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Abstract Paris and Wdhler’s fatigue curves are
intimately connected by the physics of the process of
fatigue crack growth. However, their connections are
not obvious due to the appearance of anomalous
specimen-size and crack-size effects. In this study,
considering the equations for a notched specimen (or
for a specimen where failure is the result of the
propagation of a main crack) and the assumption of
incomplete self-similarity on the specimen size, the
relations between the size-scale effects observed in the
Paris and Wohler’s diagrams are explained. In the
second part of the work, the behaviour of physically
short cracks is addressed and, considering a fractal
model for fatigue crack growth, the crack-size effects
on the Paris and Woéhler’s curves are discussed.
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List of symbols

a crack length [L]

ain initial crack length [L]

dao El Haddad characteristic short-crack length [L]

C coefficient of the Paris’ law [physical
dimensions dependent on m, see Eq. (1a)]

d grain size [L]

da/dN  crack growth rate [L]

E elastic modulus [FL 2]

h specimen size [L]

m Paris’ power-law exponent

n Wohler’s power-law exponent

N number of cycles [—]

N minimum number of cycles for the validity of
the Wohler’s regime [—]

N maximum number of cycles for the validity
of the Wohler’s regime [—]

R loading ratio [—]

Ver critical crack growth rate for unstable crack
growth [L]

Vih crack growth rate for infinite life (threshold
value) [L]

Greek symbols

AK  stress-intensity factor range [FL™>]

AKy,  fatigue threshold [FL %]

Ao stress range [FL72]

Aoy fatigue limit [FL 2]

Kic fracture toughness [FL—?]

ay yield strength [FL ]

ao coefficient of the Wohler’s power-law [FL*Z]
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1 Introduction

The problem of specimen-size and crack-size effects
on fatigue crack growth is of paramount importance in
engineering applications. In aeronautical engineering,
for instance, the engine failure and the wing cracks
observed on a Quantas AIRBUS A380 Aircraft in
Singapore in 2010 were attributed to fatigue and
required extraordinary maintenance and inspections.
The European Air Safety Agency confirmed that the
widespread of A380 defects could pose a safety risk in
the world’s biggest passenger aircraft if left unreme-
died. The EU agency recommended in its directive to
airlines that this kind of failure, if not detected and
corrected, may lead to a reduction in structural
integrity of airplanes. Fatigue crack growth is also
very important for the lifetime of railway axles
subjected to impacts of cyclic nature. These compo-
nents, designed for at least 30 years of service, are one
of the most important elements of railway systems and
a completely fail-safe design is not yet available.

In all of these cases, the ability to predict the fatigue
life with analytical or computational methods is not
satisfactory today. Lazzeri and Salvetti [1] proposed a
comparison among the existing fatigue life predictions
obtained from the application of design softwares
based on the original Paris’ law [2-4] and its
subsequent improvements. The difference between
tests and predictions was quite remarkable, as shown
in Fig. 1a where the crack length is plotted versus the
flight hours, proportional to the number of pressuriza-
tion/depressurization cycles experienced by airplanes.
Twelve years later, similar large deviations between
computations and experiments have been noticed by
Jones et al. [5] in the short-crack regime, see Fig. 1b,
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pointing out the problem of reliability of modelling
predictions is still open.

The large errors of the existing design methods,
crucial for structural integrity assessment, are due to a
range of factors. One of the most prominent regards
the fact that the existing design formulae have mostly
been tuned on fatigue tests carried out at the laboratory
scale, although size-scale effects were already noticed
by Weibull in 1951 [6]. This was also motivated by the
well-known Paris’ law [2—4], which says that the crack
growth rate of geometrically similar specimens of
different size is the same, provided that the stress-
intensity factor range at the crack tip is unchanged.
The experimental evidence, however, does not con-
firm this self-similar behaviour and full-sized struc-
tural elements present deviations from the Paris’
regime.

This anomalous behaviour has recently been high-
lighted in a special issue on damage tolerance of
railway axles edited by Beretta and Zerbst [7], where
the fatigue response of full-scale axles has been
compared with that of down-scaled specimens. Luke
et al. [8] determined the Paris’ curves of 1:3 down-
scaled specimens and of full-scale axles [M(T)], see
Fig. 2. For a given stress-intensity factor range, full-
scale components (grey dots in Fig. 2) have a faster
crack growth rate than down-scaled samples (coloured
triangles in Fig. 2, please refer to the online version for
colours).

