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a b s t r a c t

Finite Fracture Mechanics (FFM) is a coupled criterion based on the contemporaneous fulf-
ilment of the energy balance and a proper stress requirement. When dealing with mixed-
mode brittle fracture of cracked elements, T-stress affects both the conditions. In the pres-
ent work, the problem is investigated as the mode mixity varies. Results are provided in
terms of the critical stress intensity factors and the critical kinking angle, by referring to
two different definitions of dimensionless T-stress, depending on which mode (I or II) dom-
inates. This novel approach is validated by a comparison with PMMA experimental data
available in the Literature.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The discrepancy, observed between classical fracture criteria predictions [1,2] and different experimental data, has moti-
vated the research on T-stress effects in mixed-mode brittle fracture of cracked structures for approximately the last forty
years [3–14].

Indeed, former studies were generally devoted to analyze the T influence on the stress field and strain energy release rate
in the neighborhood of the crack tip. It was only in the middle of nineties, that failure criteria based on a linear-elastic anal-
ysis combined with an internal material length were successfully proposed in this framework. Among these, the point stress
criterion represents undoubtedly the simplest and most implemented approach. In the spirit of the works by Williams and
Ewing [3] and Ritchie et al. [15], it was put forward in [16,17] and later developed and applied to different experimental data
in [18,19]. Nonlocal (average) stress and energy criteria were formalized by Seweryn [17] (see also [20] for considerations on
the latter).

More recently, also the coupled approach proposed by Leguillon [21] was modified to include T-stress effects [22]. The
analysis was carried out numerically, by a two-scale asymptotic matching procedure [23], and it was mainly concerned with
the behavior under pure mode I conditions: as regards the crack propagation angle, differently from the results presented in
[18], a jump was observed for a threshold positive value of T.

In the present work, these problems are faced by means of FFM [24,25]: the criterion is similar to that presented in [22],
but the stress condition is averaged and not of punctual type. As regards V-notches, the two approaches were found to pro-
vide different results, both as concerns the failure load [26] and the crack propagation angle in mixed mode [27]. It is impor-
tant to remark that according to both the coupled criteria, the crack advance ceases to be a material property and becomes a
structural parameter, allowing to remove some inconsistencies related to the criteria previously introduced.

The FFM analysis is carried out by exploiting expressions for the asymptotic stress field and the crack driving force avail-
able in the Literature, where the angular functions related to the latter can be found tabulated [28,29]. The coupled equations
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providing the critical load and kinking angle are derived analytically and then solved numerically. Eventually, observe that
differently from the studies carried out in [7,17,18,22], results are presented according to two different definitions of the
dimensionless T-stress, one more suitable to mode I-dominated zone, and one with mode II-dominated zone. This synthetic
and novel approach allows one to investigate the failure conditions in the extreme cases (KI ¼ 0 and KII ¼ 0) at the same
time, without loosing of generality.

2. FFM and T-stress

Let us consider a cracked element with a polar reference system placed at the notch root (Fig. 1). Finite Fracture Mechan-
ics is based on the assumption of a finite crack extension D and on the contemporaneous fulfilment of two conditions. The
former is a stress requirement: the average circumferential stress rhhðr; hÞ on D, prior to the crack extension, must be greater
than the material tensile strength ru. In formulae:

Z D

0
rhhðr; hÞdr P ruD: ð1Þ

Nomenclature

c length of a kinked crack
G crack driving force
Gc fracture energy
KI mode I SIF
KII mode II SIF
KIc fracture toughness
KIf critical value of mode I SIF
KIIf critical value of mode II SIF

K�If dimensionless critical value of mode I SIF

K�IIf dimensionless critical value of mode II SIF

Kk
I SIF related to the kinked crack for mode I

Kk
II SIF related to the kinked crack for mode II

lch characteristic length
T T-stress
b angular functions related to the SIFs of kinked cracks
w mode mixity
h kinking angle
kI mode I Williams’ eigenvalues
kII mode II Williams’ eigenvalues
ru tensile strength
D finite crack advance
d dimensionless crack advance
sI dimensionless T-stress with respect to mode I
sII dimensionless T-stress with respect to mode II

Fig. 1. Cracked element with polar coordinate system and kinked crack of length c.
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The latter is the energy balance: the integral of the crack-driving force G on D, representing the energy available for the crack
increment, must be higher than the fracture energy Gc times the crack increment DZ D

