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a b s t r a c t

In this work, the Acoustic Emission signals were captured by sensors applied to the exter-
nal surfaces of a prismatic concrete specimen subjected to compression loads. In this con-
text, the experimental results are presented in terms of stress–time diagram and also, the
variation in the Gutenberg–Richter law, that is, the relation proposed between the Acoustic
Emission cumulative counts and its magnitude. This law is obtained during each phase of
the test and in the final stage.

A three-dimensional lattice model, known as truss-like Discrete Element Method, also
modeled the same specimen. The numerical results present a good correlation with those
obtained from the experimental test also in terms of typical Acoustic Emission parameters,
such as count rate, cumulative counts, and the variation in the Gutenberg–Richter law.

Using the truss-like discrete element model, the relationship between the Acoustic Emis-
sion signal magnitude and the energy released from each localized rupture has also been
analyzed. The obtained results are compatible with the Gutenberg–Richter energy–magni-
tude relation. Finally, the numerical results have been analyzed in terms of Acoustic Emis-
sion signal frequency. The simulation presents the same pattern with the experimental
results: a shift towards lower Acoustic Emission signal frequencies during the evolution
of the damage process.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

From a physical point of view, the phenomenon of damage can be seen as surface discontinuities in the form of cracks, or
volume discontinuities in the form of cavities [1,2]. Since the size of cracks or interior defects cannot be identified, it is very
difficult to macroscopically distinguish a highly damaged element from an undamaged one. Therefore, it becomes necessary
to define internal variables, which are directly accessible to measurement, in order to represent the deteriorated state of the
material [1–3].

An advanced method for the quantitative non-destructive evaluation of damage progression is the Acoustic Emission (AE)
technique. Physically, AE is a phenomenon caused by the structural alteration of a solid material, in which transient elastic-
waves are generated due to a rapid release of strain energy. AEs are also known as stress-wave emissions. AE waves, whose
frequencies usually range from kHz to MHz, propagate through the material towards the surface of the structural element,
then, sensors, which turn the released strain energy packages into electrical signals [4–13], can detect them. In the present
study, USAM resonant sensors (accepting signals from 50 to 800 kHz frequency range) have been used, since concrete
strongly attenuates emissions and high sensitivity is required [9,10,13]. Traditionally, in AE testing, a number of parameters,
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Nomenclature

A Acoustic Emission (AE) amplitude
N(PA) number of Acoustic Emission (AE) signals with amplitude PA
D fractal dimension
Er energy released during an earthquake or Acoustic Emission event
m Acoustic Emission amplitude A in logarithm scale (m = Log10 A)
b called ‘‘b-value’’, is the negative slope of the LogN(PA) vs. m relation
g coordinate in the origin in the LogN vs. m diagram
N(PEr) number of events with value PLogEr

a adjustment coefficients in the LogN(PLogEr) vs. LogEr relation
x adjustment coefficients in the LogEr vs. LogA relation
D increment
Ee elastic energy stored in the body during the fracture process
Ed energy dissipated in the fracture process
Ek kinetic energy evaluated during the fracture process
L length of the side of the cubic module in the lattice model used
Al and Ad cross-sectional areas of the longitudinal and diagonal elements respectively in the lattice model used
/, g coefficients that let to compute the transversal area of the elements and the length L
m the Poisson’s ratio
x, _x and €x vectors that contain the nodal displacements, velocities and accelerations, respectively
M and C mass and damping matrices
Fr(t) and P(t) the internal and external nodal load vectors
t time
Cp propagation velocity of longitudinal waves
E the longitudinal elastic module
S fracture area of a solid cube of side L
F elemental axial force in truss-like discrete element model
e strain
# energy dissipated by the fracturing process of a solid cube, due to a crack parallel to one of its faces
Gf specific fracture energy
A�i equivalent fracture area of each element is defined in order to satisfy the condition that the energies dis-

sipated by fracture of the continuum and by its discrete representation are equivalent. (i = l indicates a lon-
gitudinal bars, i:d indicates diagonal bars)

ep critical failure strain defined as the largest strain attained by the element before the initiation of damage
er limit strain, where the element loses its load carrying capacity
Rf failure factor, which may account for the presence of an intrinsic defect of size a
a the intrinsic defect of size into the element in the lattice model
Y dimensionless parameter that depends on both the specimen and crack geometry
Kr failure coefficient that relates the critical strain ep with the limit strain er (er = Krep)
Lcr value of the elemental length L when Kr = 1
b and c scale and shape parameters in the Weibull distribution function
X Weibull type probability distribution function
C(x) Gamma function
l mean value
s standard deviation
u random number with a uniform probability distribution in the [0,1] interval
CV coefficient of variation
Pmax maximum value reached by the load
dr displacement when the rupture takes place
h value of acceleration computed in the numerical simulation
ho reference value of acceleration computed in the numerical simulation that let to normalize the magnitude

of the AE events obtained numerically
Athres relative AE magnitude threshold considered in the compute of the b-values using the results obtained in

the simulation
Ninst rate of the AE events
tf time when the collapse takes place
Ek(ti), Ed(ti) kinetic and damaged energy during the simulation measured in specific time ti

tF instant at which the typical drop in the potential energy occurs during the simulation process
tFa and tFb times in which the potential energy drops during the simulation
v, k, h, s adjusting coefficients

82 I. Iturrioz et al. / Engineering Fracture Mechanics 110 (2013) 81–98



such as arrival time, velocity, amplitude, duration and frequency are recorded from the signals. From these parameters the
damage conditions and location of the AE sources are determined [14].