In the same special issue, size-scale effects have
been noticed in the Wohler’s diagram by Makino et al.
[9], see Fig. 3. The comparison between the Wohler’s
curves obtained from testing down-scaled (40 and
150 mm of diameter) and full-scale (209 mm of
diameter) axles shows that the larger the specimen,
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Fig. 1 Predicted and real crack length a versus flight hours. a Comparison in [1], b comparison in [5]
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Fig. 3 Size-scale effects on the Wohler’s curve (adapted from

oD

the fewer the cycles to failure, for a given applied
stress range.

At present, to the best of the authors’ knowledge, no
theoretical model is able to consistently interpret these
size-scale effects in a unified way. A preliminary
effort towards modelling size-scale effects on the
Paris’ curve has been made by Barenblatt and Botvina
[10] (see also [11] ). They pointed out that size-scale
effects constitute a breakdown of physical similitude
and self-similarity in fatigue and found that the Paris’
law exponent is specimen-size dependent. This prob-
lem was subsequently re-examined by Ritchie [12]
and by Ciavarella et al. [13], who considered more
experimental data to support these conclusions. A

further step towards the understanding of this problem
was made in [14, 15], where it was concluded that
incomplete self-similarity implies size-scale effects on
the second parameter of the Paris’ law as well. Always
in [14], similar strategies based on dimensional
analysis were applied to the Wohler’s curve, which
was also theoretically found to be dependent on the
specimen size. However, due to a lack of experimental
data, this scaling arising from theoretical arguments
was not completely confirmed.

In this article, the influence of specimen-size and
crack-size effects on the relations existing between
Paris’ and Wohler’s curves is examined. In case of
notched specimens, a set of eight equations in eight
unknowns, the coordinates of the points in the Paris’
and Wohler’s planes defining the range of validity of
the corresponding power-law regimes, is established.
The manipulation of the various equations clarifies the
connection between the coefficients entering the Paris’
and Wohler’s representations of fatigue. As a main
conclusion in Sect. 2, it is shown that the equation set
based on classical Linear Elastic Fracture Mechanics
(LEFM) formulae partially predict size-scale effects
which are however not confirmed by the experimental
evidence. In order to resolve these inconsistencies, the
assumption of incomplete self-similarity is put for-
ward in Sect. 3, to complement the equation set
derived in Sect. 2. As a result, the refined formulation
is able to capture the experimental trends and provides
the first theoretical formulation able to interpret the
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size-scale effects on the Paris’ and Wdhler’s curves at
the same time.

In Sect. 5, the problem of short cracks is considered
according to the formulation proposed by the present
authors in [16]. By integrating the generalized crack
growth law, the deviation from the Paris’ law is
observed in the Paris’ plot near the fatigue threshold.
In the Wohler’s diagram, on the other hand, an effect
on the slope is noticed depending on the point of
transition from the short to the long crack regimes.

2 Expected size-scale effects on the Paris
and Wohler curves of notched specimens
according to classical LEFM equations

The curves by Paris and Wohler are schematically
shown in Fig. 4. In these bi-logarithmic diagrams, the
crack growth rate, v = da/dN, or the cycles to failure,
N, can be determined as functions of a loading
parameter, 4K or Ao. Within a range of the loading
parameter, AKy < AK < Kjc or Aoy < 4o < gy,
experimental results can be well interpreted in terms
of power-law (straight line in the bi-logarithmic
representation), i.e., the Paris’ law [2-4], see
Eq. (1a), and the Wohler’s law [17], see Eq. (1b):

v = CAK™ (1a)
N = (0¢/40)" (1b)

The coefficients C and o, as well as the exponents
m and n, have been for a long time treated as material
constants. Nowadays, their dependency on the struc-
tural size and on the initial defect size are established
facts at the research level [5, 13] and an effort is made

@ Springer
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to better quantify these effects for the proposal of new
standardized testing methods accounting for them.