0
Gðc; hÞdc P GcD: ð2Þ

By means of the well-known Irwin’s relationships, Eq. (2) can be expressed in terms of the stress intensity factors (SIFs)
related to the kinked crack, Kk

I and Kk
II for mode I and mode II, respectively, and of the fracture toughness KIc , namely:Z D

0
½ðKk

I ðc; hÞÞ
2
þ ðKk

IIðc; hÞÞ
2
�dc P K2

IcD: ð3Þ

The FFM criterion is thus described by the coupled inequalities (1) and (3), and in order to be implemented it requires the
functions rhh; Kk

I and Kk
II . Henceforth the subscripts I and II will always refer to mode I and mode II, respectively, without the

necessity of further clarifications.

2.1. Stress field and stress condition

By taking the T-stress effects into account, the circumferential stress field rhhðr; hÞ at the crack tip can be approximated as
(see Fig. 1 with c ¼ 0):

rhhðr; hÞ ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p f I

hhðhÞ þ
KIIffiffiffiffiffiffiffiffiffi
2pr
p f II

hhðhÞ þ T sin2 h; ð4Þ

where KI and KII are the SIFs related to the main crack, f I
hh and f II

hh are two angular functions (see, for instance, [30]), while the
third term represents the nonsingular T-stress contribution.

Let us now introduce:

� The functions �f i
hh ði ¼ I; IIÞ, obtained by multiplying the corresponding functions f i

hh by a factor
ffiffiffiffiffiffiffiffiffi
2=p

p
.

� The mode-mixity w ¼ arctanðKII=KIÞ. It is independent of the applied load magnitude and it is equal to 0� and to 90�, for
mode I and mode II loading conditions, respectively. Indeed, notice that KI ¼ 0 does not represent, strictly speaking, a pure
mode II condition since T – 0 corresponds to a symmetrical load.
� The characteristic length lch ¼ ðKIc=ruÞ2.
� The dimensionless crack advance, d ¼ D=lch.
� The dimensionless T-stress (or biaxiality ratio [7]), sI ¼ T

ffiffiffiffiffi
lch

p
=KI .

Notice that sI has been defined with respect to the mode I SIF [7,17,22], although other choices are possible [18]: this
point will be discussed more in details in Section 3.

For monotonically increasing GðcÞ and monotonically decreasing rhhðrÞ functions (as in the present case), the lowest load
satisfying the inequalities (1) and (2) is achieved when the equal sign holds. Hence, by inserting (4) into (1) and integrating,
analytical manipulations yield:

KI

KIc
¼

ffiffiffi
d
p

�f I
hh þ tan w�f II

hh þ sI sin2 h
ffiffiffi
d
p : ð5Þ

Let us remark that Eq. (5) represents the critical condition for the average stress criterion [17] by assuming d ¼ 2=p: in
this case, the crack advance results a material property.

2.2. SIFs for kinked cracks and energy condition

By applying dimensional analysis concepts and the principle of effects superposition, the SIFs related to a kinked crack of
length c read [9,10]:

Kk
I ðc; hÞ ¼ b11ðhÞKI þ b12ðhÞKII þ b1ðhÞT

ffiffiffi
c
p
; ð6Þ

Kk
IIðc; hÞ ¼ b21ðhÞKI þ b22ðhÞKII þ b2ðhÞT

ffiffiffi
c
p
; ð7Þ

supposing that the kinked crack is small enough to lie in the KI–KII–T dominated region around the main crack. Angular func-
tions b can be found tabulated in the Literature over the range 0� 6 h 6 90�, with sufficient accuracy (errors below 1%). Val-
ues are provided every 1� as regards bij [29] and every 10� as regards b [28] (see also [31]). It is important to outline that
b2; b12 and b21 are odd functions of h, differently from b1; b11 and b22 which result to be even. Moreover, the last term in
Eqs. (6) and (7), representing the T-stress contribution, vanishes coherently for a vanishing crack length c.

