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a b s t r a c t

Thin-walled open section beams are carefully analysed by Vlasov's theory of the sectorial areas. It allows
to take into account their peculiar warping deformation which appears in the presence of torsional
actions. This behaviour determines a further stress state along the axis of the element which is rarely
considered in structural analyses. The aim of the present paper is the evaluation of the warping
deformation of thin-walled open section beams subjected to torsion. Firstly, the analytical theory
proposed by Vlasov is verified through an experimental test on a steel specimen defined by a U profile.
Specific analyses are performed with the aim of a sophisticated optical device in order to assess the
transverse distortion of the section. Then, the results obtained experimentally and confirmed by a Finite
Element (FE) programme permit to validate a computer programme based on the analytical theory and
devised to study the structural behaviour of high-rise buildings stiffened by thin-walled open section
shear walls. In order to evaluate the effectiveness of the programme, an example which highlights the
benefits provided by the present method compared to FE programme is carried out.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In the design of high-rise building the identification of an
adequate resistant system able to absorb the horizontal actions
coming from earthquakes and wind is a crucial point of the design
process. The structural schemes usually employed to stiffen
horizontally a building are several and the choice of one of them
is certainly function of the characteristics of the structure, in
particular the total height. The evolution of the construction
techniques as well as the limits imposed by legislation in terms
of displacements have determined a clear distinction between all
the possible structural solutions. Nevertheless, the choice of a
specific solution can also depend on the functional needs required
by the building occupants. In particular, the presence of systems
which allow a rapid usability of the floor spaces may address the
engineer's judgment. In this direction, indeed, thin-walled open
sections bracings prove to be doubly convenient: from the usabil-
ity point of view, they are able to house the elevator shaft and
the stairwell, whereas, from the structural point of view, they

contribute to the horizontal stiffness of the resistant skeleton and,
therefore, to the stability of the construction.

It is well-known that such elements, if subjected to torsional
actions, show a peculiar deformation, known as warping deforma-
tion, which is described by the distortion of the section out of its
own plane. This phenomenon is caused by a particular internal
action, called bimoment, which determines a further stress state
having an intensity comparable to that coming from flexural
actions.

Therefore, it is clear that an accurate design of these elements
cannot disregard their unusual torsional deformation, especially in
those situations in which their resistant contribution proves to be
determinant for the lateral stability of the construction.

The early analytical formulations focused on the structural
behaviour of thin-walled open section profiles were proposed,
almost at the same time, by Vlasov [1–3] and Timoshenko [4]. In
particular, the former examined in depth these elements, giving rise
to a comprehensive theory of which the well-known Saint Venant
theory proved to be a very special case. Many works related to this
topic followed trying to extend this original formulation, which,
however, remains a milestone in the study of structural mechanics.

To authors' best knowledge, papers regarding experimental
tests for the assessment of the warping deformation of thin-walled
open section beams subjected to torsional actions are almost
absent in literature.
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Some of them, based on Vlasov's theory, are related to the
experimental evaluation of the free vibrations of these elements,
which, due to their characteristic geometry, in the dynamic
field show a coupled behaviour between the main flexural modes
and between torsional and flexural modes. As example of this,
among all the papers by Ambrosini [5,6] and Klausbruckner and
Pryputniewicz [7] can be mentioned.

In the static field, experimental attempts for the identification
of the warping deformations are very rare and, in some cases, not
exactly focused on this goal. From this point of view, only two
works can be underlined. The first one is represented by the paper
by Rendek and Baláž [8]. In this case, the authors focused their
attention on the evaluation of the effectiveness of an analytical
formulation, called the generalized beam theory (GBT). To this aim,
a strain-measuring test on a steel cantilever beam of complex non-
symmetrical open section, subjected to various load conditions,
was performed. The results obtained by the GBT method and by
the experimental test were compared in terms of longitudinal
stresses acquired by means of the presence of strain gauges
located along the beam. Even if the test allowed to understand
the influence of the out-of-plane distortion of the section on the
overall capacity of the cantilever, no information regarding the
warping deformation itself were specifically given by the authors.
In the same way, also the paper by Dufort et al. [9] dealt with the
cross-section warping of beams, but focusing the attention on a
particular type of distortion which occurs in composite elements.
In this case the displacement field was examined by means of an
optical technique in conjunction with the use of microcomputer
and methods of image analysis. Once the experimental test is
performed, the warping of the section could be indirectly obtained
through the difference between the measured longitudinal dis-
placement and a linear displacement joining the longitudinal
displacement related to the top and the bottom part of the section
of the specimen.