Moreover, using the AE technique, an effective damage assessment criterion is obtained from the statistical analysis
of the AE signals amplitude distribution that emerges from the growing microcracks. The amplitudes of such signals are
distributed according to the Gutenberg–Richter (GR) law, N (PA) / A�b, where N is the number of AE signals with ampli-
tude P A. The exponent b of the GR law, the so-called b-value, changes with the different stages of damage growth: the
initially dominant microcracking generates a large number of low-amplitude AE signals, while the subsequent
macrocracking generates fewer signals, but of higher amplitude. This implies a progressive decrease in the b-value as
the specimen approaches impending failure: this is the core of the so-called ‘‘b-value analysis’’ used for damage assess-
ment [4–10,12,15].

On the other hand, the damage process is also characterized by a progressive localization identified through the fractal
dimension D of the damaged domain. It is possible to prove that 2b = D [3,10,16,17]. Therefore, it is possible to identify
the energy release modalities in a structural element during the AE monitoring process by determining the b-value. The ex-
treme cases envisaged are D = 3.0, which corresponds to the critical conditions b = 1.5, when the energy release takes place
through small defects homogeneously distributed throughout the volume; and D = 2.0, which corresponds to b = 1.0, when
energy release takes place on a fracture surface. In the former case, diffused damage is observed, whereas in the latter, two
dimensional cracks are formed leading to the separation of the structural element.

A classical energy–magnitude relation, adjusted using earthquake data, was proposed in seismology by Ritcher [18]. This
empirical law allows us to affirm that LogEr1 1.5 m, where Er represents the energy released during an earthquake, and m is
the magnitude on the Richter scale. Scholz [19] demonstrated that in many ways the statistical behavior of micro-fracturing
activity observed in AE laboratory experiments present the same pattern to that observed for earthquakes; so that the same
power-law is valid if we consider the signal trace amplitude measured by AE devices, rather than the seismogram instru-
mental magnitude.

Finally, it is possible to recognize a typical pattern in terms of signal frequency, which has been determined, among oth-
ers, by Schiavi et al. [20]: the lowest frequencies of AE signals tend to diminish when the damage process goes from the crit-
ical state to collapse.

In this paper, following the presentation of the fundamental theory concerning the b-value, and a brief description of the
truss-like discrete element model used to make the numerical simulations, a laboratory uniaxial compression test on a con-
crete specimen is described. The experimental results are shown in terms of load vs. time diagram, energy balance, classical
b-value, alternative b-value computed by the kinetic and dissipated energy rate, and variation of the AE signal frequency ana-
lyzed during the fracture process. The results are compared with those obtained by means of the numerical truss-like dis-
crete element model.

2. b-Value analysis

Magnitude (m) is a Geophysics log-scale quantity, and it is often used to measure the amplitude of an electrical signal
generated by an AE event. The magnitude is related to the event amplitude A, expressed in microvolts (lV), by the equation
[4,6,9,10,15]:

m ¼ Log10 A: ð1Þ

The Gutenberg–Richter (GR) law, initially used in seismicity, it is widely accepted and describes the statistical distribution
of AE signal amplitudes [4,6,9,10,15]:

LogNðP mÞ ¼ g � bm; ð2Þ

where N is the number of peaks with magnitude greater than m, while the coefficient b, called ‘‘b-value’’, is the negative slope
of the Log N vs. m diagram. Microcracks release low-amplitude AEs, while macrocracks release high-amplitude AEs. This
intuitive relationship is confirmed by the experimental result, which shows how the area of crack advancement is propor-
tional to the amplitude of the related AE signal [13].

cEd and cEk estimations of the c coefficient
dEd and dEk estimations of the d coefficient
fc fundamental frequency of vibration related to the longitudinal bars in the truss-like discrete element

model used
Tc fundamental period of vibration related to the longitudinal bars in the truss-like discrete element model

used
tmax last time captured during the simulation. This value was used to normalized the simulation process time
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From Eq. (2) it results that microcracks generate AE events with low magnitudes, and therefore lead to relatively high b-
values (raising the threshold m, the number of surviving signals rapidly decays). Instead, when macrocracks start to appear,
lower b-values are observed. Therefore the analysis of the b-value, which changes systematically with the different stages of
the fracture process [4–10,12,15], has been recognized as a useful tool for damage level assessment.

In general terms, the fracture process moves from micro to macrocracking as the material approaches impending failure
and the b-value decreases. When the tested material approaches the peak load, the b-value is found to be around 1.5. Then, it
decreases and attains values �1.0 or less, when the material approaches failure [6,7,9,10,12,15]. Furthermore, as pointed out
in Carpinteri et al. [15], the b-value statistical analysis is closely connected to the fractal geometry approach used in the dam-
age mechanics of heterogeneous materials. Fractal geometry can be considered a natural tool to characterize self-organized
processes and the scaling laws that arise from the critical points.

