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1. INTRODUCTION
Tall buildings have always been the symbol of
supremacy of the nations engaged in their construction.
Since its first appearance, this structural typology has
met approval in the public eye. Nowadays, they have
become a worldwide architectural phenomenon, even for
that countries regarded as less advanced, which however
are demonstrating a fast industrial growth. As a matter of
fact, many tall buildings are built in Asia countries, such
as China, Korea, Japan and Malaysia since the economic
capability and technological progress underlie the
development of such innovative architectural works.

Historically, the early reason of growing in height
was commercial, having to compensate for the lack of
space and natural light in a urban densely populated
land (Taranath 1988). However the higher the building,
the more sensitive it became to lateral actions coming
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from wind and earthquakes. Without lateral stiffeners,
the dimensions of the structural elements increased so
that they couldn’t be longer a satisfactory solution from
an architectural point of view. In addition, it constituted
a limit on the evolution in height of these revolutionary
constructions. The 17-storey (64 m) Monadnock
Building in Chicago, being an impressive structure in
which the resistant mechanism relies on heavy masonry
walls, is the symbol of this issue (Taranath 2005).

Subsequently, the conventional load-bearing systems
were substituted by new technologies which reduced the
depth and width of the structural members at building
perimeter. The first result was a steel frame structure.
This typology was followed by several systems
designed to absorb and distribute the horizontal load
according to their own stiffness. At this stage frames,
braced frames, shear walls and interactive frame – shear
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(306 m) London Bridge Tower, also known as Shard of
Glass, which is a pyramidal shaped building, now the
tallest structure in Europe.

Even if the increase of the complexity of the forms is
balanced by powerful computers and several multi-
function Finite Element (FE) software, the choice of an
appropriate model able to thoroughly identify the key
parameters governing the response of the structure as
well as the force flow acting within the stiffening
members remains crucial.

On the one hand, FE programs can evaluate the
construction in its entirety, reaching an high degree of
accuracy. Indeed they could model any detail, giving
the idea that nothing gets lost. Nevertheless this skill
can hide some drawbacks (Howson 2006;
Steenbergen and Blaauwendraad 2007). During the
design stage, it’s very difficult to assess the resistant
contributions coming from different stiffeners as well
as handle an enormous amount of data. In effect,
especially during the phase of evolution of the
concept, the former could cause time-consuming
misunderstandings; the latter could be a source for
errors. Moreover, the great number of input and
output data does not support a clear explanation of the
structural mechanism and does not allow the designers
to identify the distribution of the external forces
among the stiffening members.

On the other hand, based on some carefully chosen
hypotheses, simplified procedures could represent a valid
alternative in the early stage of conceptual design, being
characterised by some advantages, such as a faster data
preparation and a more transparent method of analysis,
which make the process less liable to unexpected errors.
In addition, unlike FE simulations, the limited degree of
accuracy is balanced by the capability to provide a
comprehensive picture of the structural behaviour and to
gain knowledge of the key parameters governing the
response of the building. In any case, being reciprocally
complementary instruments, both approaches can lend
support to the engineer’s judgment: in the early stages,
approximate methods evaluate the basic characteristics of
the project; in the final ones, FE models can conduct a
more thorough computation.

In this paper numerical procedures for the definition
of the stiffness matrix of vertical bracings used in tall
buildings, whose geometry can vary along the height,
are proposed. In this way, the work by Carpinteri (1985)
can be easily extended to encompass unusually shaped
structures, such as tapered or twisted buildings. In order
to evaluate the effectiveness and the suppleness of the
method, comparisons with other approaches derived
from the literature and numerical examples regarding
new architectural trends are carried out.
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wall combinations appeared (Coull 1972; Heidebrecht
1973).

Later, designers concluded that the building could be
treated in a holistic manner, giving rise to various other
models which increased its lateral resistance without an
excessive use of structural materials. For this reason, the
traditional resistant schemes were gradually replaced by
a global approach. The structure was considered as a
vertical cantilever or a system of cantilevers on the
ground, having all the required lateral stiffness allocated
to the perimeter of the building. This shrewdness aims
to increase the structural depth of lateral load-resisting
system components and, thereby, their resistant
contribution. In this direction, systems organised to
reduce the overturning moment of the cantilever scheme
and transfer the reduced moment to outer members
through extremely rigid elements were devised. At the
same time, closely spaced columns and deep spandrel
beams rigidly connected together and smeared on the
perimeter of the structure gave rise to a single three-
dimensional element similar to a large tube (Coull 1971,
1977; Khan 1974). According to these outlooks and
depending on the height of the construction, several
solutions, such as outrigger, framed-tube, bundled-tube
and tube-in-tube systems were realised.

