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Abstract The analysis of reinforced concrete beams
in flexure taking into account the nonlinear behaviour
of concrete is addressed by a numerical approach
based on the Cohesive-Overlapping Crack Model. An
extensive experimental research has been proposed by
Bosco and Carpinteri (Scale effects and transitional
phenomena of reinforced concrete beams in flexure.
ESIS Technical Committée 9 Round Robin proposal,
1993), Bosco et al. (Scale effects and transitional fail-
ure phenomena of reinforced concrete beams in flex-
ure. Report to ESIS Technical Committée 9, 1996) and
El-Khatieb (Transizione di scala duttile-fragile per le
travi in calcestruzzo armato. PhD Thesis, 1997) in or-
der to obtain a rational explanation for failure transi-
tional phenomena of RC beams by varying steel per-
centage and/or beam slenderness and/or beam size-
scale. In the present paper, collapse mechanisms due to
concrete tensile cracking, concrete compressive crush-
ing and steel yielding and/or slippage are analysed and
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a numerical vs. experimental comparison is presented
in order to validate the proposed model.

Keywords Reinforced concrete beams ·
Ductile-to-brittle transitions · Size-scale effects ·
Structural instability · Cohesive crack

1 Introduction

The failure mode of RC beams in flexure is affected
by nonlinearities of the constituent materials such as
concrete tensile cracking, concrete compressive crush-
ing and steel yielding and/or slippage. Their interac-
tion depends on the mechanical and the geometrical
parameters of the beams and will be herein analysed
by varying the beam size, the reinforcement percent-
age and the beam slenderness. In this context, classical
approaches, such as Limit Analysis, cannot predict the
ductile-to-brittle transition in the failure mode due to
the size-scale effects, commonly observed in experi-
mental tests and usually studied by means of fracture
mechanics.

The analysis of reinforced concrete beams has been
addressed in the literature by several authors mainly
by means of two different approaches: Linear Elas-
tic Fracture Mechanics (LEFM) and the Cohesive
Crack Model. In the former context, the Bridged Crack
Model, which is an analytical model, has been origi-
nally proposed by Carpinteri [12, 15] and Bosco and
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Carpinteri [4] for RC beams with a single reinforce-
ment layer, where the problem of minimum reinforce-
ment amount has also been investigated [1, 5]. Af-
terwards, the model has been reformulated by Bosco
and Carpinteri [7] and Carpinteri and Massabò [17]
for fiber-reinforced concrete members with cohesive
closing stresses and extended to the simultaneous pres-
ence of both steel bars and fiber reinforcements [19].
More recently, it has been further extended by Carpin-
teri et al. [21] in order to describe the shear crack
propagation, according to the method proposed by
Jenq and Shah [34], and subsequently improved by So
and Karihaloo [41], for the calculation of the stress-
intensity factor at the tip of a shear crack with a nonlin-
ear trajectory. In all the aforementioned applications,
this efficient analytical tool, which avoids finite el-
ement numerical computations, has permitted to re-
veal scale effects, instability phenomena and brittle-
to-ductile transitions of reinforced structural elements.
Clearly, it has to be remarked that LEFM holds only
when the size of the fracture process zone at the crack
tip is sufficiently small with respect to the size of
the crack and the size of the specimen. Otherwise,
suitable models, such as the Cohesive Crack Model,
have to be used to take into account the nonlinear
behaviour in the process zone. Applications of such
a model to longitudinally reinforced concrete beams
have been proposed in the framework of finite element
method since 1985 [27, 28] for a systematic analy-
sis of the diagonal tension failure mode. Different nu-
merical approaches, based on elastic coefficients com-
puted a-priori by means of a finite element analysis,
have been proposed by Hawkins and Hjorsetet [29],
Ruiz et al. [40], and Brincker et al. [10]. They permit-
ted to investigate the influence of the main parame-
ters on the mechanical response. As an example, Ruiz
[39] found that the bond-slip relation between con-
crete and reinforcement plays a central role in deter-
mining the peak load. The higher the bond stresses,
the higher the peak load. On the contrary, it does not
influence the value of the ultimate resistant moment
corresponding to steel yielding and complete discon-
nection of the concrete cross-section. Brincker et al.
[10], instead, put into evidence a brittle-to-ductile tran-
sition in the overall failure response by increasing the
beam size, for constant values of reinforcement per-
centage.

Different dimensionless parameters said brittleness
numbers have been first proposed in the framework

of Linear Elastic Fracture Mechanics by Carpinteri, in
order to study the stability of progressive cracking in
brittle materials [11, 13, 14] and in reinforced concrete
elements [12, 15], and to evaluate the minimum rein-
forcement necessary to avoid unstable crack propaga-
tion [5].