3. Relationship between released energy and magnitude

It is possible to write the relation between the released energy, Er, during a damage process, and the amplitude, A of the
AE events, in the following form:

Er ¼ xAc
; ð3Þ

or, by applying logarithms to both sides:

LogEr ¼ Logxþ c LogA; ð4Þ

where x and c are adjustment coefficients.
From physics it is known that the energy carried by elastic waves is proportional to the square of the signal amplitude;

this fact permits to justify c = 2 in Eq. (3), and then we could write:

Er ¼ xA2: ð5Þ

The first experimental results, taking into consideration Eq. (5), attributed to x the value of 8.0, but, in this case, the en-
ergy associated with earthquakes of low magnitude was underestimated [18]. Afterwards, by adjusting the parameters of Eq.
(3) with experimental results obtained from earthquakes of magnitude m < 7, Richter proposed the following expressions
[18]:

Er ¼ 11:4A1:5
; ð6Þ

or

LogEr ¼ 11:4þ 1:5LogA: ð7Þ

Eq. (6) is closely linked to theoretical studies on the energy released from short distances, such as measured near the epi-
center of the seismic phenomenon. Moreover, this relation, if compared with Eq. (5), features an overestimating of the energy
released from low-intensity earthquakes. Given the high frequency of earthquakes with magnitude less than m = 7.0, earth-
quakes in the Richter scale magnitude comprised between 6.0 and 6.9 have a frequency approximately of 120 per year on
Earth’s crust, Eq. (6) is still the most used. However, considering Eq. (5) with x = 8, and Eq. (6), it can be observed that
for m = 6.8 the values of the energy supplied by the two equations coincide. In both cases we get: LogEr = 21.6. Therefore,
following Richter, to obtain a plausible estimate of the energy released from earthquakes of magnitude greater than
m = 6.8, it is also possible to use Eq. (5).

Considering Eq. (3), Scholz [19] presented a scale-independent analytical model that can be applied in laboratory tests or
seismic events. This model uses strong but plausible hypotheses: (i) it works with anisotropic linear elastic material; (ii) all
the cracks are considered of a penny-shape type, and, although they can have different sizes, they must be similar to each
other; and (iii) the mean stress applied to the domain is constant. This analytical model allows us to obtain interesting con-
clusions about the b-value defined above. Among others, the model predicts the tendency of the b-value to decrease when
the fracture process develops.

A general discussion about different global parameters commonly applied in seismology is presented in Kanamori and
Anderson [21]. They analyzed the relationship between the elastic energy released in an earthquake, Er, and the signal ampli-
tude, A, and emphasized that not all the increments elastic energy, DEe, are related to the AE events amplitude. A part of
these increments is dissipated in the fracture process (DEd), and another part becomes kinetic energy that we call released
energy Er.

As a matter of fact, also in Carpinteri et al. [22], the authors indicated that the AE events, generated by mechanical waves,
are directly related to the energy released, Er, during the damage process. The released energy Er is correlated to the incre-
ments DEd of the energy dissipated during the damage process, but they are not the same. Variations in elastic energy, DEe,
that do not produce transient waves, are not detected as AE events.
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Fig. 1. DEM discretization strategy: (a) basic cubic module and (b) generation of a prismatic body.

Fig. 2. Flow chart with the DEM algorithm.
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4. Relationship between the released energy and the number of events

In Chakrabarti and Benguigui [23], the relationship between the number of events N (PEr) and the released energy Er was
also shown in the following form:

LogNðP LogErÞ ¼ Loga� dLog ðErÞ: ð8Þ

As mentioned in [23], the expected d value in the seismology context must fall between 0.8 and 1.1. Moreover, it is easy to
verify that by combining Eqs. (2) and (8), we obtain Eq. (3), where the coefficient c = b/d.

The fundamental relations discussed in Sections 2–4 are in perfect agreement with the results obtained by means of the
DEM truss-like discrete element model simulation presented in this work, in which the correlation between the Acoustic
Emission signals amplitude A, the number of events N, and the measurement of the released energy Er during the simulation
are analyzed.

5. Truss-like Discrete Element Method (DEM)

In the truss-like discrete element model used here, (DEM), a continuum is represented by a set of lumped masses inter-
connected by a set of unidimensional elements or bars. Fig. 1a and b presents the discretization of a cubic system, for which
the stiffness of the DEM elements, corresponding to an equivalent orthotropic linear elastic material, were obtained accord-
ing to Nayfeh and Hefzy [24].

Damage energy, 
Udmg

Elastic strain 
energy, Uel

EAi 

F 

ε
εp 

P 

O 

A 

C 

B 

εr 

Fig. 3. Bilinear constitutive law adopted for DEM uniaxial elements.

εp

Pcr

F

ε

Fig. 4. The constitutive law and its variation when Gf is considered as a random field.
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The basic cubic module has 20 elements and 9 nodes. Each node has three degrees of freedom, namely the three compo-
nents of the displacement vector in a global reference system. In the case of an isotropic elastic material, the cross-sectional
area Al of the longitudinal elements (those defining the edges of the module, and those parallel to the edges connected to the
node located in the center of the module) in the equivalent discrete model is:

Fig. 5. Concrete specimen in compression. (a) Cross-section of the specimen. (b) Assonometric projection with the positioned AE sensors. (c) Overview of
the four specimen faces.
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Fig. 6. Concrete specimen in compression. (a) Load–time diagram of the test performed in displacement control mode. The specimen failed in a quasi-
brittle manner: in region I, where linear elasticity is valid, there is little damage (i.e., low-amplitude AE events), while in regions II and III, damage results in
a deviation from linear elasticity and an increase in the AE level. (b) Photo of the MTS machine and of the specimen during the test. The devices utilized to
detect the AE signals can be observed on the left.
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Al ¼ /L2; ð9Þ

where L is the length of the side of the cubic module under consideration. Similarly, the area Ad of the diagonal elements is:

Ad ¼
2ffiffiffi
3
p g/L2: ð10Þ

It should be noted that there is a difference in length between the longitudinal and diagonal elements, since:

L ¼ ð2=
ffiffiffi
3
p
ÞLd: ð11Þ

For isotropic solids:

Fig. 7. Concrete specimen in compression: b-values during the three stages of the loading test. It should be pointed out that the event amplitudes A are
reported in the x-axis, instead of the magnitudes m.