Only later, next to economics, municipal regulations
and politics, aesthetics got a leading role in planning and
design of these structures. In this way, changes in the
exterior form of the constructions were supported by the
emerging architectural trends and by the developments
in structural analysis techniques, made possible by the
advent of high-speed digital computers. Diagrid systems
confirm the breakthrough in the idea of tall building,
since almost all vertical elements are eliminated in
favour of diagonal members able to carry, at the same
time, gravity loads and lateral actions. Their
triangulated configuration uniformly arranged on the
entire façade enables to model groundbreaking shapes.
Furthermore, this scheme assures an unexpected
bending and shear rigidity, since the diagonal elements
work only axially, minimising in this way the shear
deformations (Ali 2007). The 30 St. Mary Axe in
London, a diagrid structure also known as the Swiss Re
Building, demonstrates that the current architecture has
forsaken prismatic forms, to embrace curved ones.

Anyway, developments regarding the design of high-
rise and irregular buildings are described by a
continuously evolving process. As a matter of fact, all
over the world, further bizarre shapes, such as twisted,
tapered or tilted, have been commissioned and, in some
cases, already built. Glaring examples are the HSB
Turning Torso, a twisted skyscraper of 54 storeys
(190 m) in Malmo (Sweden), and the 66-storey



2. STIFFNESS MATRIX FOR BRACINGS
WITH VARIABLE CROSS-SECTION

The computation of the stiffness matrix for prismatic
members is well-known. The corresponding analytical
method can be easily implemented in a computer
program to evaluate the contribution of the main
resistant schemes to the horizontal strengthening of
high-rise buildings.

According to the new architectural trends, in the case
of bracings with variable cross-section, the computation
of the stiffness matrix is more complex than other cases.
For this purpose, in this section, appropriate methods
able to analyse stiffeners whose geometry varies along
the height are proposed. In particular, analytical
formulations for tapered and twisted bracings, having
thin-walled closed or open sections, are derived.

2.1. Tapered and Twisted Bracings with Closed
Section (Warping Negligible)

Because of the nature of the problem and the type of
structure involved which can be easily assimilated to a
planar shear wall for each principal direction of inertia,
it’s advantageous to consider its plane behaviour and
compute the floor displacements starting from the
applied loads.

It’s well-known that a unitary force applied to the i-
th level gives rise to displacements of all the levels:
these values constitute the i-th column of the
compliance matrix of the stiffener.

In the case of 2-storey shear wall, the coefficients of
the compliance matrix D are:
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being hi and Ji the storey height and the second order
moment of inertia of the i-th level (from bottom to top)
respectively (Figure 1).

Since some geometrical characteristics related to the
two levels of the shear wall have been considered
different each other, for the definition of the term D22

it’s more convenient to take into consideration two
structural schemes: scheme 1 shows, for the specific
load condition, the first floor constrained; scheme 2, free
from additional constraints, shows at the first level the
resultant system of forces due to the initial loading case.
The first four components of the term D22 concern the
scheme 2: the first two describe the displacement of the
first level, while the third and fourth are the consequent
rigid displacements of the second level. The last term of
D22 is related to the scheme 1 and represents the
displacement of the second level being the first one
constrained.

The procedure can be easily extended to consider N
floors, each having its own storey height hi and its own
moment of inertia Ji (Figure 2).

The generalised term Dij (with j ≤ i), representing the
displacement of the i-th level due to the application of a
unitary force to the j-th level, can be evaluated through
a recursive process. For a given load condition applied
to the j-th level, the resultant system of forces at the first
level is estimated. Then the displacement of the i-th
level for this load case is deduced:
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Figure 1. (a) Evaluation of the terms belonging to the compliance matrix of the shear wall; (b) Schemes for the computation of the

displacement D22



(2)

The same computation is repeated considering the
resultant system of forces at the k-th level (k = 2, 3, .., j).
A complete expression of Dij is given by the sum of all
contributions.

By means of the Eqn 3 the computation of the lower
triangular part of the N × N matrix D is executed.
Exploiting its symmetry, as proved by Betti’s theorem,
the upper triangular part is completed.