In fact, in the case of reinforced concrete elements,
a nondimensional parameter has been introduced [12,
15]:

NP = ρ
σyh

1/2

KIC
, (1)

where ρ and σy are, respectively, the percentage and
the yielding strength of steel reinforcement. In this
case, a ductile-to-brittle transition occurs by decreas-
ing the reinforcement brittleness number, NP . It is
worth noting that NP has been defined in the context
of LEFM, and more precisely, with the parameters of
the Bridged Crack Model. For this reason, its exten-
sion to nonlinear models usually yielded unsatisfac-
tory results. As an example, Brincker et al. [10], ob-
tained different mechanical responses for beams with
different depths and reinforcement ratios, even if the
brittleness number was kept constant. Similar remarks
can also be done with reference to the experimental
results by Bosco et al. [8].

More recently, Dimensional Analysis has been ap-
plied to the mechanical behaviour of lightly reinforced
concrete beams in the case the fracturing process is
modelled by a cohesive crack [24]. In particular, this
procedure has been applied to the algorithm proposed
by Carpinteri et al. [21, 22] and based on the Cohesive
and the Overlapping Crack models. It has been demon-
strated that two dimensionless parameters, NP and s,
are responsible for the mechanical response, and not
NP only, as considered so far.

In the present paper, the results of an extensive ex-
perimental investigation, planned in a Round Robin
[9, 25], proposed by ESIS Technical Committee 9 on
Concrete, are presented in order to obtain a rational
and unified explanation for the transitions between dif-
ferent collapse mechanisms. These results are then an-
alytically interpreted through the unified Cohesive and
Overlapping Crack model [21, 22] and a numerical vs.
experimental comparison is presented in order to vali-
date the mentioned model.
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Fig. 1 Scheme of the reinforced concrete element

2 The integrated cohesive/overlapping crack
model

Let us consider the reinforced concrete beam element
in Fig. 1 with a rectangular cross-section of thickness b

and depth h, a steel reinforcement layer at a distance c

from the lower edge and a crack of length a. The beam
segment has a length l equal to the depth and is sub-
jected to the bending moment M . We assume that the
middle cross-section can be considered as represen-
tative of the mechanical behaviour of the whole ele-
ment, since all the nonlinearities are localized in this
section, whereas the outside parts exhibit an elastic re-
sponse. The structural behaviour of such an element
is affected by mechanical nonlinearities due to steel
yielding, tensile cracking and compression crushing
of concrete. The numerical model herein proposed is
the more general algorithm introduced by Carpinteri et
al. [21, 22] for modelling the mechanical response of
all the possible situations ranging from plain to over-
reinforced concrete beams. The proposed model, in
fact, permits to correctly describe all the relevant non-
linearities. Similar approaches for implementing a co-
hesive crack were proposed by Carpinteri ([16], JMPS
1989), Planas and Elices [37], Bazant and Beisel [3],
Ruiz et al. [40], and Brincker et al. [10].

2.1 Constitutive models

The mechanical response of concrete in tension is
described by the Cohesive Crack Model [16, 31],
which considers a damaged and micro-cracked pro-
cess zone ahead of the tip of the real crack, where a
part of the macro-crack in evolution partially stitched
by inclusions, aggregates or fibres, can be distin-
guished and where nonlinear and dissipative micro-
scopic phenomena take place. In particular, a linear-
elastic stress–strain relationship is assumed for the
undamaged phase (see Fig. 2a), whereas a softening

Fig. 2 Cohesive crack model: (a) linear-elastic σ–ε law;
(b) post-peak softening σ–w relationship

stress–crack opening relationship describes the pro-
cess zone until the critical opening, wt

cr, is reached
(see Fig. 2b). The softening function, σ = f (w), is
considered as a material property, as well as the crit-
ical value of the crack opening, wt

cr, and the fracture
energy, GF . The shape of f (w) may vary from lin-
ear to bilinear or even more complicated relationships
depending on the characteristics of the considered ma-
terial and the analysed problem. For instance, when
plain concrete subjected to an high strain gradient is
studied, a simple linear softening law may be suffi-
cient to obtain accurate results (see [18] for a compari-
son between different shapes of the softening law). On
the other hand, bilinear relationships with long tails
are necessary to describe fibre-reinforced concrete ele-
ments, taking into account the closing stresses exerted
by the fibres for large values of crack opening.