Therefore, from the foregoing it is evident that a direct
evaluation of the warping deformation of thin-walled open section
profiles is still missing in literature. To this aim in the present
paper a specific experimental analysis is performed. By means of a
sophisticated optical device, the out-of-plane distortion of the
section of an horizontal steel cantilever, loaded with transverse
concentrated actions, is measured. The results obtained from the
experimental test and from a Finite Element (FE) modelling allow
to validate a computer programme based on the analytical theory
of the sectorial areas and devised for the evaluation of the
structural behaviour of high-rise buildings stiffened by any kind
of horizontal bracings. This computer code implements the matrix
formulation proposed by Carpinteri et al. [10–12] which identifies
the transverse displacements of tall horizontally loaded buildings
and clearly evaluates the external load distribution between
the bracings constituting the resistant skeleton of the structure.
The effectiveness of the method is finally highlighted through the
execution of a numerical example in which the benefits provided
by the analytical formulation compared to FE programme are
evident.

2. Experimental investigation on warping deformation

The analytical formulation proposed by Vlasov, known as the
theory of the sectorial areas, is quite used when thin-walled open
section beams are taken into account. Nevertheless, even though
in the literature many papers, focused on the structural behaviour
of these elements, have been published, to authors' best knowl-
edge, none proposed an specific experimental technique to eval-
uate first-hand their particular out-of-plane distortion, when
subjected to torsional actions. In order to verify the theory of the

sectorial areas, in the present section an experiment regarding a
thin-walled open section profile subjected to flexural and torsional
loads is performed. For this purpose, a steel beam showing a U
profile has been realized. With the aim of an optical device,
suitable for precision measurements, the warping deformation of
the section, as a consequence of the application to different levels
of torsional concentrated actions, can be defined. The evaluation of
the effectiveness of the analytical formulation, therefore, consists
in the comparison of the results obtained experimentally with
those coming from two different methods: the first implements
Vlasov's theory, whereas the second relies on the FE modelling.

First, a brief summary of the main passages of the analytical
formulation which, based on the theory of the sectorial areas,
allows to define the stiffness matrix of thin-walled open section
beams subjected to transverse loads is provided below. Then, the
main phases of the experimental test are described.

2.1. Stiffness matrix of thin-walled open section beams subjected to
transverse actions

The warping deformation is an unusual distortion which
characterizes thin-walled open section beams. This phenomenon,
usually neglected for most of structural elements, appears in
presence of transverse loads, in particular if they cause torsional
effects.

Let us consider a linear-elastic isotropic and homogeneous
beam having thin-walled open section in a right-handed reference
system OXYZ (Fig. 1). Let ξ, η and ζ be the translations of the origin
O along the direction X, Y and Z respectively; the term ϑ represents
the rotation of the section around the Z axis.

In a general loading case, the equations of equilibrium of the
beam are expressed by

Eðζ″A�ξ‴Sy�η‴Sx�ϑ‴SωÞ ¼ qz

�Eðζ‴Sy�ξIV Iy�ηIV Ixy�ϑIV IωyÞ ¼ qx
�Eðζ‴Sx�ξIV Ixy�ηIV Ix�ϑIV IωxÞ ¼ qy

�Eðζ‴Sω�ξIV Iωy�ηIV Iωx�ϑIV IωÞ�GJtϑ″¼m ð1Þ
in which the apex represents a derivative operation with respect to
the z coordinate [3].

Nevertheless, this system can be simplified through some
hypotheses regarding the reference system: if the origin O coin-
cides with the centroid of the section, the static moments Sx and Sy
become null. Similarly, if the axes X and Y are principal for the
section, the product of inertia Ixy is also equal to zero. Finally, if the
sectorial calculus considers the shear centre of the section as
the sectorial pole and the sectorial diagram is evaluated starting
from the principal sectorial origin, the sectorial static moment Sω

Fig. 1. Thin-walled open section beam in a right-handed coordinate system.