The same method can be extended to assess its
torsional behaviour. In this case, neglecting the warping
of the section, the generic term of the N × N torsional
compliance matrix Dϑ is expressed by means of the
torsional moment of inertia Jt and the shear modulus G.
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The last step is the evaluation of the 3N × 3N stiffness
matrix K* of the generic bracing, in its own coordinate
system. Its structure is block diagonal, constituted by the
2N × 2N stiffness matrix K*

d related to the local
displacements u and v and the N × N stiffness matrix K*

ϑ

related to the rotation. Each of them is obtained by
inverting the corresponding compliance matrix.

(5)

(6)

In the case of twisted bracings, the structure of the
stiffness matrix is no longer block diagonal, since the
sub-matrix K*

d becomes full. The computation of its
components follows the same approach used for tapered
structures, taking into account the increasing rotation of
the sections from the ground to the top (details of the
procedure are in Appendix).

The matrix K*
d, whose coefficients are referred to the

coordinate system of the ground level, is hence
composed by four N × N sub-matrices:

(7)

A general procedure for a N-storey structure
assimilated to a three-dimensional shear wall that tapers
and twists at the same time along the height may be
developed. Therefore, the displacement of the i-th level,
in X direction, due to the loading vector Fj = {Fx,j Fy,j}
applied to the j-th level, is defined by two contributions
Dx,ij and Dxy,ij:
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Figure 2. Multi-storey shear wall having different geometrical

characteristics for each floor
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In the same way, the generic term Dy,ij is given by the
following expression:

By means of the Eqns 8, the computation of the lower
triangular part of the 2N × 2N matrix D of the
displacements is executed. Due to the symmetry, the upper
triangular part is completed. Once defined, by inversion,
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the 2N × 2N sub-matrix K*
d, according to the Eqn 6, the

complete 3N × 3N stiffness matrix K*is obtained.
In order to evaluate the effectiveness of the Eqns 3

and 8, two comparisons regarding tapered and twisted
beams are performed. In the first case, a thin-walled
hollow section cantilever is analysed through a Finite
Element program, in which the structure is modelled by
means of thin shell elements. Information concerning
the geometrical dimensions and the mechanical
properties are shown in Figure 3(a), whereas the results
in terms of transversal displacements are highlighted in
Table 1. In the second case, the transversal
displacements of a twisted beam are acquired from the
paper by Zupan and Saje (2006). The scheme of the
model as well as the geometrical and mechanical
properties are indicated in Figure 3(b); Table 2 reports
the comparison of the acquired results. In both cases,
subdividing the beams in 40-50 sub-elements, Eqns 3
and 8 lead to solutions with an adequate degree of
accuracy. Besides, such segmentation proves to be
plausible in high-rise buildings, being the number of
floors equal or, at most, greater.

2.2. Tapered Bracings with Thin-Walled Open
Section (Warping Prevalent)

A numerical procedure for the definition of the stiffness
matrix of tapered thin-walled open section bracings in
their local coordinate system is now derived. For these
structures, the process of tapering along the height refers
to a vertical axis passing through the barycentre of the
section. Since the centroid and the shear centre do not
coincide, the location of the latter varies section by
section (Figure 4).

As in the previous cases, the expression of the stiffness
matrix K* is obtained by the inversion of the 3N × 3N
compliance matrix D. For this purpose, the computation
of the coefficients of the above matrix is executed by
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means of the Principle of Virtual Work, in which the
contribution of the Bimoment action is considered:

(9)

where the apex f stands for the fictional system of
internal forces and r for the real system of
displacements.
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The proposed method is based on the assumptions
that the shear effects on very slender structures are
negligible and the Bimoment action is evaluated
supposing the torsional rigidity GJt equal to zero. By
means of the Eqn 9, further coefficients arise, so that D
becomes a full matrix. This means that the torsional
behaviour is connected to the flexural one, as well as the
forces acting along a principal direction give rise also to
displacements in the other direction. This behaviour is
due to the variation of location of the shear centre along
the longitudinal axis, which consequently affects the
definition of the resultant actions on the generic level.

For the analysis, we suppose to apply the local
coordinate system to the shear centre of the ground level.
The actions, applied to the generic floor according to this
coordinate system, show an eccentricity compared to the
shear centre of the same level. This scheme involves
further torsional actions on the generic section, which
have to be taken into account in the study (Figure 5).

In this way, each local force, at the same time, causes
displacements in its principal direction, according to the
flexural behaviour, rotations, due to the additional
torsional component, and displacements in the other
principal direction, derived from the contribution of the
Bimoment action.