As far as modelling of concrete crushing failure is
concerned, the Overlapping Crack Model introduced
by Carpinteri et al. [20, 22] is adopted. According to
such an approach, clearly confirmed by experimental
results [33, 44], and inspired by the pioneering work
by Hillerborg [30], the inelastic deformation in the
post-peak regime is described by a fictitious interpen-
etration of the material, while the remaining part of
the specimen undergoes an elastic unloading. Such a
model differs from others previously proposed, which
assume that strain localization takes place within a
zone with an extension dependent on the specimen
sizes and/or the stress level [2, 33, 35, 36]. A pair
of constitutive laws for concrete in compression is in-
troduced, in close analogy with the Cohesive Crack
Model: a stress-strain relationship until the compres-
sive strength is achieved (Fig. 3a), and a stress rela-
tive displacement (overlapping) relationship describ-
ing the phenomenon of concrete crushing and expul-
sion (Fig. 3b). The latter law, usually assumed as a
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Fig. 3 Overlapping crack model: (a) linear-elastic σ–ε law;
(b) post-peak softening σ–w relationship

linear decreasing function, describes how the stress
in the damaged material decreases from its maximum
value down to zero as the fictitious interpenetration in-
creases from zero to the critical value, wc

cr. It is worth
noting that the crushing energy, GC, which is a dis-
sipated surface energy, defined as the area below the
post-peak softening curve in Fig. 4b, can be assumed
as a true material property, since it is not affected by
the structural size. An empirical equation for calcu-
lating the crushing energy has been recently proposed
by Suzuki et al. [42], taking into account the concrete
confined compressive strength by means of the stir-
rups yield strength and the stirrups volumetric content.
By varying the concrete compressive strength from
20 to 90 MPa, the crushing energy ranges from 30
to 58 N/mm. The critical value for the crushing in-
terpenetration is experimentally found to be approx-
imately equal to wc

cr ≈ 1 mm (see also [33]). It is
worth noting that this value is a decreasing function of
the compressive strength, in agreement with the more
brittle response exhibited by high strength concrete.
On the contrary, we observe that, in the case of con-
crete confinement, the crushing energy, and the corre-
sponding critical value for crushing interpenetration,
considerably increases. In relation to both compres-
sion strength and critical interpenetration, an increase
by approximately one order of magnitude produces an
increase in the crushing energy by two orders of mag-
nitude.

The steel reinforcement contribution is modeled by
a stress vs. crack opening relationship obtained by
means of preliminary studies carried out on the inter-
action between the reinforcing bar and the surround-
ing concrete. On the basis of the bond-slip relationship
provided by the Model Code 90 [23], and by imposing
equilibrium and compatibility conditions, it is possible
to correlate the reinforcement reaction to the relative

Fig. 4 Finite element nodes (a); and force distribution with co-
hesive crack in tension, crushing in compression and reinforce-
ment closing forces (b) across the mid-span cross-section

slip at the crack edge, which corresponds to half the
crack opening displacement. Typically, the obtained
relationship is characterized by an ascending branch
up to steel yielding, to which corresponds a critical
value of the crack opening, wy . After that, the steel re-
action is nearly constant. In the present algorithm, this
stress-displacement law for steel has been introduced
together with the cohesive and overlapping constitu-
tive laws for concrete.

2.2 Numerical algorithm

A suitable algorithm, based on the finite element
method, is herein developed to study the mechanical
response of the two half-beams. The mid-span cross-
section is subdivided into n nodes, where cohesive and
overlapping stresses are replaced by equivalent nodal
forces, Fi , which depend on the corresponding rela-
tive nodal displacements according to the cohesive or
overlapping post-peak laws (Fig. 4a). These horizontal
forces can be computed as follows:

{F } = [Kw]{w} + {KM}M (2)

where {F } is the vector of the nodal forces, [Kw]
is the matrix of the coefficients of influence for the
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nodal displacements, {w} is the vector of the nodal
displacements, {KM} is the vector of the coefficients
of influence for the applied moment, M . Equation (2)
permits to study the fracturing and crushing phenom-
ena, computing a priori, by a finite element analysis,
all the coefficients of influence. For symmetry, only
half-element is discretized through quadrilateral plane
stress elements with uniform nodal spacing. Then, hor-
izontal constraints are applied on the nodes along the
vertical symmetry edge. Each coefficient of influence,
K

i,j
w , which relates the nodal force, Fi , to the nodal

displacement, wj , is computed by imposing a unitary
displacement to the corresponding constrained node.
On the other hand, each coefficient Ki

M is computed
by imposing a unitary external bending moment.

For the generic situation reported in Fig. 4b, the fol-
lowing equations hold:

Fi = 0; for i = 1,2, . . . , (j − 1); i �= r (3a)

Fi = f
(
wt

i

); for i = j, . . . , (m − 1); i �= r (3b)

wi = 0; for i = m, . . . ,p (3c)

Fi = g
(
wc

i

); for i = (p + 1), . . . , n (3d)

Fi = h(wi); for i = r (3e)

where: node 1 is at the bottom of the crack face, j

corresponds to the real crack tip, m represents the fic-
titious crack tip, p is the overlapping zone tip, and
r corresponds to the reinforcement layer level. Equa-
tions (3b), (3d) and (3e) are the constitutive laws of
cohesive crack, overlapping crack and steel reinforce-
ment, respectively.