Fig. 8. (a) Experimental rupture configuration. (b) Numerical rupture configuration, plotting of the nodes. (c) Plotting of the fractured elemental bars near
total collapse. (d) Initial configuration in which the applied boundary conditions are shown.

Table 1
Main mechanical properties adopted in the DEM simulation.

E (elastic Young’s modulus) = 9 GPa
q (density) = 2500 kg/m3

l(Gf) = 560 N/m (mean value), CV(Gf) = 50%
l(ep) (mean critical strain) = 2.4 � 10�4
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/ ¼ ð9þ 8gÞ=ð18þ 24gÞ; ð12Þ

g ¼ 9mð4� 8mÞ; ð13Þ

where m is Poisson’s ratio. The correspondence between the equivalent discrete solid and the isotropic continuum is com-
plete for m = 0.25. On the other hand, small discrepancies appear in the shear terms for values of m – 0.25, which nevertheless

Fig. 9. (a) Load vs. time, comparison between the experimental (continue line) and numerical simulation (dashed line). (b) Normalized energy balance vs.
time (Ee: elastic energy; Ek: kinetic energy; Ed: dissipated energy; Etot = Ee + Ek + Ed = 2495 Nm at t⁄).

Fig. 10. Numerical results. (a) Load vs. time diagram, cumulated AE events (N) and AE event rate (Ninst) vs. time. (b) Typical AE signal obtained numerically.
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Fig. 11. Numerical results for the concrete specimen under uniaxial compression: b-values computed during the simulation, (a) [0, 18,000] s interval and (b)
[18,000, tf] s interval. The event amplitudes in the diagrams are represented by normalized unity A, while N represents the cumulated AE events.
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may be neglected. It is interesting to note that, while truss-like model cannot precisely represent a locally isotropic contin-
uum, it can also be argued that no perfect locally isotropic continuum exists in the physical world. In fact, continuum itself
does not exist. Isotropy in solids is a bulk property that reflects the properties of the random distribution of the orientation
of the elements. The derivation of the areas of longitudinal and diagonal elements is given for a cubic array by Eqs. (9) and
(10) as reported in [24–26].

The equations of motion are obtained from equilibrium conditions of all the forces acting on the nodal masses, which re-
sult in a system of equations with the form:

M€xþ C _xþ FðtÞ þ PðtÞ ¼ 0; ð14Þ

in which x, _x and €x denote the vectors that contain the nodal displacements, velocities and accelerations, respectively, while
M and C are the mass and damping matrices. The vectors F(t) and P(t) contain the internal and external nodal loads.

Since matrices M and C are diagonal, the terms in Eq. (14) are not coupled, and can easily be integrated in the time domain
using an explicit finite difference scheme. It is worth noting that, since nodal coordinates are updated at each time step, large
displacements are accounted for naturally. Stability of the integration scheme is guaranteed by adopting a time interval Dt in
the integration process so that:

Dt 6
0:6L
CP

; ð15Þ

in which Cp is the propagation velocity of longitudinal waves,

CP ¼
ffiffiffiffiffiffiffiffi
E=p

p
: ð16Þ

The convergence of DEM solutions in linear elasticity and elastic instability problems has been verified by Dalguer et al.
[26], among others. In Fig. 2 a general flow chart helps to understand the algorithm.

6. Non-linear constitutive model for material damage

Riera [27] and Rios and Riera [28] adopted the softening law for quasi brittle materials proposed by Hillerborg [29] and
extended the Discrete Element Model to deal with brittle fracture by means of the bilinear constitutive relationship (ECR)
shown in Fig. 3, which allows to account for the irreversible effects of crack nucleation and propagation, and therefore, pre-
dicts the reduction in the element load carrying capacity due to damage. The area under the force vs. strain curve (the area of
triangle OAB in Fig. 3) represents the necessary energy density to fracture the area of influence of the element. Thus, for a
given point P on the force vs. strain curve, the area of the triangle OPC represents the reversible elastic energy density stored
in the element, whereas the area of triangle OAP is the energy density dissipated by damage. Once the damage energy density
is equal to the fracture energy, the element fails and loses its load carrying capacity. Instead, in the case of compressive loads,
the behavior of the material is assumed linearly elastic. Thus, failure in compression is induced only by indirect traction.

The constitutive parameters and symbols are shown in Fig. 3 [30]. The axial force F of the element depends on the axial
strain e. The area associated to each element is given by Eqs. (9) and (10) for longitudinal and diagonal elements, respec-
tively. An equivalent fracture area A�i of each element is defined in order to satisfy the condition that the energies dissipated
by fracture of the continuum and by its discrete representation are equivalent. To this aim, fracturing of a cubic sample of
dimensions L � L � L is considered. The energy dissipated by fracturing of a continuum cube, due to a crack parallel to one of
its faces, is:

# ¼ Gf S ¼ Gf L
2; ð17Þ

in which S is the actual fractured area, i.e. L2. On the other hand, the energy dissipated when a DEM module of L � L � L
dimensions fractures into two parts, which consist of the contributions of five longitudinal elements. More details about this
topic could be founded in [39].