For the case of a 2-storey bracing, the diagrams of
flexural moment and bimoment, which are taken into
account as the contribution of the real system of
displacements in Eqn 9, are reported in Figure 6. The
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Figure 4. Thin-walled open section bracing, which tapers with

respect to the centroidal axis

Table 1. Free end displacement of a tapered cantilever

N. of levels Centroidal force fx = 10 kN Centroidal force fy = 10 kN

x disp. [m] Err. [%] y disp. [m] Err. [%]
5 2.840E – 03 1.626E + 01 1.662E – 02 5.090E + 00
10 2.572E – 03 5.302E + 00 1.614E – 02 2.097E + 00
20 2.482E – 03 1.611E + 00 1.597E – 02 1.015E + 00
30 2.457E – 03 5.628E – 01 1.592E – 02 7.009E – 01
40 2.444E – 03 6.836E – 02 1.590E – 02 5.520E – 01
FEM 2.443E – 03 1.581E – 02

Error [%] = (Present model – FEM)/FEM × 100

Table 2. Free end displacement of a twisted cantilever

N. of unitary force fx unitary force fy

levels

x disp. [m] Err. [%] y disp. [m] Err. [%] x disp. [m] Err. [%] y disp. [m] Err. [%]
10 5.5001E – 03 1.43E + 00 1.4805E – 03 –1.39E + 01 1.4805E – 03 –1.39E + 01 1.6720E – 03 –4.06E + 00
50 5.4426E – 03 3.72E – 01 1.6730E – 03 –2.66E + 00 1.6730E – 03 –2.66E + 00 1.7295E – 03 –7.62E – 01
100 5.4344E – 03 2.20E – 01 1.6960E – 03 –1.32E + 00 1.6960E – 03 –1.32E + 00 1.7377E – 03 –2.89E – 01
150 5.4316E – 03 1.68E – 01 1.7036E – 03 –8.82E – 01 1.7036E – 03 –8.82E – 01 1.7405E – 03 –1.28E – 01
200 5.4302E – 03 1.42E – 01 1.7074E – 03 –6.61E – 01 1.7074E – 03 –6.60E – 01 1.7419E – 03 –4.75E – 02

Zupan 
et al. 5.4224E - 03 1.7187E - 03 1.7187E - 03 1.7427E - 03

Error [%] = (Present model - Zupan et al.)/(Zupan et al.) × 100



same diagrams, in which the generic action is
substituted by a unitary load, allow to identify the
contribution of the fictional system of forces.

Thus, after performing the calculations, the generic
expression for the compliance matrix is

(10)

in which only Dx, Dy and Dϑ are symmetrical sub-
matrices. In addition, it should be noted that the sub-
matrices belonging to the lower triangular part of D are
related to those of the upper part by means of the
transpose operation.

Once obtained the stiffness matrix by the inversion of
Eqn 10, the last step focuses on the addition of the
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component related to the torsional rigidity GJt,
previously neglected. It may be easily computed
through the Eqn 4, which defines the corresponding
compliance matrix. Then it is inverted and added to the
N × N sub-matrix related to the rotations. Hence the
expression of the matrix K* for tapered thin-walled open
section bracings is completed.

Exploiting the numerical results obtained by
Eisenberger (1995) on the structural behaviour of a
tapered thin-walled open section beam subjected to a
concentrated torsional action, the capabilities of the
present method can be verified. The scheme proposed
for the comparison is a cantilever beam of 40 cm,
whose geometrical characteristics are shown in Figure
7. The mechanical properties are the Young’s modulus
E = 21 × 105 kg/cm2 and the shear elastic modulus
G = 8.05 × 105 kg/cm2. The external load is defined by
a concentrated torque Mz = 300 kg cm, applied to the
free end of the structure. The comparison of the results
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Figure 5. Local coordinate system for a tapered thin-walled open section bracing
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Figure 6. Main diagrams for the computation of the compliance matrix of a 2-storey bracing
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in terms of rotation of the free end of the cantilever are
highlighted in Table 3. In particular, in addition to the
solutions acquired through the present method, 
the table includes the results obtained subdividing the
beam in sub-elements of equal length, each having
constant geometrical properties. In this case, for each
element, the equation of torsional equilibrium related to
thin-walled open section beams (Vlasov 1961) is solved
analytically, employing the following boundary
conditions: rotation and its derivative equal to zero at
the clamped end; Bimoment action equal to zero at the
free end; continuity conditions for the rotation, its
derivative and the Bimoment action at the intermediate
sections. As it can be seen observing the table of
results, the degree of accuracy of the proposed
approach is good, if the procedure is applied to the case
of high-rise buildings, being the per cent error lower
than 7 %.