Equations (2) and (3a), (3b), (3c), (3d), (3e) con-
stitute a linear algebraic system of (2n) equations in
(2n+1) unknowns, namely {F }, {w} and M . The nec-
essary additional equation derives from the strength
criterion adopted to govern the propagation processes.
We can set either the force in the fictitious crack tip,
m, equal to the ultimate tensile force, Fu, or the force
in the crushing zone tip, p, equal to the ultimate com-
pressive force, Fc. It is important to note that cracking
and crushing phenomena are physically independent
of each other. As a result, the situation which is closer
to one of these two possible conditions is chosen to
establish the prevailing phenomenon. The driving pa-
rameter of the process is the position of the tip that
in the considered step has reached the limit resistance.
Only this tip is moved to the next node, when passing

to the next step. Finally, at each step, we can compute
the rotation, ϑ , as follows:

ϑ = {Dw}T {w} + DMM, (4)

where Di
w is the coefficient of influence for the i-th

nodal displacement given as the rotation of the free
edge corresponding to a unitary horizontal displace-
ment of the i-th node, and DM is the rotation for the
applied bending moment, M = 1.

The size-scale effects are taken into account by
relationships of proportionality that affect the coeffi-
cients of influence entering Eqs. (2) and (4), so that it
is not necessary to repeat the finite element analysis for
any different beam size. Therefore, if the depth, h, the
element length, l, and the thickness, b, are multiplied
by a factor k, the coefficients change as follows:

Ki,j
w (kd) = kKi,j

w (d), (5a)

Ki
M(kd) = 1

k
Ki

M(d), (5b)

Di
w(kd) = 1

k
Di

w(d), (5c)

DM(kd) = 1

k3
DM(d). (5d)

3 Experimental investigation

The experimental investigation herein considered was
carried out by Bosco and Carpinteri in 1996 at the De-
partment of Structural Engineering and Geotechnics of
the Politecnico di Torino [9]. These tests were planned
in a Round Robin proposed by Bosco and Carpinteri
[6], according to an extensive experimental research
within ESIS Technical Committee 9 on concrete, in
order to obtain a rational and unified explanation for
the transitions usually obtained between different col-
lapse mechanisms. 45 reinforced concrete beams were
planned to be tested by varying scale, percentage of
reinforcement and slenderness, in order to evaluate
the dependence of rotational capacity, minimum rein-
forcement and transitional phenomena of collapse on
the beam size-scale. Only 35 specimens were effec-
tively tested.

Three different size-scales (A) 100 × 100 mm,
(B) 100×200 mm and (C) 200×400 mm, and five dif-
ferent tensile reinforcement percentages ρ = 0.12 %,
0.25 %, 0.50 %, 1.0 % and 2.0 % were considered
(see Fig. 5). The beams, characterized by an effective
to total depth ratio d/h = 0.9, were subjected to a
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Fig. 5 Geometry and reinforcement of the specimens

Fig. 6 Testing geometry

three-point bending test. All the beams were realized
with the same concrete cast and no shear reinforce-
ment (stirrups) were utilized.

3.1 Testing equipment

A servo-controlled closed-loop machine for tests was
used, and in order to avoid a sudden rupture during the
possible snap-back phenomenon, in the case of beams
with a reinforcement percentage lower than 0.50 %,
tests were carried out through a Crack Mouth Open-
ing Displacement Control (CMOD), whereas the other
beams have been tested through a displacement con-
trol.

Strains at the upper and lower beam edges were
measured through potentiometric transducers with a

length equal to the beam height, positioned at 1/10 of
the beam height from both beam extrados and intrados
(Fig. 6). Measurement range of the transducers was
of 20 mm. Vertical displacements were measured by
means of one or two transducers positioned in the mid-
dle of the beam, moreover two additional transducers
were utilized in order to catch the settlements in corre-
spondence of the supports and, therefore, to obtain the
effective values of the beam displacements.

