Linear algebra and geometry a.y. 2024-2025
Worksheet 13: exercises on chapter 20 from the lecture notes

1. On the vector space R3, let us define the following map:

R3xR® > R
T1Y1 €T2Y2 T3Y3

(z,y) — 1 + 5 + 1 =zT*y

(a) Verify that o %y defines an inner product on R3.
(b) Show that v = (1,1,1) and w = (-5, 1,3) are orthogonal with respect to *.
(c) Compute the lengths of v and w with respect to *.

2. Which of the following applications are inner products on R3?

a) a:R3xR3 = R, alx,y) =z1y2 + T2y1 + T3Y3;
B:R3xR3 =R, B(x,y) =z1y1 + Toyo;

(x,y) = z191 + T2y2 + 323y3;
(d) 6§ :R3xR3 =R, 6(x,y) = 2w1y1 — T2y + 3Y3.
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3. Use the Gram-Schmidt algorithm to find an orthonormal (with respect to the standard inner
product) basis of the plane 7 : {x +y — z = 0} in R3.

4. Use the Gram-Schmidt algorithm to find an orthonormal (with respect to the standard inner
product) basis in R* of the row space of the matrix

2 2 41
A= -1 1 0 0
1020
5. Diagonalize the symmetric matrix
-2 0 1
A= 0o -1 0 |,
1 -2

finding an orthonormal diagonalizing basis.

6. Let A € R™"™ be a symmetric matrix, and let \; # A9 two of its eigenvalues. Let vy and vy
be eigenvectors relative to the eigenvalues A\; and A2 respectively. Try to prove that v; L v
with respect to the standard inner product in R™.



Solutions.

1. (a) Let x = (21,72,23),y = (Y1,%2,¥3),2 = (21, 22,23) € R3 a € R. The product * satisfies
the following properties:

e it is commutative, because

T1Y1 T2Y2 r3Ys3 Y11 Y22 Y3x3
* = = = * €.
T *y 1 + 9 + 1 1 + 9 + 1 Y * T;

e it is distributive, because

x| + z T + z xr3 + z
(J:er)*zz( 1 4y1) 1+( 2 21/2) 2+( 3 41/3) 3
_ T121 + Y121 | T2Re + Y222 X323 + Y323
4 2 4

_ X121 | T2R2 | X323 Y121 | Y222 | Y3%3
4 o Ta tTg Tty

= (@x2) + (y*2);

e it is compatible with the scalar multiplication, because

T1Y1 | T2Y2 1’3y3) ar1y; | aTay2 = QT3Y3
* = = = * Y
e it is positive definite, because
2 2 2
m*x:%+%+%>0perogni$7ﬁoﬁgs.

All in all,  is an inner product on R3.
(b) vrw=-243+2=0.

(©) vl =1, [w], =3.
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3. An orthonormal basis of 7 is (u1 = (

4. An orthonormal basis is (vl = (%



-3 0 0 —1/v/2 0 1/V2
5. tPAP = 0 -1 0 |, where P= 0 1 0

0 0 -1 1/vV/2 0 1/V2

6. By definition, we know that Av; = A\jv; and Ay = \avs, and that A = A. Moreover, once
we identify the elements of R™ with column matrices, the standard inner (dot) product is

v - w = tvw, that is, row-column multiplication. Then

)\1('1}1 . 112) = ()\11)1) VU = A’U1 VU = t(A’Ul)UQ = tUltAUQ = t'l}l(AUQ) = t’l)1(>\2’l}2) = )\2('1}1 . 112)

and thus (A; — A2)(v1 - v2) = 0. Since we know that A\; # Mg, the only possibility is v; - v = 0,
which is exactly what we wanted to prove.

Please note. Remember that in general there might be more than one technique to solve the
same exercise. If you find a typo, or something that you do not understand, let me know!