3. NUMERICAL EXAMPLES
The developed numerical procedures may be easily
adapted to the analytical method proposed by Carpinteri
et al. (2010, 2012), which allows to analyse the lateral
load distribution of external actions in tall buildings,

stiffened by different types of vertical bracings.
In order to highlight the adaptability of the Eqns 8

and 9, two numerical examples which take into account
high-rise buildings stiffened by twisted or tapered
bracings are performed. Both of them are theoretical
since any structural details have not been provided by
the project managers.

The first model concerns the 54-strorey HSB Turning
Torso, design by Calatrava in Malmo (Sweden). It is a
twisted skyscraper reaching 190 m of height with a
rotation from the base to the top of 90 degrees (Figure 8).
It is assumed that the lateral stiffening relies on two
concentric bracings: the innermost element exhibits a
circular hollow section which tapers upwards by
reducing its thickness from 2.5 to 0.4 m; the outermost
has a mono symmetrical section which twists
anticlockwise around its shear centre. Since the latter
does not coincide with the barycentre, further torsional
actions are expected in the computation.

It is assumed that both the cantilevers are made of
concrete, whose Young’s modulus is 4.5 × 104 and 
2.5 × 104 MPa for the circular and mono symmetrical
section respectively, whereas the Poisson ratio is 0.18
for both. The influence of creep and shrinkage is not
taken into account in the analysis. The member cross-
section properties are given in Figure 9 and Table 4.

Concerning the load, only wind actions are considered
according to the formulas indicated by the Italian
Technical Regulations (Ministero delle Infrastrutture
2008), which follow the same method contained in
Eurocode 1 (European Committee for Standardization
2002). Therefore, the wind action may be reduced to a
system of concentrated static loads, applied to the
barycentre of the pressure distribution. The size, shape
and dynamic properties of the building as well as the
region and the altitude of the location affect the
computation of the intensity of the action. For the sake of
simplicity, none of the mentioned properties has been
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Figure 7. Tapered thin-walled open section cantilever 

(Eisenberger 1995)

Table 3. Free end rotation [rad] of a tapered thin-walled open section cantilever

Present N. of Analytical
N. of levels model Err. [%] equations solution Err. [%]

10 5.081E – 04 1.83E + 01 10 5.073E – 04 1.82E + 01

30 4.671E – 04 8.79E + 00 30 4.670E – 04 8.78E + 00

50 4.604E – 04 7.24E + 00 50 4.604E – 04 7.24E + 00

100 4.557E – 04 6.14E + 00 100 4.557E – 04 6.14E + 00

150 4.542E – 04 5.79E + 00 150 4.542E – 04 5.79E + 00

200 4.534E – 04 5.62E + 00 200 4.534E – 04 5.61 E + 00
Eisenberger 4.293E-04 FEM 4.296E-04

Error [%] = (Computed – Eisenberger)/Eisenberger × 100



considered. Therefore, a wind pressure equal to 390.62
N/m2 acts along the principal directions X and Y.

The results of the analysis are presented in Figures 10
and 11. As regards Figures 10(a) and 10(b), the
displacements along the X and Y direction are reported,
whereas Figure 10(c) shows the rotations at the floor
levels. Similarly, in Figure 11 the lateral load
distribution of the external actions between the
stiffeners highlights the resistant contribution of the
twisted element compared to the tapered one. In
particular, the former plays a predominant role in the top
part of the building, whereas, in the bottom part, the
latter constitutes the main horizontal stiffening.

It should be noted a discontinuity next to the
constraint due to the different law of variation which
characterises the bracings. Such difference leads to an
exchange of high interaction forces in the bottom part of
the building, which modifies the trend of the shear.

The second numerical example is focused on the
analysis of a conical structure conceived by Norman
Foster in 1989 for the city of Tokyo (Japan). The
Millennium Tower is a high-rise building composed by
170 storeys, which correspond to a total height of 840
metres (Figure 12).

The present model is imaginary, because only a
preliminary design has been performed until now.
Therefore no details on the floor layout or on the
horizontal stiffening has been found. Consequently the
following structural choices as well as geometrical
properties may represent a valid proposal for its
practical construction.