Supports have been realized by a fixed hinge and
a roller permitting horizontal displacements of the
beam, as is illustrated in Fig. 6. The load was trans-
ferred to the beam by means of a steel plate with a
length equal to half the beam height in order to reduce
the stress concentration.
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Table 1 Experimental values of fracture energy

Weight
[g]

Addit. weight
[g]

L

[mm]
h

[mm]
Width b

[mm]
Span L

[mm]
Initial crack a

[mm]
s

[mm]
Area diag.
[daN mm]

GF

[N/m]

20460 1406 859 100 102 800 49.0 3.2 44.92 132.2

20090 1406 857 100 104 800 49.0 3.2 34.35 100.5

20380 1406 855 102 100 800 48.5 3.2 40.13 114.4

20810 1406 857 100 105 800 51.5 3.2 33.78 102.3

19705 1406 857 100 100 800 51.0 3.2 37.34 123.2

19900 1406 857 101 101 800 51.9 3.2 36.38 116.3

Table 2 Experimental values of concrete elastic modulus

No P 1
[daN]

P 2
[daN]

L1
[mm]

L2
[mm]

L

[mm]
A

[cm2]
σ

[daN/cm2]
ε = �l/l Ec

[daN/cm2]

1 10043 3101 0.032 0.012 100 100 69.413 2.04E–04 340257.4

2 10024 3088 0.030 0.011 100 100 69.363 1.96E–04 353890.3

3 10018 3070 0.029 0.010 100 100 69.475 1.94E–04 358118.6

4 9955 3070 0.031 0.012 100 100 68.850 1.97E–04 349492.4

3.2 Experimental determination of materials
properties

Additional tests were carried out in order to char-
acterize the cementitious material: 6 concrete beams
100 × 100 × 840 mm3 were subjected to the RILEM
standard test [38] for the determination of concrete
fracture energy, 4 prisms 100 × 100 × 300 mm3 were
subjected to a compressive test for the determination
of concrete elastic modulus, and 7 concrete cubes
100 × 100 × 100 mm3 were subjected to a standard
test of compression for the determination of concrete
compressive strength.

The RILEM Recommendation specifies a method
for mortar and concrete by means of stable three-point
bending tests on notched beams. It consists in measur-
ing the energy absorbed for separating the specimen
into two parts. The fracture energy is defined as the
amount of energy necessary to create one unit area of
a crack, which is defined as the projected area on a
plane parallel to the main crack direction.

Once the energy W0, represented by the area un-
der the load-displacement curve, has been measured,
as well as the displacement δ0 at final fracture, the
fracture energy can be calculated from the equation:

GF = (W0 + mgδ0)/Alig, (6)

Table 3 Experimental results of compressive tests on concrete
cubes

Specimen Load max, Pmax
[kN]

Unitary strength
[N/mm2]

1 574 57.4

2 552 55.2

3 394 39.4

4 412 41.2

5 434 43.4

6 494 49.4

7 534 53.4

where: m = m1 +2m2 with m1 the weight of the beam
between the supports and m2 the weight of the part of
the loading arrangement which is not attached to the
machine but follows the beam until failure, g is the ac-
celeration due to gravity, 9.81 m/s2, δ0 is the displace-
ment at the final failure of the beam, Alig is the area
of the ligament which is the integer cross-section. The
average values of GF are reported in Table 1, where
the quantity mgδ0 is assumed to be negligible.

An empirical equation for calculating the crush-
ing energy, Gc , has been recently proposed by Suzuki
et al. [42], taking into account the concrete confined
compressive strength by means of the stirrups yield
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Table 4a Geometrical and mechanical properties of specimens size A

b

[mm]
h

[mm]
�

[mm]
d ′
[mm]

Nodo d ′
[–]

As

[–]
ρ

[–]

A012-06 100 100 600 10 16 1Ø5 0.00196

A025-06 100 100 600 10 16 2Ø5 0.0039

A100-06 100 100 600 10 16 2Ø8 0.01

A200-06 100 100 600 10 16 4Ø8 0.02

A012-12 100 100 1200 10 16 1Ø5 0.00196

A025-12 100 100 1200 10 16 2Ø5 0.0039

A050-12 100 100 1200 10 16 1Ø8 0.005

A100-12 100 100 1200 10 16 2Ø8 0.01

A200-12 100 100 1200 10 16 4Ø8 0.02

A025-18 100 100 1800 10 16 2Ø5 0.00196

A050-18 100 100 1800 10 16 1Ø8 0.005

A100-18 100 100 1800 10 16 2Ø8 0.01

A200-18 100 100 1800 10 16 4Ø8 0.02

Rc

[N/mm2]
Ec

[N/mm2]
GF t

[N/mm]
fy

[N/mm2]
Es

[N/mm2]
fc

[N/mm2]
ft

[N/mm2]
GFc

[N/mm]

A012-06 48.2 10000 0.115 604 210000 40.0 3.0 30

A025-06 48.2 10000 0.115 604 210000 40.0 3.0 30

A100-06 48.2 10000 0.115 643 210000 40.0 3.0 30

A200-06 48.2 10000 0.115 643 210000 40.0 3.0 30

A012-12 48.2 10000 0.115 604 210000 40.0 3.0 30

A025-12 48.2 10000 0.115 604 210000 40.0 3.0 30

A050-12 48.2 10000 0.115 643 210000 40.0 3.0 30

A100-12 48.2 10000 0.115 643 210000 40.0 3.0 30

A200-12 48.2 10000 0.115 643 210000 40.0 3.0 30

A025-18 48.2 10000 0.115 604 210000 40.0 3.0 30

A050-18 48.2 10000 0.115 643 210000 40.0 3.0 30

A100-18 48.2 10000 0.115 643 210000 40.0 3.0 30

A200-18 48.2 10000 0.115 643 210000 40.0 3.0 30

strength and the stirrups volumetric content. There-
fore, the following equations are proposed for the
crushing energy:

GFc

σc0
= GFc0

σc0
+ 10000 · k2

a · pe

σ 2
c0

(7)

GFc0 = 80 − 50kb (8)

kb = 40/σc0 ≤ 1.0 (9)

where GFc0 is the crushing energy for unconfined
concrete, σc0 is the unconfined concrete compressive

strength, pe is the effective lateral pressure, ka is a

confinement coefficient which depends on the strength

and content of stirrups.

The concrete crushing energy for unconfined con-

crete was determined obtaining an average value of

30 N/mm.

The material Young’s modulus, Ec, has been eval-

uated as secant modulus in compression between two

stresses after a determined number of loading cycles,
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Table 4b Geometrical and mechanical properties of specimens size B

b

[mm]
h

[mm]
�

[mm]
d ′
[mm]

Nodo d ′
[–]

As

[–]
ρ

[–]

B025-06 100 200 1200 20 16 1Ø8 0.0025

B050-06 100 200 1200 20 16 2Ø8 0.005

B100-06 100 200 1200 20 16 4Ø8 0.01

B200-06 100 200 1200 20 16 2Ø16 0.02

B025-12 100 200 2400 20 16 1Ø8 0.0025

B100-12 100 200 2400 20 16 4Ø8 0.01

B200-12 100 200 2400 20 16 2Ø16 0.02

Rc

[N/mm2]
Ec

[N/mm2]
GF t

[N/mm]
fy

[N/mm2]
Es

[N/mm2]
fc

[N/mm2]
ft

[N/mm2]
GFc

[N/mm]

B025-06 48.2 10000 0.115 643 210000 40.0 3.0 30

B050-06 48.2 10000 0.115 643 210000 40.0 3.0 30

B100-06 48.2 10000 0.115 643 210000 40.0 3.0 30

B200-06 48.2 10000 0.115 518 210000 40.0 3.0 30

B025-12 48.2 10000 0.115 643 210000 40.0 3.0 30

B100-12 48.2 10000 0.115 643 210000 40.0 3.0 30

B200-12 48.2 10000 0.115 518 210000 40.0 3.0 30

namely, until the strain gauges readings are stabilized
[43]. Ec can be calculated through the expression:

Ec = �σ/�ε (10)

where: �σ = �P/A, with �P is the difference be-
tween maximum and minimum load in a stabilized cy-
cle and A is the specimen cross section, �ε = �l/L,
�l being the difference between the two values of dis-
placement corresponding to the previous loads and L

is the base of measure of the transducer (100 mm). The
values of Ec are reported in Table 2.

Concrete compressive strength, fc, has been ob-
tained from compression standard tests on concrete
cubes 100 × 100 × 100 mm. The single and average
values are reported in Table 3, where Pc is the resis-
tant crushing force, Ac the cube cross-section area, Rc

the cubic compressive strength and fc the cylindrical
compressive strength, with fc = 0.83Rc.

According to Eurocode 2 [26], the concrete flexural
strength, ft , is determined from the following expres-
sion, which depends on the mean value of the cylindri-
cal compressive strength:

ft = 1.4
(
(fc − 8)/10

)3/2 (11)

The average value is 3.0 N/mm2.

Summarizing, concrete compressive strength, ob-
tained by 7 cubic specimens with a side equal to
100 mm, presents a mean value equal to 48.2 N/mm2,
concrete elastic modulus, obtained by 4 specimens of
100 × 100 × 300 mm, presents a mean value equal
to 35000 N/mm2 and, finally, concrete fracture en-
ergy, determined according to RILEM (RILEM TC50-
FMC) on 6 specimens, is characterized by a mean
value of 0.115 N/mm. Therefore, the critical value of
the concrete fracture toughness, according to the fun-
damental relationship proposed by Irwin [32], is:

KIC = √
GFtEc = 59.2 N mm−3/2 (12)

As regards steel reinforcement, it has been constituted
by bars of 5, 8, 16 and 20 mm of nominal diameter.
5 mm diameter bars have not been shown a clear yield-
ing point and, therefore, a conventional limit has been
assumed, from the 0.2 % of plastic strain of the ma-
terial stress-strain curve, equal to 604 N/mm2. More-
over, the yielding strength of 8, 16 and 20 mm bars,
resulted 643, 518 and 567 N/mm2, respectively. In Ta-
bles 4a, 4b and 4c the geometrical characteristics of
the beams and the reinforcement percentages are re-
ported together with the mechanical properties of the
materials.
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Table 4c Geometrical and mechanical properties of specimens size C

b

[mm]
h

[mm]
�

[mm]
d ′
[mm]