By substituting Eqs. (6) and (7) into Eq. (3), the energy balance provides:

KI

KIc

� �2

¼ 1

ð�b11 þ �b12 tan wþ �b22 tan2 wÞ þ 4sI
ffiffi
d
p

3 ð�b1 þ �b2 tan wÞ þ s2
I d

2 ðb
2
1 þ b2

2Þ
; ð8Þ
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where

�b1 ¼ b1b11 þ b2b21; ð9Þ

�b2 ¼ b1b12 þ b2b22; ð10Þ

�b11 ¼ b2
11 þ b2

21; ð11Þ

�b12 ¼ 2ðb11b12 þ b21b22Þ; ð12Þ

�b22 ¼ b2
12 þ b2

22: ð13Þ

Angular functions �b, obtained by interpolating b-values, are reported in Fig. 2: notice that �b2 and �b12 are odd functions of h,
the remaining ones being even.

Before proceeding, let us remark that Eq. (8) reverts to the critical condition provided by Linear Elastic Fracture Mechanics
(LEFM), leading to the well-known Gmax criterion, for sI ¼ 0. On the other hand, Eq. (8) represents the critical condition for the
nonlocal energy approach, put forward in [17] by assuming that the crack extension is a material constant (see also [20]).

2.3. FFM implementation

At incipient failure ðKI ¼ KIf Þ, Eqs. (5) and (8) become a system of two equations in two unknowns: the critical crack
advancement dc and the failure load, implicitly embedded in the function KIf . The hypothesis that failure takes place when
KI reaches its critical value KIf is reasonable within sufficiently brittle structural behavior.

A straightforward substitution of Eq. (5) into (8) provides

d� ð�f I
hh þ tan w�f II

hh þ sI sin2 h
ffiffiffi
d
p
Þ

2

ð�b11 þ �b12 tan wþ �b22 tan2 wÞ þ 4sI
ffiffi
d
p

3 ð�b1 þ �b2 tan wÞ þ s2
I
d

2 ðb
2
1 þ b2

2Þ
¼ 0 ð14Þ

which is an equation in the unique unknown d, since, once the loading and the structural properties are known, w and sI are
fixed. In order to implement FFM, Eq. (14) has firstly to be solved over the range 0� � h � 90�: a different crack advance d
corresponds to a different h. Each couple ðd; hÞ must be then substituted into either Eqs. (5) or (8). By referring to Eq. (5),
the actual crack advance dc and critical kinking angle hc are those which minimize the function

K�If ¼
ffiffiffiffiffi
dc
p

�f I
hh þ tan w�f II

hh þ sI sin2 hc
ffiffiffiffiffi
dc
p ; ð15Þ

where K�If ¼ KIf =KIc is the dimensionless critical value of mode I SIF.
The problem could be also faced through the mathematical technique of Lagrange multipliers, since we are looking for the

couple ðd; hÞ which minimizes the function KIf (Eq. (5)) under the constraint provided by relationship (14). This technique
was exploited to deal with V-notched structures subjected to mixed-mode loading conditions [30].

Once KIf is evaluated through Eq. (15), it is possible to obtain KIIf by means of the relationship KIIf ¼ tan wKIf . Indeed, for a
vanishing mode I SIF ðKI ! 0;w! 90�Þ, sI tends to infinite and the problem results ill-posed. Of course, the roles of KI and KII
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Fig. 2. �b-Angular functions.
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can be swapped in Eqs. (5) and (8) (and thus in Eqs. (14) and (15), leading to K�IIf ¼ KIIf =KIc), by considering a different def-
inition for the dimensionless T-stress, namely sII ¼ T

ffiffiffiffiffi
lch

p
=KII . On the other hand, according to this choice, problems would

rise as pure mode I is approached ðKII ! 0;w! 0�Þ, since sII diverges.
In order to overcome these drawbacks, a novel approach is here considered, referring to sI for 0� � w � 45� (mode I –

dominated zone) and to sII and for 45� � w � 90� (mode II – dominated zone). Observe that the condition sI ¼ sII for
h ¼ 45� guarantees the functions to be continuous.

3. FFM results

FFM results are presented in Figs. 3 and 4, for the fracture loci and the critical kinking angle, respectively. By assuming
KI; KII > 0, as T increases, the failure load decreases, while the critical kinking angle jhcj increases, tending asymptotically
towards 90�. This behavior can be detected directly from Eq. (15): for a sufficiently high sI; K�If ! 1=sI sin2 h. The critical load
thus results independent of w and of d, and the critical kinking angle coincides with the maximum of the function sin2 h, i.e.
jhcj ¼ 90�, Fig. 4.