The proposed horizontal stiffening is composed by
seven thin-walled open section shear walls which taper
upwards, until the 170th floor (Figure 13). In particular,
the inner section reaches the top level with a
dimensional reduction of 80 per cent, whereas the
others, defined by different heights corresponding to
the 50th, 60th, 70th, 80th, 90th and 100th floor, show a
reduction of 40 per cent. Nevertheless, in all cases the

Advances in Structural Engineering Vol. 17 No. 5 2014 775

Alberto Carpinteri , Giuseppe Lacidogna and Sandro Cammarano

Figure 8. HSB Turning Torso by Calatrava, Malmo (from

www.flickr.comphotosmiltoncorrea)
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Figure 9. Presumed floor plan of the HSB Turning Torso
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Table 4. Cross-section properties of the bracings

Circular hollow section Mono symmetrical section

Second moment Jxx [m4] 2229.89 (B) 209.35 (T) 2070.00 (B)
Second moment Jyy |m4] 2229.89 (B) 209.35 (T) 4007.09 (B)
Torsional rigidity Jt [m4 ] 4459.79 (B) 418.70 (T) 3940.03
Global coordinate xs of the shear 0.00 0.00
centre [m]
Global coordinate ys of the shear 0.00 0.00
centre [m]
Angle ϕ [°] * 0.00 0.00

(B) At the base of the building. (T) At the top of the building. 
* Rotation of the local coordinate system with respect to the global coordinate one.
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Figure 10. Displacements of the floors in the global coordinate

system. Translation in: (a) X direction; (b) Y direction; and (c)

rotation

Figure 11. Loading distribution between the tapered and twisted

element: shear in: (a) X direction; (b) Y direction; and (c) torsional

moment

thickness of the walls remains constant.
It should be noted that the tapering law of the

elements, whose reference axis is the barycentre of
each section, is not the same. Further details
characterise the model: in the case of ‘C’-shaped
bracings, the same top section has been considered,



whereas, for the inner bracing, between the 130th and
170th floor, the initial section has been reduced to a
cross-shaped one. The levels, which correspond to a
structural discontinuity, are shown in Figure 13; the
geometrical dimensions of the cross-sections are
reported in Table 5 and Figure 14.

The material properties are described by a Young’s
modulus equal to 5.0 × 104 MPa for the ‘C’-shaped
bracings and 7.0 × 104 MPa for the inner element; the
Poisson ratio for the entire structural skeleton is 0.18.
The creep and shrinkage effects are excluded from the
analysis. The same load condition is taken into account
for this numerical example, with a wind pressure of
390.62 N/m2 applied to the lateral surface of the
building.

Consequently, results concerning the displacements
along the principal directions of the global coordinate
system are highlighted in Figure 15, whereas Figure 16
reports the load distribution between the main vertical
members. A clear difference between the two principal
directions is observed with respect to the shear
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Figure 12. Millennium Tower by Sir Norman Foster (from

www.fosterandpartners.com)
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Figure 13. Hypothetical scheme of the horizontal stiffening for the Millennium Tower: the structural members taper upwards, each having

its own tapering law, and reach different heights

Table 5. Cross-section properties of the thin-walled open section bracings

Open section shear wall N. 1 2, .., 5 6, 7

Ground floor Top floor Ground floor Top level Ground floor Top level
Second moment Jxx [m4] 55605.64 66.29 82.30 18.06 82.30 18.06
Second moment Jyy [m4] 23830.99 66.29 1484.39 325.80 1484.39 325.80
Warping constant Jω [m6] 6325059.37 – 5906.30 471.68 5906.30 471.68
Torsional rigidity Jt [m4] 179.58 18.21 5.45 3.29 5.45 3.29
Global coordinate xc of the 0.00 0.00 –20.15 (2) –20.15(2) 0.00 0.00
barycentre [m]
Global coordinate yc of the 0.00 0.00 10.88 (2) 10.88 (2) 30.38 (6) 30.38 (6)
barycentre [m]
Angle ϕ [°] * 0.00 0.00 0.00 0.00 0.00 0.00

(2) Open section shearwall N.2; (6) Open section shear wall N.6. 
* Rotation of the local coordinate system with respect to the global coordinate one.
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Figure 14. Hypothetical scheme of the horizontal stiffening for the Millennium Tower: (a) global coordinate system XY; (b) geometrical

dimensions of the cross-sections at the ground floor (in metres)

170

153

136

119

102

85

68

51

34

17

0
−10000 −5000 0 5000 10000 15000

Tx (kN)