The critical failure strain (ep) is defined as the largest strain attained by the element before the initiation of damage (point
A in Fig. 3). The relationship between ep and the specific fracture energy Gf is given in terms of Linear Elastic Fracture
Mechanics as:

ep ¼ Rf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gf

Eð1� m2Þ

s
; ð18Þ

in which Rf is the so-called failure factor, which may account for the presence of an intrinsic defect of size a. Rf may be ex-
pressed in the following terms:

Rf ¼
1

Y
ffiffiffi
a
p ; ð19Þ

in which Y is a dimensionless parameter that depends on both the specimen and crack geometry. The element loses its load
carrying capacity when the limit strain er is reached (point C in Fig. 3). This value must satisfy the condition that, upon failure
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of the element, the dissipated energy density equals the product of the element fracture area A�i times the specific fracture
energy Gf, divided by the element length. Hence:Z er

0
FðeÞde ¼ Gf � A�i

Li
¼

Kr � e2
p � E � Ai

2
; ð20Þ

in which the sub index i is replaced by l or d, depending on whether the element under consideration is longitudinal or diag-
onal. The coefficient Kr is a function of the material properties and the element length Li:

Kr ¼
Gf

Ee2
p

 !
A�i
Ai

� �
2
Li

� �
: ð21Þ

In order to guarantee the stability of the algorithm, the condition Kr P 1 must be satisfied [31].
An expression of the limit strain is:

er ¼ Krep: ð22Þ

It is also worth noting that, although the DEM uses a scalar damage law to describe the uniaxial behavior of the elements,
the global model accounts for anisotropic damage since it has elements orientated in different spatial directions.

Finally, note that the so-called truss elements simply serve to visualize the direction of forces between two nodal masses,
and are thus mainly useful for engineering calculations. They do not exist physically (the truss elements are massless). The
complete ‘‘failure’’ of an element simply implies that there are no forces acting between the corresponding interconnected
nodes, and it does not mean that there is ‘‘fracture’’ unless all truss elements that cross a measurable surface are broken.

7. Random distribution of the material parameters in the DEM environment

Rocha et al. [30] introduced the possibility of considering the toughness in DEM as a random parameter. They defined the
toughness Gf with a Weibull type probability distribution, using the two parameters given from the following expression:

XðGf Þ ¼ 1� exp½�ðGf =bÞc�; ð23Þ

where b and c are the scale and shape parameters, respectively. It is possible to verify that the following expressions allow us
to define the mean value (l) and the standard deviation (s):

l ¼ b½Cð1þ 1=cÞ�; ð24Þ

s ¼ b½Cð1þ 2=cÞ � C2ð1þ 1=cÞ�1=2
; ð25Þ

where CðxÞ ¼
R1

0 tx�1e�tdt is a Gamma function.
If we wish to simulate pseudo random values of Gf, it is possible to use, the following expression:

Gf ¼ b½� lnð1� uÞ�1=c; ð26Þ

where u is a random number with a uniform probability distribution in the [0,1] interval. The correlation length of the ran-
dom field simulated in the simplest formulation of DEM was obtained considering that the correlation length of the random
field is a function of the basic DEM element.

This constitutes a very important limitation because, if the discretization level is changed, the characteristics of the ran-
dom field are changed. However, it is now possible for the correlation length of the random field to become independent
from the discretization level (see [32] for the implementation procedure). A scheme showing the constitutive law variations
among the bars of the model is presented in Fig. 4.

The incorporation of the random nature in the properties also lets to avoid the influence of the regular lattice mesh in the
response.

This version of truss-like discrete element model, called here DEM, has been successfully used to solve structural dynam-
ics problems, such as shells subjected to impulsive loading [33,34], fracture of elastic foundations on soft sand beds [35],
recreation of the generation and subsequent spread of an earthquake [25,26], the study of the scale effect in concrete
[28], and in rock dowels, [36,37], the computation of fracture parameters in static and dynamic problems [38–40], and in
the study of Strength of Brittle Materials under High Strain Rates [41]. Based on these references, we consider the DEM a
good numerical alternative to simulate the acoustical emission in the following application. Similar approach using other
version of truss-like discrete element model could be consulted in [42–44].

8. Concrete prismatic specimen subject to uniaxial compression

A concrete specimen in compression was investigated through AE monitoring in a laboratory test. The concrete, of good
mechanical properties, characterized by a compressive strength comprised between 50 and 60 MPa, presents an apparent
specific weight of about 2.38 g/cm3 and a maximum aggregate size of about 15 mm. The water-cement ratio is limited in
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0.38, while the cement content is of about 320 kg/m3. The concrete was made according to the European UNI EN 206-1: 2006
and UNI EN 1992-1-1: 2005 rules. This specimen is part of a group specifically realized for this kind of tests.

Six AE transducers (indicated as SAE 1 to SAE 6) were placed on the surface of the specimen, a prism measuring
160 � 160 � 500 mm3 (see Fig. 5) [14]. The test has been performed in displacement control mode using an electronic con-
trolled Servo-hydraulic Material Testing Systems machine (MTS 311,31 model), with a capacity of 1800 kN, and imposing a
constant rate of displacement on the upper loading platen: the displacement rate in the first 104 s was dd/dt = 10�5 mm/s,
and it was then increased to 10�4 mm/s up to failure.

This kind of machine is controlled by an electronic closed-loop servo-hydraulic system (Fig. 6b). It is therefore possible to
perform tests under load or displacement control. The displacements are recorded by four strain gauges (HBM 1-LY41-50/
120 model) placed on the specimen surface. In spite of the low value chosen for the displacement rate, the specimen has
failed in a brittle manner, as can be seen in the load vs. time (strain) diagram in Fig. 6a, where the linear branch extends
over almost the entire duration of the test.

The characterization of the fracture process was carried out using the b-value analysis. The loading test was divided into
three stages: the first stage, where linear elasticity was still valid, and two subsequent stages characterized by deviations
from linear elasticity and the existence of damage. The b-value calculated at the earliest stage of the loading test, where lin-
ear elasticity was still valid, was 1.75, an index of a low damage level. The b-values calculated in the two following stages of
the damage region were 1.39 and 1.26, respectively, confirming the decreasing trend of the b-value as the damage developed
(Fig. 7). The final configuration of the specimen after testing is shown in Fig. 8a.