Nodo d ′
[–]

As

[–]
ρ

[–]

C012-06 200 400 2400 40 16 2Ø8 0.0012

C025-06 200 400 2400 40 16 4Ø8 0.0025

C050-06 200 400 2400 40 16 2Ø16 0.005

C100-06 200 400 2400 40 16 4Ø16 0.01

C200-06 200 400 2400 40 16 5Ø20 0.02

C012-12 200 400 4800 40 16 2Ø8 0.0012

C100-12 200 400 4800 40 16 4Ø16 0.01

C200-12 200 400 4800 40 16 5Ø20 0.02

C012-18 200 400 7200 40 16 2Ø8 0.0012

C050-18 200 400 7200 40 16 2Ø16 0.005

C100-18 200 400 7200 40 16 4Ø16 0.01

C200-18 200 400 7200 40 16 5Ø20 0.02

Rc

[N/mm2]
Ec

[N/mm2]
GF t

[N/mm]
fy

[N/mm2]
Es

[N/mm2]
fc

[N/mm2]
ft

[N/mm2]
GFc

[N/mm]

C012-06 48.2 10000 0.115 643 210000 40.0 3.0 30

C025-06 48.2 10000 0.115 643 210000 40.0 3.0 30

C050-06 48.2 10000 0.115 518 210000 40.0 3.0 30

C100-06 48.2 10000 0.115 518 210000 40.0 3.0 30

C200-06 48.2 10000 0.115 567 210000 40.0 3.0 30

C012-12 48.2 10000 0.115 643 210000 40.0 3.0 30

C100-12 48.2 10000 0.115 518 210000 40.0 3.0 30

C200-12 48.2 10000 0.115 567 210000 40.0 3.0 30

C012-18 48.2 10000 0.115 643 210000 40.0 3.0 30

C050-18 48.2 10000 0.115 518 210000 40.0 3.0 30

C100-18 48.2 10000 0.115 518 210000 40.0 3.0 30

C200-18 48.2 10000 0.115 567 210000 40.0 3.0 30

Since the proposed model assumes a linear-elastic
perfectly-plastic constitutive law, the yielding strength,
fy , has been assumed equal to the ultimate strength,
fu, and has been varied with the bar diameters accord-
ing to Table 5. This is necessary to predict the correct
ultimate load for steel reinforcement failure. The steel
elastic modulus was set Es = 210000 MPa.

4 Numerical results

A comparison between numerical predictions and ex-
perimental results, in terms of applied load vs. mid-

span deflection curves, is shown in Figs. 7, 8 and 9. In
the numerical simulations the RC element of Fig. 4a is
assumed to be representative of the mid-span portion
of the beam subjected to three-point-bending test. As a
result, the mid-span deflection is obtained as the sum
of the contribution of the localized rotation given by
Eq. (4) and the elastic contribution, according to the
following expression:

δ = δloc + δel = ϑL

4
+ 1

48

PL3

EcI
, (13)

where L is the beam span, and I is the moment of
inertia of the cross-section.
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Table 5 Mechanical steel properties

φ

[mm]
Py

[daN]
Pr

[daN]
σs

[N/mm2]
�L

[mm]
Length
[mm]

Weight
[g]

8 3300 3500 656 6.7 394 156

8 3225 3410 641 6.4 393 155

8 3210 3450 638 6.2 398 157

8 3210 3440 638 6 392 155

5 1215 1390 608.6 3.3 402 63

5 1200 1300 601 3.2 413 65

16 10020 14380 525 17.1 694 1040

16 10200 14330 534.3 17.3 714 1070

16 9450 14320 495 18.2 687 1030

20 17400 19610 583 24.6 611 1430

20 16800 19760 559.5 22 716 1670

20 16800 19610 559.5 23.3 611 1430

(a)

Fig. 7 Numerical (thicker curve) vs. experimental P [kN]–δ [mm] curves for specimens size A: (a) l/h = 6; (b) l/h = 12;
(c) l/h = 18

The value of the elastic modulus adopted in the
simulations has been set up in order to optimize the
numerical-experimental comparisons in the case of the

beams with the lowest reinforcement (ρ = 0.12 %,
0.25 %). In particular, Ec = 10000 N/mm2 has been
assumed for all the considered beams, cast by con-
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(b)

(c)

Fig. 7 (Continued)
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(a)

(b)

Fig. 8 Numerical (thicker curve) vs. experimental P [kN]–δ [mm] curves for specimens size B: (a) l/h = 6; (b) l/h = 12
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crete having an average compressive strength equal
to 40 MPa. The curves in Figs. 7–9 evidence a gen-
eral good agreement between numerical and experi-
mental results. However, it has to be emphasized that
the hypothesis of sectional localization characterizing
the proposed model becomes less consistent with the
real mechanical behaviour of RC beams in the case of
high steel percentages where, indeed, the fracture phe-
nomenon is more spread along the beam length.