F
lo

or

Total
Sw N. 1
Sw N. 2-7

170

153

136

119

102

85

68

51

34

17

0
−5000 0 5000 10000 15000

Ty (kN)

F
lo

or

Total
Sw N. 1
Sw N. 2-7

(a) (b)

Figure 16. Loading distribution between the inner (Sw N.1) and the ‘C’-shaped bracings (Sw N.2-7), Shear trend in: (a) X direction; 

and (b) Y direction

Figure 15. Displacements of the Millennium Tower in: (a) X direction; and (b) Y direction

(a) (b)

0
0

34

68

102

136

170

0.2 0.4 0.6 0.8

ux (m)

F
lo

or

0
0

34

68

102

136

170

0.2 0.4 0.6 0.8
uy (m)

F
lo

or



distribution: on the one hand, as reported in Figure 16(b),
the flexural stiffness of the inner section along the Y
axis is so large that the contribution of the ‘C’-shaped
bracings is almost negligible; on the other hand, with
regard to the X axis, remarkable discontinuities are
evident due to the different heights of the ‘C’-shaped
elements. Indeed, along this direction, since the latter
exhibit a flexural stiffness quite comparable to that of
the inner member, high interaction forces arise
allowing the ‘C’-shaped sections to absorb, in the
bottom part of the building, about 25 per cent of total
shear.

These findings may suggest to the designer the
possibility of considering further structural arrangement
or different solutions, such as outrigger systems or
tubular elements, in order to avoid to concentrate the
most of the load on a single huge bracing.

In summary, the previous figures demonstrate the
capabilities of the analytical method in the evaluation of
the gross displacements as well as in the detection of the
distribution of the external forces between the main
vertical bracings which concur to stiffen high-rise
buildings. The method may be used to find out the optimal
configuration of the structural members, which allows to
achieve the best performance in presence of static wind
loads. As a matter of fact, the choice of different heights
with respect to the ‘C’-shaped elements has been driven
by the need of reducing the displacements, without
compromising the living space of the floors.

Thus, analytical methods prove to be adequate in the
early stage of the conceptual design of so complex
constructions. With the qualities of a quick data
preparation and a more transparent evaluation of the
results, they may play a decisive role in support of the
designer’s judgment.

4. CONCLUSION
In the design of the last high-rise buildings, innovative
and bizarre shapes have come to the fore due to the
emerging aesthetical factor which has assumed a
leading role in this field. Tapered, twisted, tilted
structures as well as profiles defined by a double
curvature have been realised hither and thither in the
world, being the Shard Glass, the 30 St. Mary Axe
(London - England) and the HSB Turning Torso
(Malmo - Sweden) the more representative of all.

The evolution of the shape has required, in parallel
with the well-known Finite Element Method, to find
new analytical techniques able to thoroughly identify
the key parameters which govern the structural
behaviour of more and more complex buildings. For
this purpose, in the present paper, a three-dimensional
formulation, which evaluates the structural behaviour
of high-rise buildings stiffened by unconventionally
shaped bracings, is proposed. In particular, numerical

techniques focused on the computation of the stiffness
matrices of tapered and twisted bracings are
highlighted. In order to evaluate the effectiveness and
the suppleness of the model, comparisons with other
approaches derived from the literature and two
numerical examples regarding new architectural trends
are carried out. The obtained results confirm the
significant contribution of the proposed method to the
designer’s judgment in the early stages of the project of
very complex buildings.
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APPENDIX

COMPUTATION OF THE STIFFNESS
MATRIX FOR TWISTED CLOSED SECTION

BRACINGS
Here the procedure for the computation of the stiffness
matrix of twisted elements is described in detail. The
obtained expressions can be easily extended to consider
vertical bracings defined by N consecutive levels.

Referring to the case of a 2-storey shear wall, a
principal coordinate system for each floor is defined, so
that the system XY is related to the ground level while
the system (X*Y*)i is related to the i-th level. According
to this arrangement, all the coordinate systems show the
same origin (Figure A.1). With regards to the first level,
let F1

* be the 2-vector representing the shear-loading
along the principal axes of the local coordinate system
(X*Y*)1 and F1 the 2-vector representing the shear-
loading along the axes of the coordinate system XY, so
that

(A.1)

where N1 represents the orthogonal matrix of
transformation from the system XY to the local system
(X*Y*)1 and α1 is the rotation angle between the Y axis
of the ground level and the Y*