9. The implemented numerical model

The numerical model of the specimen was built with 27 � 27 � 86 cubic modules. Each cubic module has a side length of
L = 6 mm, therefore the model contains 13 � 104 nodes, and 88 � 104 elemental bars. Using the load vs. time diagram, and
the information described in Section 8, an initial elastic modulus of E = 9 GPa was obtained. This value of E is lower than the
classical value of concrete (normally 35–40 GPa). This is due to the fact that the specimen had been subjected to a pre-dam-
age process before the main test was carried out. The specimen was subjected to a uniform compression load up to 1300 kN
for two consecutive days, and then unloaded. During the main test, the damaged specimen was reloaded up to collapse by
applying the displacement rates indicated in Section 8, and AE sensors monitored it. The material properties summarized in
Table 1 were used in the DEM simulation. The experimental results, in terms of load vs. time diagram, are reported in Fig. 6a
and in Fig. 9a.

The parameter Gf is directly proportional to the area below the force vs. strain diagram presented in Fig. 3. A layout of the
model and the applied boundary conditions are presented in Fig. 8d. The parameter Gf is defined as a random field with the
mean and variation coefficient, presented in Table 1, using a probability Weibull density distribution. In this numerical
implementation, the level of discretization employed (L = 6 mm) is directly linked with correlation length of the random field
of Gf, associated with the grain size of the material. About the computation time required for numerical simulations on sim-
ilar problems presented in this work, it is in the order of 10 h for a normal desktop. On the other hand, it is easy to apply
vectorization and parallelization techniques in DEM algorithms if we need to compute heavier models.

The relationship between the variation coefficient of the random field Gf and the critical strain ep are represented by the
following equation:

CVðepÞ ¼ 0:5CVðGf Þ: ð27Þ

A virtual sensor was located in the position indicated in Fig. 5 (SAE 1). The perpendicular acceleration of the sensor surface
was captured by the same virtual sensor, and interpreted as a measure of the AE signals. A typical captured signal is shown in
Fig. 10b. The numerical simulation was carried out using the fastest displacement rate prescribed in the experimental test,
taking care not to introduce important inertial effects. This can be verified in Fig. 9b, which presents the energy balance cal-
culated during the simulation. The kinetic energy represented in this plot has very low values until the catastrophic speci-
men collapse.

10. Numerical results

10.1. Final configuration, load and energy vs. time

The experimental and numerical specimen configuration pertaining to the end of the test are shown in Fig. 8a and b,
respectively. In these plots, it is possible to appreciate that the upper sections of the specimen are the most damaged,
and that cone-shaped ruptures have occurred in the proximity of the ends of the specimen. This is due to the confinement
of the transversal displacements at both ends (see Fig. 8d).

The fractured bars close to the final specimen collapse are plotted in Fig. 8c. In this figure it is shown how the main frac-
ture mechanism occurs when the ultimate strength is reached with the transversal (perpendicular to the load direction) bars
in traction.
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A comparison between experimental test and numerical simulation, in terms of load vs. time diagrams, is shown in
Fig. 9a. The peak loads and the areas of the plotted curves present a good correlation, but there are some differences between
the way the experimental and numerical specimens reach the collapse. In the experimental curve, the loss of linearity near
the peak load shows that the maximum amount of damage occurred in the last part of the diagram. A sharp drop in stress has
taken place in the simulation curve in the second part of the process.

The elastic energy stored in the specimen, the dissipated energy and the kinetic energy of the system are shown in Fig. 9b.
The three quantities are computed over all the parts of the system, at each integration step, by means of the motion equation
presented in Eq. (14). The kinetic energy shows very low values up to the abrupt collapse, as can be observed in Fig. 9b. This
confirms that negligible inertial effects appear during the simulation.

In order to obtain an overall verification of the numerical results, the maximum elastic energy stored in the specimen
could be computed using the experimental values in the following way:

Ee ¼ ð1=2ÞPmaxdr; ð28Þ

where Pmax = 1400 kN, as provided in Figs. 5 and 8, while the maximum displacement could be computed as follows:
dr = (dd/dt)(tr) = 10�5 mm/s � 34,000 s = 3.4 mm.

We thus obtain:

Ee ¼ ð1=2Þð3:4� 10�3 mÞð1400 kNÞ ¼ 2380 Nm: ð29Þ

As shown in Fig. 8b, the maximum value for the elastic energy stored during the experimental test is �2500 Nm, which is
compatible with the 2380 Nm obtained numerically. It is possible to carry out this simplified verification because, in the
present case, the behavior of the body is approximately linear up to collapse.

It is important to emphasize that the truss-like discrete element model used in this version has the ability to simulate
problems in which the traction solicitation is dominant, and in particular specimens of quasi-brittle material subjected to
pure traction, shear or bending, in which the main rupture mechanism is due to traction. If the sample is under compression,

Fig. 12. (a) Variations in time of the dissipated energy increments DEd, the dissipated energy Ed and the elastic energy Eele during the entire simulation
process. (b) Variations in time of the kinetic energy increment DEk and kinematic energy Ek during the entire simulation process.

Fig. 13. (a) The three types of signals overlapped. The signal amplitudes have been modified in order put them all in the same scheme. (b) Details of the
beginning of the peak event. Increment in dissipated energy DEd(t), increment in kinetic energy DEk(t), and the irradiated AE signal.
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as in the analyzed case, it is also possible to correctly simulate its behavior up to the peak load. In this case rupture occurs for
indirect traction of the transversal bars (see Fig. 8c).