Special attention is now given to the coordinates of
the points defining the limit of validity of the power-
law relations (1a) and (1b). The y-coordinates of the
points A and B in Fig. 4a can be related to the x-
coordinates of the points C and D in Fig. 4b through
the characteristic specimen size h:

Nu = h/V[h
Ne = h/Vcr

(2a)
(2b)

In other words, assuming the simplified hypothesis
that cracks propagate with a constant velocity, the
number of cycles to failure can be computed as the
ratio between the specimen size, h, and the crack
velocity, v. The x-coordinates of the points A and B in
Fig. 4a can also be related to the y-coordinates of the
points C and D in Fig. 4b through the initial defect
size, a;,. In the case of a Griffith crack, for instance,
LEFM provides:
AKy = Aog/Tai,
KIC = O-y\/m

Egs. (2) and (3) constitute a set of four equations in
eight unknowns, i.e., the coordinates of the points A, B,
C and D (4K, v, Kic, Vers 407, Ny, 0y, Ney), provided
that a;, and h are given. Four additional equations can
be considered by noting that points A and B belong to
the Paris’ curve and points C and D belong to the
Weohler’s curve. This is also equivalent to writing the
coefficients C and g, and the exponents m and n as

functions of the coordinates of the points A, B, C and D.
In formulae, using Eqs. (1a) and (1b), we obtain:

(3a)
(3b)
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vih = CAK}, (4a)
Ver = CAKE (4b)
Ny = (ao/ay)" (4c)
N = (d0/daq)" (4d)

Egs. (2)-(4) constitute a nonlinear set of eight
equations in eight unknowns. If the eight conditions
were independent, then the ambitious problem to
relate the coordinates of the points A, B, C and D to the
specimen size & and to the initial defect size a;, could
be solved. At this stage of the analysis, without any
limitation, the parameters C, ¢y, m and n might be
constants or given functions of / and ay,.

The nonlinear equation set can be solved by
progressively eliminating the variables with a series
of substitutions. For instance, Eqs. (2a) and (2b)
permit to eliminate Ny, and N, from the variables.
Introducing Eqgs. (2a) and (2b) into Egs. (4c) and (4d),
the set of equations becomes:

AKy = Aogy/Tain (5a)
Kic = ayy/Tain (5b)
vin = CAK, (5¢)
Ver = CAKGE (5d)
h/ve = (00/ay)" (5e)
h/vy, = (60/Aon)" (5f)

Similarly, Eqs. (5¢c) and (5d) can be used to
eliminate vy, and v, from Egs. (5e¢) and (5f):

AKyw = Aoqy/Tai, (6a)
Kic = oy\/Tai, (6b)
h/(CAK}) = (o0/ay)" (6¢)
h/(CAKy) = (a0/40n)" (6d)

Finally, introducing Egs. (6a) and (6b) into the remain-
ing two equations, we find, after some manipulation:

oy = a;’agC(nam)m/z/h, or ay
= /[n — m|olC(naw)"* /h (7a)
Acf = AO’%”O’OC(TCClm)m 2 /h, or Acy
= /[n — maiC(nawn)""* /h (7b)

Here, we note that, if m is different from 7, the result
leads to the paradoxical solution g, = Agy, that is

against the initial hypothesis of g, > Aoy, see Fig. 4b.
However, if we compute the ratio of Eq. (7a) to Eq.
(7b), we obtain:

(oy/40n)"= (oy/40n)" (8)

and this equality can be satisfied if and only if n = m.
It is very interesting that this result is usually obtained
following a totally different route, that is, by obtaining
the Wohler’s law from the integration of the Paris’
equation [14]. Considering the Mode I stress-intensity
factor for a Griffith crack of a generic crack length q,
AK = Ac+/ma, the integration of Eq. (1a) from an
initial crack length, a;,, to the final one, ag,, gives
(m > 2):

N = |C(m/2 — 1)n"/? Aafmai(;_mm 9)

that matches Eq. (1b) if m = n. This proves the
ability of the initial set of equations to describe the
phenomenon of fatigue, interpreted by using either
the Paris’ or the Wohler’s approach. Introducing
n = m into Eq. (7a) or (7b), we obtain an additional
condition for agy:

in)—l/Z(h/C)l/m
(10)