A. Carpinteri et al. / Thin-Walled Structures 84 (2014) 335–343336



and the sectorial products of inertia Iωx and Iωy vanish as well.
Therefore, the system (1) is reduced to

EAζ″¼ qz

EIyξIV ¼ qx

EIxηIV ¼ qy

EIωϑIV �GJtϑ″¼m ð2Þ

The equations, initially coupled each other through the vari-
ables ξ, η, ζ and ϑ, are now independent. In Eq. (2d) the termwhich
refers to de Saint Venant theory, that is proportional to the
torsional stiffness GJt, is, for now, disregarded. Its contribution will
be added later, in the final expression which defines the stiffness
matrix of the element.

If the system of external forces is only represented by trans-
verse actions, Eq. (2a) can be neglected. The remaining equations
can be organized in a matrix form through the following vectors of
the displacements δ and the actions q:

δ¼
ξ

η

ϑ

8><
>:

9>=
>;

q¼
qx
qy
m

8><
>:

9>=
>;

ð3Þ

EIδIV ¼ q ð4Þ

in which I is a diagonal 3�3 matrix whose diagonal coefficients
are expressed by Iy, Ix and Iω, being all the other elements equal
to zero.

Since I is symmetrical and positive definite until the geometry
of the section is such that the corresponding sectorial moment of
inertia Iω is different from zero, it is possible to invert the
expression (4) in order to highlight the vector of displacements δ.

δIV ¼ I�1q=E ð5Þ

If the actions are not represented by forces distributed along
the beam, but are defined by concentrated loads in correspon-
dence to N specific sections (Fig. 2a), Eq. (5) remains valid in each
field circumscribed by these sections and shows the following
form:

δIV ¼ I�10=E ð6Þ

or, exploiting the concentrated actions,

δ‴¼ �I�1F=E ð7Þ

where the vector F is directly connected to the vector q as follows:

q¼ � ∂
∂z
F¼ � ∂

∂z

Fx
Fy
MZ

8><
>:

9>=
>;

ð8Þ

The transverse displacements ξ, η and ϑ are acquired integrat-
ing Eq. (6) in each field where the expression is defined and
introducing the adequate boundary conditions. Such conditions
are subdivided in continuity and global conditions.

The continuity conditions for the j-th section (j¼2,…, N) are:

δð jÞj�1=j ¼ δð jÞj=jþ1

δ0ð jÞj�1=j ¼ δ0ð jÞj=jþ1

δ″ð jÞj�1=j ¼ δ″ð jÞj=jþ1

EIδ‴ð jÞj�1=j ¼ EIδ‴ð jÞj=jþ1þFð jÞ ð9Þ

in which the first two are kinematic, whereas the last are
equilibrium conditions (Fig. 2b).

If the beam is constrained as a cantilever beam, the global
conditions for the free edge (j¼1) are given by equilibrium
conditions:

δ″ð 1Þ ¼ 0

δ‴ð 1Þ ¼ �I�1Fð1Þ=E ð10Þ
whereas, for the opposite edge (j¼Nþ1), kinematic conditions are
considered.

δð Nþ1Þ ¼ 0

δ0ðNþ 1Þ ¼ 0 ð11Þ

For the sake of simplicity, the transverse displacements of the
sections are reported in a single 3N-vector δ, in which the
translations along the X axis, then those along the Y axis and
finally the rotations are posed. Similarly a global 3N-vector F
containing N shear forces Fx, N shear forces Fy and, finally, N torque
moments MZ is assembled.

By means of the procedure of integration previously men-
tioned, it is possible to obtain a relationship between δ and F
through the compliance matrix C or its inverse, the stiffness
matrix k.

δ ¼ CF ¼ k �1F ð12Þ

Finally the torsional contribution coming from de Saint Venant
theory, which is proportional to the torsional inertia Jt, is added to
the torsional component of the calculated stiffness matrix.