Nevertheless, it is not possible to capture the typical softening behavior that appears in compression tests after the peak
load, with the present model. In the analyzed example, this numerical limitation did not affect the quality of the simulation,
because the specimen did not show a softening branch, but instead showed brittle behavior with a snap-back virtual branch.

10.2. b-Value computation

The load vs. time curve, the cumulated AE events, N, and the AE event rate, Ninst, are represented in Fig. 10a. The relative
signal amplitudes were computed to represent these diagrams (we defined A = h/ho, where ho = 100 mm/s2). Then, only sig-
nals with greater amplitudes than the predetermined threshold Athres = h/ho = 500 were taken into account.

The clearly different behavior in the N and Ninst curves allows us to define two time intervals for the b-value analysis:
[0,18,000] s and [18,000, tf] s, where tf is the moment of the final collapse. The dashed vertical line which can be observed
in Fig. 10a indicates the point of separation between these two intervals, while a typical AE event obtained during the sim-
ulation is shown in Fig. 10b.

The b-values obtained in the two intervals are represented in Fig. 11a and b. The b-values obtained in the numerical sim-
ulation present a decreasing trend during the advancement of the damage process, and are compatible with the experimen-
tal ones. Moreover, numerical b-values fall between the limits indicated by Carpinteri et al. [14], that is, b = 1.47 for the first
interval, and b = 1.16 for the second. The differences between the experimental and numerical b-values can be explained by

Fig. 14. Numerical results for the concrete specimen in compression: d-values during the two loading test stages. Using increments of kinetic energy, (a) in
the [0,18,000] s interval, and (b) in the [18,000, tf] s interval. Using increments of dissipated energy, (c) in the [0,18,000] s interval, and (d) in the [18,000, tf]
s interval. In the plots, N represents the cumulated events, while DEd and DEk represent the energy magnitudes in normalized units.

Table 2
Computed b, d and c values using AE, DEd and DEk.

Time interval [0,18,000] s [18,000, tf] s

AE b = 1.47 b = 1.16

DEd dEd = 0.82 dEd = 0.61
c = b/dEd = 1.79 c = b/dEd = 1.90

DEk dEk = 0.99 dEk = 0.64
c = b/dEk = 1.48 c = b/dEk = 1.81
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the following reasons: (i) The pre-damage process before the main test was carried out (see Section 9) creates a complex
initial condition that could not be adequately considered in the numerical model. (ii) Due to limitations of the numerical
model, in applying the prescribed loading rate, a quantity of virtual AE events that do not correspond exactly to the exper-
imental ones were produced.

All the signals utilized for the b-values calculation in the numerical simulation had higher amplitudes than the fixed
threshold Athres = 500. Because of this choice, only a few events were analyzed in the simulation. Moreover, by applying a
lower imposed displacement rate, and considering a lower value of the fixed threshold, it would be possible to identify more
isolated AE peaks, especially in the first part of the process.

Considering these AE events in the b-value analysis, two negative slopes of the peak-amplitude distribution appear for
each time interval, and the first one is about one-fifth of the main b-value. This pattern indicates the presence of precursors,
i.e. small events warning that a large event is about to occur. A future work will focus on a deep study of this aspect.
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Fig. 15. (a) Evolution of the two lower frequencies during the fracture process. (b) The signal spectrum at the beginning of the test (t/tmax = 0.08), and at the
final collapse (t/tmax = 1), the two lower frequencies in each curve were marked in this plot. (c) Evolution of the peak frequency during the fracture process.
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10.3. Relationship between AE events and energy parameters

In the present section, the relationship between the released energy, Er, during the fracture process and the signal ampli-
tude, A, is analyzed. Considering [23], Er is associated with drops in the potential energy evaluated during the damage pro-
cess. With the aim of capturing the energy Er in the DEM context, we propose to compute the increments in dissipated and
kinetic energy between two successive integration times, as shown by the following expressions:

DEdðtiÞ ¼ EdðtiÞ � Edðti�1Þ; ð30Þ

DEkðtiÞ ¼ EkðtiÞ � Ekðti�1Þ; ð31Þ

where Ed and Ek are the dissipated and kinetic energy in the discretized time during the simulation.
We assume the validity of the following relation:

DEdðtFaÞ
DEdðtFbÞ

¼ DEkðtFaÞ
DEkkðtFbÞ

¼ ErðtFaÞ
ErðtFbÞ

; ð32Þ

where tFa and tFb are the times in which the potential energy drops during the simulation.
In this way, Eq. (4) can be written in terms of DEd and DEk, respectively as:

Log ðDEdðtFÞÞ ¼ Logvþ cEd LogAðtFÞ; ð33Þ

Log ðDEkðtFÞÞ ¼ Logkþ cEk LogAðtFÞ; ð34Þ

where v and k are two coefficients, and cEd and cEk are estimates of the c coefficient in Richter laws (3) and (4).
In a similar way, we propose Eq. (8), which links the number of events N (PEr) to the released energy Er, using the incre-

ments in DEd and DEk as:

LogNðP DEdðtFÞÞ ¼ Loghþ dEd LogDEdðtFÞ; ð35Þ

LogNðP DEkðtFÞÞ ¼ Logsþ dEk LogDEkðtFÞ; ð36Þ

where h and s are two additional coefficients, and dEd, dEk are estimates of the d coefficient in Eq. (8).
The values of DEd and DEk computed using Eqs. (30) and (31), in a certain interval of the simulation process, are plotted in

Fig. 12a and b. The elastic (or potential), kinetic and dissipated energies are also illustrated in these diagrams. Time tF indi-
cates the instant at which the typical drop in the potential energy occurred during the simulation process.