Introducing this expression for g, as well as the
condition n = m into Egs. (6¢c) and (6d), after
simplification of the resulting equations we find that
they coincide with Egs. (6a) and (6b). Hence, we
conclude that the original eight equations are not
independent. Physically speaking, as demonstrated
above, the initial equation set implies that the param-
eters gy and n of the Wohler’s curve are intimately
related to the parameters of the Paris’ curve and are not
independent parameters. We can therefore conclude
that the determination of the position of the points A,
B, C and D as a function of the initial defect size and of
the specimen size is not possible solely with the aid of
the eight equations above. This conclusion is general
and holds not only when C and m are constant, but also
if they depend on % and a;,,.

To determine how the position of the points A, B, C
and D changes by varying & and a;,,, we need to fix two
of the eight unknowns of the problem. A possibility is
to select two coordinates of the points A and B of the
Paris’ curve, e.g., the material fracture toughness, Kic,
and the conventional value of crack growth rate for

1 =0} "C(nan)"* /h = o0 = (na
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infinite life, vy = 10 "m/cycle. The remaining
unknown coordinates of the points A and B, v, and
AKy, can be obtained from Egs. (5d) and (5c),
respectively. Hence, if C and m are independent of
the initial crack size and of the specimen size, as in the
case of complete self-similarity in the respective
dimensionless numbers, see the discussion in the next
section, then it turns out that the coordinates of the
points A and B are also independent of % and a;,,. Thus,
the Paris’ curve would be size-scale independent.

Examining the Wdhler’s power-law, the y-coordi-
nates of the points C and D can be obtained from Egs.
(6a) and (6b) and therefore they do depend on aj,.
Finally, Ny, and N, can be computed from Eqgs. (2a)
and (2b) and hence they are dependent on the
specimen size.

3 The hypothesis of incomplete self-similarity
to interpret the actual experimental trends

Following the pioneering work by Barenblatt and
Botvina [10], the assumption of incomplete self-
similarity has been put forward by the present authors
to explain the size-scale [14], the crack-size [16, 18],
and the grain-size [19] effects on the Paris’ curve.
Recalling the fundamental results established in those
articles, the fatigue response represented by the crack
growth rate, v = da/dN, can be considered, in the most
general case, a function of a set of variables:

v =F(oy,Kic, Aon, AKw, E, AK, h, ain,d; 1 — R)
(11)
The application of Buckingham’s IT Theorem [14]

reduces the number of dependencies by introducing
suitable dimensionless numbers:

(ch>2¢<Ao‘ﬂ AKw E AK 0} Ad}
Vv = _— JR—

e Ay S | B
b b b b 2 b 2 ms
oy oy ' Kic ‘oy Kic Kjx 4Ky,

0_2
x —-d;1 —R
KIC

where the dimensionless numbers in parenthesis are
called II; (i = 1..0.8). These numbers can be reduced
further from eight by assuming incomplete similarity

@ Springer

in the dimensionless numbers 114, I1s, I1g, 11, and I1g.
This leads to a power-law dependency on the various
numbers which has been confirmed by experimental
trends or theoretical arguments [13—15]. As a result of
this assumption, a generalized representation of
fatigue crack growth is derived:

2— B Bs Bs
K h fd
V= % AKD <_> <i> (_> (1—-R)sop*
a3 "o ap Tp
(13)

where @ is a dimensionless function of the remaining
dimensionless numbers. According to this approach,
the experimentally observed deviations from the
simplest Paris’ power-law regime is the result of
incomplete self-similarity in the various dimension-
less numbers, a situation often occurring in the case of
intermediate asymptotic behaviours. As a result, the
following expressions for the generalized Paris’ law
parameters m" and C" are obtained:

m* = B,

K27m h B B3 d Ba
(%)@ @) G) a-ere
O'y p ap p

(14)

This generalized mathematical representation encom-
passes several improved versions of the Paris’ law
proposed during the last few decades to interpret
anomalous deviations from the simplest power-law
regime suggested by Paris. For instance, the anomalous
behaviour of short cracks has been interpreted in [16, 18]
as a consequence of the fractal roughness of crack
surfaces. Independently, Jones et al. [5] have proposed a
different interpretation based on elasto-plastic effects
(see [18] for a critical comparison of the various scaling
laws). Grain-size effects on the Paris’ and Wohler’s
curves have been interpreted by invoking the incomplete
self-similarity assumption in the dimensionless number
d/r, (see Eq. (14)), together with the grain-size depen-
dency of the yield strength according to the Hall-Petch
law [19].