Fig. 2. Thin-walled open section beam subjected to concentrated transverse actions applied to specific sections (a); scheme for the continuity conditions between different
sections (b).
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Once the external actions are known, by means of Eq. (12), it is
possible to obtain the displacements of the corresponding sections
in terms of ξ, η and ϑ. Then, deriving the latter with respect to the
coordinate z and exploiting Eq. (13), the axial displacements which
define the warping of the section are simply deduced, according to
the theory of the sectorial areas.

wðz; sÞ ¼ �ϑ0ðzÞω ð13Þ

2.2. Experimental investigation on the warping deformation of thin-
walled open section beams

Specific experimental investigations for the evaluation of the
effective out-of-plane distortion of thin-walled open section
beams subjected to torsional actions are almost absent in the
literature of the past fifty years. Therefore, the contribution
described below proves to be particularly innovative for the
structural analysis of these thin-walled profiles.

The evaluation of the warping deformation is performed by
means of an experimental test on a 1.6 m long steel beam,
constrained as an horizontal cantilever. The cross-section is
defined by a thin-walled U profile (Fig. 3).

The rigid constraint is realized at one of the edges of the beam
by means of welding on a steel plate, which is bolted to a fixed
system (Fig. 3, plate A).

On the upper flange, at distance of 0.16 m each other, some
little beams, having L-shaped section and conveniently altered for
the application of the transverse actions, are welded. The geome-
trical dimensions of the structural components are reported in
Fig. 4.

The applied loads are represented by masses, each of 3.08 kg,
located at 0.23 m far from the shear centre of the U-shaped
section. In this way, at the same time, shear forces and antic-
lockwise torsional moments are produced (Fig. 5).

The system for detecting the axial displacements defining the
warping of the section is constituted by three main components.
The first is a little steel frame which is connected, through bolts, to

the L-shaped section beam posed at the free edge of the examined
U-shaped section beam.

The second is a laser, rigidly connected to the steel frame,
whose ray is directed to the free edge of the bottom flange of the
U-shaped profile (Fig. 6a).

The last is a spherical mirror, characterized by specific geome-
trical properties adequate for precision measurements (Table 1),
which is placed where the ray meets the bottom flange of the
main beam. According to this configuration, the ray of the laser is
reflected on the inner side of the upper flange of the U-shaped
section beam, where a ruler is pasted (Figs. 6b and 7).

Because of the concentrated torsional moments, the section
twists around its shear centre, undergoing, at the same time, a
distortion out of its own plane. This deformation can be expressed
by the system of axial displacements of the points constituting the
section, once the pure flexural deformations are removed.

Experimentally, it may be evaluated considering the relative
axial displacement of two symmetrical points of the section: in
particular, as regard the performed test, the relative displacement
of the points corresponding to the laser (A-A') and the mirror
(B-B') is measured (Fig. 8).

Exploiting the geometrical properties of the mirror, as a
consequence of the displacement s of the incident ray, it is possible
to detect, on the upper flange of the U-shaped section, the
displacement s' related to the corresponding reflected ray. Because
of the curvature of the mirror, the term s' represents an amplifica-
tion of s and, therefore, its measurement becomes much easier
(Fig. 9).

In this case, the geometrical characteristics of the mirror are
such that the amplification factor, that is the ratio between s' and s,
is about 12.

The experimental analysis has been conducted varying the
loading condition: in a first phase the L-shaped section beams
have been loaded, each with one mass of 3.08 kg, progressively
from z¼0.48 m to z¼1.44 m, being z¼0 m the constrained edge of
the beam; then, the unloading process has been performed
according to the same order (Fig. 10).

In Fig. 11 the experimental results, which describe the ampli-
fied displacement s' related to the loading phase, are reported. It is
evident that the use of the optical device facilitates the detection
of displacements which are, otherwise, invisible to the naked eye.

The same structure has, finally, been modelled in a Finite
Element programme in order to verify the effectiveness of the
analytical method in the individuation of the structural behaviour
of thin-walled open section beams. In this case, the steel U-shaped
section beam has been modelled by means of thin shell elements.
In Table 2 the numerical comparison between the analytical and
the FE method is shown and a good convergence can be acknowl-
edged, since the main difference is about 4%.

Similarly, the same correspondence can be noticed comparing
the numerical results with experimental ones: in Fig. 12 normal-
ized values of the axial displacement s are reported taking into

Fig. 3. Scheme of the test on a thin-walled U-shaped section steel beam.

Fig. 4. Geometric properties of the thin-walled steel profiles.

Fig. 5. Application of the external concentrated loads.
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account every single loading condition, during both the loading
and unloading process.