As concerns pure mode I loading conditions ðKII ¼ 0Þ, if T > 0 is sufficiently large, the crack does not propagate collinearly
any more ðhc – 0�Þ and K�If deviates from the unit value. This phenomenon has been already described in the Literature
[6,18,22] and is investigated more in details through FFM in Fig. 5. The present results, showing continuous functions, are
in agreement with those derived in [18], but slightly differ from those proposed in [22] where the existence of a jhcj-jump
from 0� to 72� was detected for a threshold tensile T. On the other hand, in the case of a compressive T-stress ðT < 0Þ, the
straight crack path always reveals to be stable [6,22].
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As regards (prevailing) mode II loading conditions ðKI ¼ 0Þ, an increasing tensile T-stress provides increasing kinking
angles jhcj from 75:5� (T ¼ 0, [32]) to 90� (T !1). The trend is the same for compressive T-stress, but no solutions of Eq.
(14) are obtained for sII < �0:3. Looking for a possible explanation, the crack can not grow due to decreasing circumferential
stresses, which affect both conditions (5) and (8). In such a case, a crack growth along the plane of maximum shear stress can
be supposed. Indeed, mode II-crack growth in a brittle material is preferred if a sufficiently high confining pressure is present
[33]; the crack can kink or propagate straight ahead, depending on the loading conditions [34]. Further studies are in
progress.

Eventually, notice that a similar investigation to that shown was carried out in [18] by implementing the point stress crite-

rion [15,16]. Nevertheless, results were presented considering a unique dimensionless T-stress, s ¼ T
ffiffiffiffiffi
lch

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

I þ K2
II

q
. Although

intriguing, according to our opinion, this choice may reveal misleading, since s depends clearly on the mode mixity w.

4. Experimental validation

In the previous section it has been shown (Figs. 3 and 4) that T-stress effects reveal to be more significant for sufficiently
high T-magnitudes and (prevailing) mode II conditions, coherently with what found in [18]. Furthermore, also the material
plays a key-role, since the T-contribution increases as less brittle materials are considered (i.e., higher lch). Before proceeding,
let us underline that in common applications, since all the parameters T; KI and KII generally vary as w varies during a spe-
cific test, the real impact of T-stress on predictions should be discussed from case to case, after evaluating these three
parameters.

In order to validate the FFM approach, theoretical predictions are now compared with experimental results. A large
amount of data is available in the Literature: indeed, for criteria based on a critical distance, such as FFM, the crack advance
must be sufficiently small with respect to the notch depth and to the characteristic specimen dimension. If these hypothesis are
disregarded, neither the real stress field nor the SIFs of the kinked crack can be described accurately by Eqs. (4), (6) and (7).

In the present work, the results obtained by testing diagonally loaded square plate (DLSP) specimens made of PMMA [19]
are firstly taken into account. The mode-mixity was varied by changing the central crack inclination with respect to the
applied load direction. The following material properties are considered: KIc ¼ 1:33 MPa

ffiffiffiffiffi
m
p

and ru ¼ 120 MPa (thus
lch ’ 0:12 mm). While the former value was given in [19], the latter was neither measured nor provided explicitly. It is here
derived from a best-fit procedure on FFM predictions over a typical range for PMMA (70–130 MPa, [35,27]).

Functions KI; KII and T can be evaluated numerically through one of the techniques proposed in the Literature [36,11,22].
Indeed, their values are here extracted from the tables and the graphics presented in [19], for the sake of simplicity: units for
KI ðKIIÞ and T are MPa

ffiffiffiffiffi
m
p

and MPa, respectively. The resulting values for sI and sII are reported in Table 1: notice that T is
always negative, except for w ¼ 90� (prevailing mode II), and that its contribution is minimum for w ¼ 58:3�.