The problem of size-scale effects has received much
less attention so far. Examining the recent experimen-
tal results obtained by Luke et al. [8] and shown in
Fig. 2, we note that size-scale effects lead to a vertical
shift of the Paris’ curve corresponding to different
specimen sizes, with a slight change in its slope. This
mathematically corresponds to C* o< k%2 with 8, > 0.
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Fig. 5 The effect of the specimen size, &, on the Paris’ curve
(with incomplete self-similarity)

To provide an experimental confirmation, we deter-
mine the parameters of the Paris’ curve for the 1:3
down-scaled specimens in Fig. 2 by performing a
best-fitting of the experimental data using a power-law
equation. The result of this operation is shown in
Fig. 5 (red triangles and dashed red line, please refer to
the online version for colours). According to Eq. (14),
the coefficient C* of the Paris’ curve of the 1:1 full-
scaled specimens can be related to that of the 1:3
down-scaled specimens by the following relation:

hi.

2
—) =C*(1:3) x 3k
hl:3

c'(1:1)=cCc(1 :3)(
(15)

where the scaling ratio hy.,/h;.3 is equal to 3 for the
present case. Using this value of C'(1:1), a good
agreement between theoretical predictions and exper-
imental results is achieved with ff, = 1.25, see the
black dots and the dashed black line in Fig. 5.

Regarding the Wohler’s diagram, the situation is
more complex, since Eq. (10) already predicts size-
scale effects even without incomplete self-similarity.
The experimental correct trend can be captured by
introducing into Eq. (10) a size-scale dependent
coefficient C* o< h’ instead of a size-independent
parameter C. As a result, the following scaling law for
0y is derived:

0y = (nao)fl/z(h/c*)l/’" p: (h/hﬁz)l/moc p(=B2)/m
(16)

To predict a shift of the Wohler’s curves to the left,
as experimentally observed in Fig. 3, the intercept g

Fig. 6 The effect of the specimen size, h, on the coefficient g,
of the Wohler’s curve (with incomplete self-similarity)

has to be reduced by increasing the specimen size.
Mathematically, this can be achieved if the scaling
exponent (1 — f,)/m is negative valued, i.e., for
f> > 1. To provide a confirmation, we estimate the
intercepts o of the three curves in Fig. 3 correspond-
ing to three different specimen sizes. This is done by
extending these curves down to N = 1. The corre-
sponding intercepts g are finally plotted versus the
specimen size & in Fig. 6. The slope of the best-fitting
line in this bi-logarithmic diagram is (1 — f,)/m. In
spite of the large uncertainty associated to the few
available data points (coefficient of regression
R? = 0.65), we estimate (1 — f,)/m =~ —0.06. Since
m = 4 according to the slope of the Paris’ curves in
Fig. 5, we finally determine f/, = 1.25 from the size-
scale effects on the Wohler’s curves. It is very
important to remark that the value of this exponent
is in perfect agreement with that independently
estimated from the size-scale effects on the Paris’
curves [see Fig. 5 and the discussion related to the
determination of f3, entering Eq. (15)].

4 Crack-size effects on the Paris’ and Wohler’s
curves

In the case of notched specimens, as demonstrated in
Sect. 2, the integration of Paris’ law leads to a
Woéhler’s curve whose exponent n is equal to m. In
reality, the slope 1/n is often smaller than 1/m, about
one-third or one forth. An attempt to interpret the
transition from the Wohler to the Paris regime has
been proposed in [20] by using a theory based on

@ Springer
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Fig. 7 The effect of the crack size on the Paris’ curve
(ap = 92 pm)

quantized fracture mechanics and an asymptotic
matching approach. These main findings show that
the tail of the Paris’ curve near the fatigue threshold
deviates from the Paris’ power-law regime and
depends on the applied stress range. Notably, the
higher the stress range, the higher the crack growth
rate for a given stress-intensity factor range. In the
Woéhler’s diagram, on the other hand, they found a
transition from the Basquin power-law of the type (1b)
to a power-law with an exponent 1/m typical of the
integration of the Paris’ curve by increasing the initial
crack size. According to that model, specimens with
physically long cracks should have a shorter life than
specimens with short cracks. This trend, obtained as a
direct consequence of asymptotic matching, seems to
be in contradiction with the fact that short cracks have
a faster crack growth rate than long cracks in the Paris’
plot.

