, from HEB 600
to HEB 200. For all the analyzed sections (S1–S7), the same alveolar
holes in the same proportion with the original one were main-
tained. In Table 2, the properties of each adopted section are
reported.

Observing the F versus d curves (Fig. 17), it can be noted that the
snap-back phenomenon persists as a post-critical behaviour for all
the sections except for the last one (Section 7 in Table 2). In the
particular non symmetric load configuration, only the geometry
of the frame influences the structural response of the arch frame.
Also for S6, which has a moment of inertia equal to 15% of the orig-
inal one, a small snap-back after the peak load takes place. This
Table 2
Geometrical properties of the sections adopted in the simulation.

Section h (mm) A (mm2) A/A1 Iy (mm2) Iy/Iy1

HE 600B 1 600 22,350 1,675,125,000
HE 550B 2 550 21,285 0.95 1,341,003,906 0.80
HE 500B 3 500 20,235 0.91 1,053,119,792 0.63
HE 450B 4 450 18,650 0.83 785,610,938 0.47
HE 400B 5 400 17,080 0.76 567,800,000 0.34
HE 300B 6 300 13,260 0.59 248,606,250 0.15
HE 200B 7 200 6910 0.31 56,210,000 0.03
means that, the geometric configuration, or in other words, the
form, in the key factor which influences the most the structural
instability behaviour.

By these analyses, it is possible to point out additional consider-
ations about the role played by the global rigidity. When the struc-
ture is rather flexible, yielding becomes almost non influential
about the collapse condition. Due to the high deformability of
the structure, buckling becomes the primary collapse condition.
The evaluation of the critical load in this condition can be
improved by a sole incremental analysis in the linear elastic regime
(Fig. 15). Accordingly to the previous analysis, the value of the mul-
tiplier k for ARCH 3with the original section (S1) is equal to 9.7. It is
worth to note that almost the same value can be obtained by using
S5 (see Table 2). Recalling in fact the multiplier kBUCK = 28.5,
obtained in the linear elastic regime by a first-order analysis as a
safety factor, and associating it to the first curve in Fig. 17, the
abatement of the critical load going through the F versus d curves
S1 to S5 is equal to almost 1/3. This result shows that the utiliza-
tion of rigid and massive cross sections, when instability, and its
interactions, cannot be neglected, not always leads to a superior
safety level. Indeed, the same structural performances, in terms
of critical multiplier, can be obtained with a cross section that,
recalling Table 2, allows a saving close to 25% of the employed
material. This means that, operating on the structural form it is
possible to modify the collapse mechanisms of a structural
arrangement. This could be very important when the system has
multiple failure possibilities, such as the one analyzed in this
paper. Excluding in fact a collapse mechanism means also to avoid
his possible interaction with the ones that persist. The example
reported, shows that excluding the material yielding by the utiliza-
tion of a lighter and more deformable structure the structural
behaviour is all influenced by the instability, in particular the
snap-through one. Obviously, the global project could be affected
by many other design problems, but the objective of this analyses
is to show in detail how a direct structural optimization is possible
to be carried out if the instability problem is extensively studied.
8. Conclusions

In the present study, different kinds of numerical analysis have
been conducted in order to evaluate, by an innovative approach,
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the possible optimization of long-span roofs. In particular, first-
order analyses, second-order analyses, and the effects of the load
configuration together with those of the plastic behaviour have
been taken into account in the numerical simulation of the roofing
structures of Porta Susa Railway station, built in Turin in 2011.
From the simulations and their results, a structural optimization
can be obtained using the buckling condition as a guideline for
structural design. First of all, ten representative arches of the sta-
tion have been selected as the object of the numerical analysis
by subdividing the steel framework in sets according to different
geometrical parameters. For each arch, a linear buckling analysis
has been performed and the critical multiplier k has been evalu-
ated in four different loading configurations and two different
restraining conditions. The simulations pointed out that the double
hinged arch condition is always characterized by lower values of
critical loads with respect to the fully restrained one. It has been
also possible to demonstrate that the uniformly distributed load
configuration is the most dangerous. Furthermore, a comparison
with the theoretical buckling load of actual circular arches showed
that the values of k are very different to the ones of the steel frame-
work with the same span.

In addition, a comparison with the theoretical buckling load of
circular arches showed that the values of k are very different to
the respective ones of the roofing structure analyzed.

As a second approach, a nonlinear incremental analysis has
been conducted for the same ten arches with the two previous
restraining conditions. The numerical results show that in the case
of double hinged arch condition a sharp transition of the structural
behaviour is present. The three least shallow arches, in fact, did not
reach a peak value of the load for the imposed displacements. The
other ones, instead, show a softening branch of the equilibrium
path after the achievement of the maximum load. Operating in this
way, a nonlinear analysis for a portal frame proved that the most
shallow arches are less effective than this last structure in terms
of stability. Lastly, a comparison with the critical loads obtained
by the linear analysis evidenced that, excluding the three tallest
arches in the double hinged arch condition, the maximum load
obtained with the second-order simulation is always lower. This
means that, performing only a linear buckling analysis, the safety
factor of the structure is generally overestimated. Furthermore,
the influence of the load configuration along the span has been
investigated and the results have pointed out that, for the first
three arches, the non symmetric configuration is the most severe.
This loading process in fact leads to lower values of the maximum
load and to a worst post-buckling behaviour; ARCH 3 is character-
ized even by a snap-back branch.

Linear buckling analysis does not permit to put this phe-
nomenon into evidence. It also considers the non symmetric load-
ing configuration characterized by an higher value of the critical
load multiplier with respect to the case of uniformly distributed
load. The influence of the load configuration becomes less impor-
tant if the restraining degree is higher or if the arch is more shal-
low. These results confirm the behaviour of the arches to be
similar to that of portal frames.

Plasticity influence has been also taken into account by per-
forming a both geometrically and physically nonlinear analysis
for the least and the most shallow arches. It is demonstrated that
plasticity is the primary collapse mechanism for the arches of the
steel framework of the station. Nevertheless, if the instability effect
is neglected in the analysis, the peak load results overestimated by
almost 50%. This last simulation proved once again the importance
of performing a nonlinear instability analysis even for structures
that seem to be less sensitive to buckling than to yielding.
As a final consideration, a structural optimization has been con-
ducted implementing a nonlinear analysis with variable inertia of
the beam cross sections. The arch that has been selected is the
one characterized by the worst post-buckling behaviour: ARCH 3
with a non symmetric load configuration. Such analysis evidences
that, using smaller sections for the steel framework, the same max-
imum bearable load as that of the larger original ones could be
reached; this is possible because plasticity effects become less crit-
ical for slender structures. Using then the instability condition as
the key design factor, a saving of 25% of the material could be pos-
sible for the steel members of the roofing.
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