For this reason, most of the experimental curves
show a nearly linear-elastic branch, up to the first
cracking load, followed by a second inclined branch
due to a decrease in the tensile stiffness due to the
cracking phenomenon.

Figures 7–9 represent the experimental vs. numeri-
cal comparison.

Depending on the reinforcement percentage, it is
possible to observe a transition from a pure flexural

(a)

Fig. 9 Numerical (thicker curve) vs. experimental P [kN]–δ [mm] curves for specimens size C: (a) l/h = 6; (b) l/h = 12;
(c) l/h = 18
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(b)

(c)

Fig. 9 (Continued)
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Fig. 10 Fundamental collapse mechanisms of RC beams

collapse to a crushing collapse of concrete in com-
pression. In general, for low reinforcement percent-
ages, such as ρ = 0.12 %, 0.25 % and 0.50 %, steel
yielding precedes crushing of concrete in compres-
sion. The first peak in the moment, M , vs. rotation, φ,
curve corresponds to the first crack formation, the con-
crete tensile strength being reached, while the second
peak corresponds to steel yielding, which is always
followed by a plastic plateau. On the other hand, for
high reinforcement percentages, such as ρ = 1.00 %
and 2.00 %, crushing of concrete in compression pre-
cedes steel yielding in tension. In this cases, in fact, the
moment, M , vs. rotation, φ, curves show a descend-
ing branch that indicates the crushing phenomenon.
Some cases, e.g. size A, λ = 18 and ρ = 2.0 %, show
an elastic-perfectly brittle behaviour, in fact, after the
peak load is reached, the response shows a sudden
drop in the load carrying capacity with a definitive col-
lapse for concrete crushing in compression without the
reinforcement is yielding.

The load-deflection diagrams have evidenced that,
for constant slenderness and reinforcement percent-
age, the peak load and displacement increase by in-
creasing the beam size-scale. On the other hand, for

constant size and reinforcement percentage, by in-
creasing the beam slenderness, the peak-load displace-
ment increases whereas the peak load decreases, more-
over the behaviour appearing sensibly more ductile.

5 Discussion and conclusions

The integrated Cohesive/Overlapping model is applied
to the study of the flexural behaviour of reinforced
concrete beams by interpreting the results available
from an experimental investigation proposed by the
ESIS Technical Committee 9 on Concrete [6, 9]. The
aim of the research was to give a rational and unified
explanation to the transitions usually observable be-
tween collapse mechanisms of RC beams in flexure.

Reinforced concrete beams undergo different fail-
ure mechanisms by varying steel percentage and/or
beam slenderness and/or beam size-scale (see Fig. 10).
Three fundamental collapse mechanisms are foreseen:

– nucleation and propagation of cracks at the edge in
tension (flexural failure);

– crushing at the edge in compression (crushing fail-
ure);



Meccanica (2013) 48:2349–2366 2365

Table 6 Failure mechanisms of the tested beams (® rupture of
reinforcement under low displacements; � rupture of reinforce-
ment under high displacements; O collapse of concrete with a
smooth peak; � peak at a low displacement and crushing of
concrete; © error of the test (high reinforcement percentage);
T shear collapse)

A012-06 ® B200-06 �

A025-06 � B025-12 �
A100-06 O B100-12 O

A200-06 � B200-12 O

A012-12 � C012-06 �
A025-12 � C025-06 �
A050-12 O C050-06 O

A100-12 O C100-06 T

A200-12 � C200-06 T

A025-18 � C012-12 �
A050-18 O C100-12 T

A100-18 O C200-12 �

A200-18 © C012-18 �
B025-06 � C050-12 O

B050-06 O C100-18 O

B100-06 O C200-18 �

– formation of inclined shear cracks (shear failure).

In particular, for a constant size and by increasing
the reinforcement percentage, it has been verified the
existence of a transitional failure process which from
ductile has become brittle. In fact, by increasing the
steel content a collapse transition occurs, which moves
from the tensile to the compressive edge.

Table 6 shows the type of rupture occurred for each
beam.

The experimental vs. numerical comparisons dem-
onstrate that the proposed model can be successfully
applied to the study of reinforced concrete, revealing
the influence of size-scale, reinforcement percentage,
and slenderness in the mechanical behaviour of the
beams in flexure.
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