To resolve this inconsistency between the two trends,
we propose the use of the fractal model of crack growth
proposed in Paggi and Carpinteri [16] for describing the
crack growth of short cracks. As a direct consequence of
incomplete self-similarity in the dimensionless number
a/ag, the crack growth equation is:

AK™ (17)

)

da aop %(H'%)
wv=c0+7)
where a, is the characteristic length of short cracks,
also called El Haddad crack length, for more details
refer to Paggi and Carpinteri [16]. We propose now the
application of Eq. (17) to the same material analyzed
in Pugno et al. [20], i.e., the SAE1045 steel. To obtain
the Wohler’s curve from Eq. (17), a numerical
integration is performed, a procedure not done in
previous publications.
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Fig. 8 The effect of the crack size on the Wohler’s curve

The effect of the crack size on the Paris’ curve is
shown in Fig. 7 for different applied stress ranges,
ap=92pum, m=235 and C=82x 107", By
increasing the applied stress range, the deviation from
the Paris’ power-law regime (shown with a dashed line
in Fig. 7) for short cracks is quite remarkable.

The numerical integration of the Paris curves for
different stress ranges shown in Fig. 7 leads to one
single Wohler’s curve. Repeating this computation for
different values of a,, we obtain the results depicted in
Fig. 8. For an intrinsic very small crack length agy, an
initial defect is propagating rapidly since it belongs to
the long crack regime and the resulting Wohler’s curve
has a slope 1/m. Its fatigue life is in general quite long,
since the crack growth rate predicted by Paris’ power-
law is smaller than for short cracks. On the other hand, if
the intrinsic crack size is much larger, most of the
lifetime of the initial defect is spent in the short crack
regime. In this case, the deviation from the power-law
trend in Fig. 7 leads to a higher crack growth rate as
compared to a physically long crack and the cycles to
failure for a given applied stress range are lower than in
the case of long cracks. Very interestingly, the slope of
the Wohler’s curve is no longer 1/m, but it is consid-
erably reduced. In the present case, we find n = 10.5,
with a reduction of about 1/3 with respect to 1/m and in
reasonable good agreement with experimental data
(n =11.1).

5 Conclusion

In this article, the fundamental equations describing
the phenomenon of fatigue in terms of crack growth
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rate and cycles to failure have been determined. This
equation set alone suggests that the Paris’ curve is size-
scale independent and that the Wohler’s curve depends
on the initial crack size and on the specimen size. To
capture the experimental trends, the hypothesis of
incomplete self-similarity is put forward, following
preceding studies carried out by the present authors. As
a result of this assumption, which leads to a size-scale
dependent coefficient C of the Paris’ law, the correct
scaling of the Paris’ curves can be predicted.

As a confirmation of the incomplete self-similarity
assumption, it is proven that, up to a certain degree of
accuracy related to the few available experimental
data, the size-scale dependency of the coefficient
C deduced from the Paris’ diagram is able to explain
the scaling of the Wohler’s curves as well. As a general
trend, size-scale effects on the Paris’ curves are more
pronounced than on the Woéhler’s curves. By increas-
ing the specimen size, the crack growth rate increases
and the fatigue life decreases. Due to the non-
conservativeness of these trends, modifications to the
existing material qualification standards are envisaged
and additional experimental tests are considered to be
essential to provide further confirmation for a wider
range of materials. The incomplete self-similarity in
the crack size is also quite relevant from the engineer-
ing point of view. In this work, in addition to the
deviation from the Paris’ law regime in the case of short
cracks, the implication for the Wohler’s curves is
explained. The transition from the short to the long
crack regime leads to a modification in the slope of the
curves and their shift in the Wohler’s diagram.
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