1 axis of the first level.
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Figure A.1. Model of a twisted bracing: (a) each level showing its own local coordinate system (X*Y*)i; (b) scheme for the definition of the

local components of the external forces and flexural moments



Likewise, the displacement vector δ*
1 related to the local

coordinate system is connected with the displacement
vector δ1 related to the coordinate system XY through
the same matrix N1. The local displacements of the first
floor due to forces placed at the same level along the
local axes are expressed by means of the principal
moments of inertia, as follows:

(A.2a, b)

Taking into account the Eqn A.1 for the actions and
that corresponding to the displacements, the Eqns A.2,
referred to the coordinate system XY, are given by

(A.3b)

which, in a concise form, become

(A.4a)

(A.4b)

In the same manner, the rigid displacements of the
second floor due to the same load condition, in the
coordinate system (X*Y*)1, are defined as
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and, with regards to the coordinate system of the ground
level, as

Their synthetic form is expressed as follows

(A.7a)

(A.7b)

As regards the displacements δ2 due to the loading F2,
it’s convenient to consider three different contributions.
The first two, related to the coordinate system (X*Y*)1,
depend on the resultant system of forces at the first level:
a shear-loading F2

(1) equal in modulus to F2 and a 2-vector
M(1), representing the flexural moments, equal to F2h. The
last contribution refers to the coordinate system (X*Y*)2

and describes the displacement of the second floor due to
F2 having considered the first level constrained. It should
be noted that the aforementioned actions are referred to the
coordinate system of the ground level.

The terms related to the shear-loading F2
(1) are defined

by the Eqns A.5, by means of the components Fx,2 and
Fy,2 applied to the first floor.
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(A.8a)

(A.8b)

The bending contribution of the force F2 at the first
level is expressed by the components My and Mx, from
which the local flexural moments Mv and Mu may be
defined. 

(A.9a)

(A.9b)

Therefore, with respect to the system (X*Y*)1, the
local displacements of the second level due to the
applied moments Mv and Mu at the first level are easily
computed:

(A.10a)

(A.10b)

The last contribution, which considers the first floor
constrained, is given by the Eqns A.2 through the
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rotation angle α2 between the Y axis of the ground level
and the Y2

∗ axis of the second level.

(A.11a)

(A.11b)

Thus, the components of the displacement vector δ2

in the coordinate system XY are defined by means of the
coefficients Dx,22, Dy,22 and Dxy,22:

(A.12a)

(A.12b)
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As a result, the compliance matrix related to the
displacements may be assembled and, by inversion, gives
rise to the stiffness matrix, whose coefficients are referred to
the coordinate system of the ground level. In this case, the
full stiffness matrix is composed by four 2 × 2 sub-matrices.

(A.13)

NOTATION
B(r) real bimoment action
B(f) fictional bimoment action
D compliance matrix of the shear wall
Dij displacement of the i-th floor as a consequence

of a load applied to the j-th floor
Dϑ compliance matrix related to the rotations
Dx,ij displacement of the i-th floor in the X direction

as a consequence of a load, acting along the X
direction, applied to the j-th floor

Dy,ij displacement of the i-th floor in the Y direction
as a consequence of a load, acting along the Y
direction, applied to the j-th floor

Dxy,ij displacement of the i-th floor in the X (Y)
direction as a consequence of a load, acting along
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the Y (X) direction, applied to the j-th floor
Dyϑ,ij displacement of the i-th floor in the Y direction as

a consequence of a torque applied to the j-th floor
E Young’s modulus
Fj loading vector whose components are Fx and Fy,

acting along the directions of the coordinate
system XY of the ground level, applied to the j-
th level

G shear modulus
hi storey height
I second moment of inertia
Iω warping constant
Ji second moment of inertia of the shear wall
Jt torsional rigidity à la de Saint Venant
K* stiffness matrix of a vertical bracing
ku

* stiffness matrix related to the displacements in
the local direction u

kv
* stiffness matrix related to the displacements in

the local direction v
Kd

* stiffness matrix related to the displacements in
the local coordinate system

kx
* stiffness matrix related to the displacements in

the local direction X of the coordinate system of
the ground level

ky
* stiffness matrix related to the displacements in

the local direction Y of the coordinate system of
the ground level

kxy
* stiffness matrix related to the displacements in

the local direction Y (X) of the coordinate
system of the ground level, as a consequence of
a load vector acting along the X (Y) direction

Kϑ
* stiffness matrix related to the rotations

N number of floors
M(f) fictional flexural moment
M(r) real flexural moment
η(r) real displacement
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