FFM results are displayed in Fig. 6, as concerns the fracture loci (a) and the critical kinking angle (b). As can be seen, T-
stress effects slightly improve predictions for high mixity-ratios, the maximum percentage improvements, nearly 2%, being
generally observed for w ¼ 90�. In Fig. 6, results related to the point stress (PS) or maximum tangential stress (MTS) criterion
are also reported: the approach is based on the simple condition rhhðr ¼ rcÞ ¼ ru, with rc ¼ lch=ð2pÞ. The PS criterion includ-
ing T-stress is named as ’Generalized Maximum Tangential Stress’ (GMTS) criterion in [18,19]. Notice from Fig. 6 that FFM
generally provides higher values as concerns the failure load and lower values as regards the critical kinking angle with
respect to the PS approach. Indeed, theoretical predictions do not differ significantly from each other and they show a similar
trend by including T-stress.

As a second example, in order to face cases where the T-contribution reveals more evident, we consider the experimental
tests carried out on PMMA large plane slabs [4]. They were loaded by a remote uniaxial traction r, with a central through-
thickness crack forming an angle a with the force direction. The same test was also performed in [3], but on samples with
different geometrical dimensions.
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Fig. 5. FFM predictions, mode I : T-stress effects on the critical SIF (a) and on the critical kinking angle (b).
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Several inclination angles, corresponding to a = 0�, 5�, 15�, 30�, 45�, 60�, 75� and 90�, were considered in [4]. Notice that,
for what concerns the first three cases, the material failure was found to occur prior to the crack branching and the critical
kinking angles were not measured [5]. Modeling the present geometry as if it were infinite, KI; KII and T can be expressed
analytically as:

KI ¼ r
ffiffiffiffiffiffi
pa
p

sin2 a;

KII ¼ r
ffiffiffiffiffiffi
pa
p

sin a cos a;

T ¼ r cos 2a;

being a the crack half-length. Pure mode I is recovered for a ¼ 90�, while T is the only stress term different from zero for
a ¼ 0�, since both mode I and mode II SIFs vanish. Furthermore, T is positive for 0� 6 a 6 45� (0� < a 6 45� representing
mode II dominated zone) and negative for 45� 6 a 6 90� (mode I dominated zone).

FFM predictions are reported in Fig. 7 as concerns the fracture loci (a) and the critical kinking angle (b), by implementing
KIc ¼ 2:94 MPa

ffiffiffiffiffi
m
p

and ru ¼ 80MPa ðlch ’ 1:3 mmÞ. While the former value was obtained experimentally in [4], the latter is
again fitted, its value resulting a little higher than the critical stress measured for a ¼ 0�-inclined samples. From Fig. 7 it can
be seen that theoretical predictions are significantly improved by considering T-stress effects, especially as concerns the frac-
ture loci for low a-values.

Table 1
PMMA cracked samples [19]: values for sI and sII .

w (deg) 0 18 36.8 58.3 90

sI �0.102 �0.0978 �0.0860 �0.0368 –
sII – �0.301 �0.115 �0.0277 0.0912
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Fig. 6. FFM and PS (MTS) predictions on PMMA cracked samples [19]: T-stress effects.
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Fig. 7. FFM predictions on PMMA cracked slabs [4]: T-stress effects.
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Eventually, it is important to mention the large amount of experimental tests recently carried out (see for instance [37]
and related references) on rock materials. These are less brittle than PMMA: the related critical distance results obviously
larger, and, as outlined before, also T-stress effects become more significant. We have considered the data presented in
[37], related to triangular Neiriz marble samples (KIc ¼ 1:23 MPa

ffiffiffiffiffi
m
p

and ru ¼ 5:64 MPa, providing lch ’ 47 mm) subjected
to three-point bending loading. Indeed, FFM predictions are rather poor even by including T-stress effects and the compar-
ison is not presented in this work. The huge deviation found is imputable to the fact that the crack advance is not sufficiently
small with respect to the notch depth (revealing to be even larger): failure load predictions result thus underestimated. Anal-
ogous considerations hold also for other tests on materials possessing similar mechanical properties (e.g., limestone rocks).
In order to get more accurate estimations, higher order terms in the expansions (4), (6) and (7) or non-linear models must be
taken into account: further studies are in progress.

5. Conclusions

T-stress affects failure predictions of brittle elements under mixed mode loading conditions, both as concerns the failure
load and the critical kinking angle. In the present work, this problem was investigated through FFM, by means of a semi-ana-
lytical approach. An original way of displaying results was proposed, referring to two different definitions of the dimension-
less T-stress: the most suitable choice depends on which mode, between mode I and mode II, prevails. The satisfactory
comparison with PMMA experimental data concluded the paper.
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