A typical AE event is overlapped with the DEd and DEk increments during the simulation process in Fig. 13a. A zoom of the
beginning of the events is presented in Fig. 13b, where it is clearly shown that the AE signal undergoes a certain delay in time
with respect to the DEk and DEd increments. This is due to the fact that, when a localized fracture occurs in the specimen, the
energy values are immediately computed, while the mechanical waves, which spread due to localized fracture in the spec-
imen, need some additional time to arrive at the AE sensor.

Finally, the cumulative distributions of Eqs. (35) and (36), represented in the bi-logarithmic scale, are shown in Fig. 14.
The d, b and c coefficients computed by means of the numerical simulation are summarized in Table 2.

Observing Table 2, it is possible to notice:

(i) The ratios b/dEd and b/dEk are close to the theoretical interval [1.5,2] indicated in the fundamental relations, Eqs. (3)
and (6), presented in Section 3.

(ii) From the evaluation of the released energy, Er, and the increments DEd, DEk, the dEd and dEk values also appear sensi-
tive to the damage evolution, therefore the d-values decrease when damage and crack localization increase.

(iii) The (b/dEk) ratio near 1.5 indicates a better correlation with the fundamental relation presented in Eq. (6), and dis-
cussed in Section 3, than the (b/dEd) ratio. We should recall that Eq. (6) proposes a relationship between AE transient
waves and released energy, which is related to the kinetic energy. Moreover, the good correlation between the typical
AE events and the DEk kinetic energy, shown in Fig. 13a, strengthens this observation.

10.4. AE frequency variations

Finally, we analyze the simulation results in terms of AE signal frequency variations. In Schiavi et al. [20], in which an
experimental test similar to that analyzed in the present work was considered, the AE frequency variation was proposed
as a parameter to evaluate the damage process. The results obtained in the present numerical simulation are given in Fig. 15.

Some remarks on the results in Fig. 15a and b are here presented:
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(i) The highest peak frequencies (see (VII) in Fig. 15b) are related to the discretization level. If the elemental cube side is
L = 6 mm, the Young’s modulus E = 9 GPa, and the density q = 2500 kg/m3, and if E and q are substituted in the expres-
sion of the p-wave velocity, cq = (E/q)0.5, we obtain cq = 1897 m/s. On the other hand, the natural frequency of vibra-
tion related to the longitudinal bars is fc = 1/Tc, where Tc = 2 � L/cq. Substituting the numerical values, we obtain
fc = 160 kHz, and in Fig. 15b a peak clearly appears close to fc in both spectra.

(ii) The signal spectrum of two events is given in Fig. 15b. The first one has been selected at the beginning of the process
(t/tmax = 0.08), the second, at the end (t/tmax = 1). It is possible to appreciate that the energy spectrum at the beginning
of the process is concentrated close to a frequency of 70 kHz, while it shifts to 120 kHz at the end. Moreover, the signal
energies are more distributed in the final stage of the damage process. The same trend has been found in Schiavi et al.
[20].

(iii) The evolution of the two lower peak frequencies is presented in Fig. 15a. These frequencies are indicated with small
circles in the two spectra and are marked with labels (I), (II) and (IV), (V) in Fig. 15a and b. The trend of these peaks to
decrease when the damage process increases has also been observed by Schiavi et al. [20].

(iv) The evolution of the peak frequencies is shown in Fig. 15c and marked with labels (III) and (VI) in Fig. 15b. The values
of the peak frequencies do not change significantly during the damage process. Only at the moment of the collapse
their values change abruptly.

11. Conclusions

The statistical analysis of Acoustic Emission (AE) signals that emerge from growing microcracks is an effective damage
assessment criterion for compression tests on concrete specimens. The signal amplitudes are distributed according to the
Gutenberg–Richter (GR) law, and can be characterized through the b-value, which decreases systematically as the damage
increases. An experimental compression test on a pre-damaged concrete specimen has been simulated using a version of the
truss-like discrete element model (DEM). The experimental and numerical results have been analyzed considering the load
vs. time diagram, and the b-value evolution obtained from AE events. The relationship between the AE data and energy
parameters has also been addressed. Finally, the numerical results have been shown in terms of signal frequency variations
during the damage process.

From these analyses, it is possible to draw the following conclusions.

(1) The comparison between the experimental and numerical results presents reasonable correlations, taking into account
the particular way in which the test was carried out: the specimen was subjected to a pre-damage process before the
main experimental test.

(2) Despite the difficulties in the numerical simulation, the obtained numerical b-values present values that are similar to
the experimental ones, and in agreement with damage theories [15], showing a trend of b to decrease during the dam-
age process.

(3) The correlations between the b-values, using the AE data, and the measurement of the released energy in terms of DEd

and DEk increments, calculated by means of the numerical model, are in according to fundamental law proposed by
Ritcher [18] and to the classical expression presented in Eq. (5). On the basis of this evaluation, it is interesting to note
that the numerical dEd and dEk values also appear sensitive to the damage evolution, and that they decrease when dam-
age and crack localization increase.

(4) The numerical results concerning the AE signal frequencies show variations that are consistent with the experimental
results obtained by Schiavi et al. [20] on similar specimens.

(5) This study shows the potential applications of the truss-like Discrete Element Method (DEM) to simulate AE monitor-
ing, and allows us to consider some possible future applications. Among others, it will be possible to simulate exam-
ples with other kind of boundaries condition, and problems with more complex geometries.

(6) The comparison between the experimental and numerical results also shown some aspects that must be improved in
the model calibration, if we also reproduce the experimental results in terms of Acoustic Emission events.
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