Since Vlasov's theory proves to reach enough accuracy, until
the material is linear elastic, the proposed analytical formulation
can be easily extended to consider beams with greater dimensions,
as the case of thin-walled open section bracings which are usually
employed to stiffen horizontally tall buildings.

3. Structural analysis of high-rise buildings

The analytical formulation introduced in the previous section
can be employed for the evaluation of the structural behaviour of
high-rise buildings stiffened by thin-walled open section shear
walls. The previous analytical method can be directly included in
the three-dimensional formulation proposed by Carpinteri et al.
[10,11], which allows to consider various vertical bracings, ran-
domly arranged in the building plan.

Fig. 6. Picture of the little steel frame, applied to the extreme L-shaped profile, to which the laser is connected (a); scheme of the reflection of the laser (b).

Table 1
Geometrical and focal properties of the spherical mirror.

Diameter [mm] 10.00 Surface quality 60–40
Effective focal length EFL [mm] 10.00 Surface accuracy (λ) 1/4
Radius R [mm] 20.00 Diameter tolerance [mm] þ0/�0.30
Edge thickness ET [mm] 3.63 Focal length tolerance [%] 72
Centre thickness CT [mm] 3.00 Centre thickness tolerance [mm] 70.30

Fig. 7. Location of the optical device and the ruler which allows the measurement of the warping of the section.

Fig. 8. Relative displacement s between the laser (A-A') and the mirror (B-B').
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The implementation of the latter formulation, compared to
Finite Element methods which are usually employed in the design
of these complex structures, provides some advantages, especially
in the preliminary phases when several structural configurations
are examined in depth. The reduction of the modelling time and
the clearness of the approach represent the first achieved benefits
of the method. The former fulfills the need of carrying out
numerous analyses aimed to identify the best structural solution
for specific loading cases; the latter, derived from precise

hypotheses, allows to obtain information regarding the main
parameters on which the structural behaviour of these construc-
tions depends. Further advantages can be underlined: among all,
the capability of the method to distinctly describe the external
load distribution between different types of vertical bracings,
which constitute the structural skeleton of the building. Finally,
aimed to perform a preliminary design, for each structural
element, the trend of the main internal actions, also including
the bimoment action related to the case of thin-walled open
section members, can be evaluated.

In order to highlight the aforementioned capabilities of the
three-dimensional formulation, a numerical example regarding a
tall building loaded by transverse static actions is now carried out.
In this specific case, the resistant core of the whole structure is
composed by three thin-walled open section members, having
different cross-sections.

The building is 200 m high and characterized by a storey
height of 5 m. The structural material of the bracings is concrete
whose mechanical properties are given by Young's modulus and
Poisson’s ratio equal to 3�104 MPa and 0.18 respectively. The
effects related to creep and shrinkage are not taken into account in
the analysis.

The dimensions and the geometrical properties of the canti-
levers are shown respectively in Fig. 13 and in Table 3.

The static loading condition is represented by concentrated
resultant forces applied to the floors in correspondence to the

Fig. 9. Amplification of s due to the geometric characteristics of the spherical
mirror.

Fig. 10. Different loading conditions: (a) loading and (b) unloading phase.

Fig. 11. Measurement of the displacement s' during the loading phase: the white dots represent the consecutive positions of the reflected ray on the ruler.
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origin of the global coordinate system XYZ (Fig. 13). In particular,
along the X direction a resultant force of 99 kN for each floor is
considered, whereas in the Y direction it becomes equal to 104 kN.
In this specific loading case a clockwise torsional moment of
183.5 kNm is taken into account.

This structural scheme is modelled through both the present
method and a computer programme implementing the FE method.

The results with which the comparison is performed are
expressed in terms of displacements, in particular translations
and rotations of the floors according to the global coordinate
system XYZ. The corresponding curves are reported in Fig. 14.

It is self-evident the outstanding convergence of the methods,
which confirms the usability of the analytical formulation at least
in the first phases of the design process.

Further structural information achievable from the proposed
method are reported in Figs. 15 and 16. In the first case the

Table 2
Comparison between analytical and FE method.

Type of process Loading Unloading

Level N. z [m] Loaded level s [mm] Err. [%] Loaded level s [mm] Err. [%]

Analytic. FEM Analytic. FEM

1 0.48 1 7.61 E-03 7.56 E-03 0.61 1–7 2.52 E-01 2.46 E-01 2.58
2 0.64 1, 2 2.13 E-02 2.10 E-02 1.23 2–7 2.44 E-01 2.38 E-01 2.64
3 0.80 1–3 4.29 E-02 4.22 E-02 1.56 3–7 2.31 E-01 2.25 E-01 2.71
4 0.96 1–4 7.44 E-02 7.32 E-02 1.74 4–7 2.09 E-01 2.03 E-01 2.79
5 1.12 1–5 1.18 E-01 1.16 E-01 1.86 5–7 1.77 E-01 1.72 E-01 2.94
6 1.28 1–6 1.76 E-01 1.73 E-01 2.00 6, 7 1.34 E-01 1.30 E-01 3.23
7 1.44 1–7 2.52 E-01 2.46 E-01 2.58 7 7.54 E-02 7.26 E-02 3.95

Error [%]¼(Analytical–FEM)/FEM�100.

Fig. 12. Comparison of the results in terms of normalized values of the axial
displacement s, during the (a) loading and (b) unloading process.

Fig. 13. Internal core system of a tall building constituted by thin-walled open
section shear walls (measures in metres).

Table 3
Geometrical properties of the shear walls.

Element N. 1 2 3

Ix [m4] 483.45 19.22 71.18
Iy [m4] 80.76 176.40 469.99
Iω [m6] 3611.67 487.50 1997.06
Jt [m4] 0.54 0.31 1.29
Xs [m] �15.21 0.00 16.45
Ys [m] 3.43 �13.79 6.97
α [1] �32.45 0.00 �8.69

Fig. 14. Comparison between the analytical and FE method in terms of displace-
ments of the building.
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distribution of the shears Tx, Ty and the torque Mz between the
bracings is pointed out.

This description can represent an outstanding support in the
design process since it facilitates the individuation of the most
stressed element as well as a good comprehension of the force
flow within the structural skeleton of the construction. In addition,
unlike FE simulations, as regard thin-walled open section ele-
ments, also the bimoment action, which is known as the cause of
the warping of this type of section, can be evaluated. The main
effect of this uncommon internal action is the development of an
additional state of stresses defined by normal and tangential
components. Their intensity can be, in some cases, comparable
to the one derived from pure flexural behaviour. Therefore, since
the latter can affect the structural behaviour of the entire building,
at least an approximate evaluation of the bimoment action during
the preliminary design has to be carried out.

In Fig. 16 the curves of bimoment corresponding to each shear
wall constituting the internal core of the construction are shown,
whereas in Fig. 17 information regarding the additional stress
state in terms of normal components are reported. In the latter
figure, a comparison with the stress state caused by the pure
bending behaviour is highlighted and it can be seen that, in some
cases, the bimoment action determines an increase in tension of
about 20–30%.

4. Conclusions

The present paper is focused on the analysis of the warping
deformation of thin-walled open section beams, subjected to
torsional actions. For this purpose, an experimental test regarding
a thin-walled beam having U profile loaded by shears and
torsional forces has been performed. With the aim of an adequate
optical device the out-of-plane distortion of the section has been
identified. The results obtained by the experimental test compared
to those calculated by a FE programme and by the proposed
analytical method have shown a good convergence. Therefore, the
analytical formulation can be also considered as a suitable tool for
the structural analysis of high-rise structures stiffened by thin-
walled open section bracings. By means of it, some advantages
compared to FE methods can be achieved: firstly the reduction of
modelling time and the clearness of the procedure employed by
the approach as well as the capability of providing information
regarding the main parameters which describe the structural
behaviour of these complex constructions. Furthermore, the
external load distribution between different types of bracings
and the trend of the main internal actions acting in each structural
element can be clearly derived. Finally, as regard the case of thin-
walled open section members, the bimoment action which is the
cause of the warping deformation of open sections, can be
evaluated to perform a thorough preliminary design.

Fig. 15. External load distribution between the components of the core system in
terms of shears in the (a) X and (b) Y direction and (c) torque.

Fig. 16. Bimoment action in the shear walls constituting the core system.

Fig. 17. Comparison of the stress state due to bending and warping of the walls.
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