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Eigentensors and singular tuples

Let f ∈ SymdV and q = x2
0 + · · · + x2

m a quadratic form on V , the eigentensors of f are

vectors x ∈ V such that

f (xd−1) = λx,

for λ ∈ C.

The eigenscheme Eig(f ) of eigentensors of f is given by the 2× 2-minors of the matrix[
∂f
∂x0

. . . ∂f
∂xm

x0 . . . xm

]
.

Let T ∈ Symd1V1 ⊗ · · · ⊗ SymdkVk and qi = x2
0 + · · · + x2

mi
a quadratic form on Vi. The

singular tuples of T are the tuples (v1, . . . , vn), such that each flattening

Ti : Symd1V1 ⊗ · · · ⊗ Symdi−1Vi ⊗ · · · ⊗ SymdkVk → Vi

satisfies

Ti(v
d1
1 ⊗ · · · ⊗ v

di−1
i ⊗ · · · ⊗ vdkk ) = λvi.

The eigenscheme of T is the zero dimensional scheme Eig(T ) defined by the locus of

singular tuples of T .

The eigenscheme as the zero locus of a bundle

Let X = PV1 × · · · × PVk be the Segre-Veronese variety of rank 1 tensors embedded with

O(d1, . . . , dk) in P(Symd1V1 ⊗ · · · ⊗ SymdkVk). Let πl : X → PVl be the projection on

the l-th component, and let Ql be the quotient bundle, whose fibers over a point vl ∈ Vl
are Vl/〈vl〉. Let El = π∗lQl⊗O(d1, . . . , dl− 1, . . . , dl), we can construct the vector bundle

E =

k⊕
l=1

El.

A tensor T ∈ P(Symd1V1 ⊗ · · · ⊗ SymdkVk) leads to a global section of El which

over a point v = (v1, . . . , vk) is the map sending v to the natural pairing of f with

(vd11 ) · · · (vdl−1
l ) · · · (vdkk ) modulo 〈vl〉, that is a vector in Vl/〈vl〉.

In [4] it is proven that if we consider the section sT associated to a general multisymmetric

tensor T , then the zero locus Z(sT ) is equal to the locus of singular tuples of T , that is

Z(sT ) = Eig(T ).

Main problem and technique

The question we pose is: given the singular tuples of a tensor T , which are all the

tensors that admit such configuration of singular tuples?

Consider the map

τ : P
(
Symd1V1 ⊗ · · · ⊗ SymdkVk

)
99K

[
P(V1)× · · · × P(Vk)

](edX)

that for a general tensor T ∈ Symd1V1 ⊗ · · · ⊗ SymdkVk it associates its singular tuples

locus Eig(T ).

Studying the map τ directly is difficult, thus we decompose τ in the following manner

P
(
Symd1V1 ⊗ · · · ⊗ SymdkVk

) [
P(V1)× · · · × P(Vk)

](edX)

P(H0(E))

ϕ

τ

ψ

This gives a better description since ϕ : T 7→ sT is a linear map and ψ : s 7→ Z(s) can be

approached using the Koszul complex in a similar fashion as [3].
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Lemma: Let V be a vector space of dimension m + 1, q = x2
0 + · · · + x2

m a quadratic

form on V , and d a positive integer. If d is odd, the map ϕ : SymdV → H0(Q(d− 1)) is

injective. If d is even, ϕ has a 1-dimensional kernel, namely, kerϕ = 〈qd/2〉.

Lemma: Let f, g ∈ SymdV be two general polynomials such that Z(sf) = Z(sg), d ≥ 3.

Then sf = αsg for some α ∈ C∗.

Theorem: Let V be a vector space of dimension m + 1. Let d ≥ 3 be an integer, and

f ∈ P(SymdV ) be a general polynomial. Let

τ : P
(
SymdV

)
99K PV (edX), f 7→ Eig(f )

be the map that associates f to its eigentensors locus Eig(f ). Then

τ−1(τ (f )) =

[f ], if d is odd;

{[f + cq
d
2]|c ∈ C}, if d is even.

This result generalises the result obtained in [2] for symmetric tensors in 3 variables to any

number of variables.

Fig. 1: The cubic curve x3 + y3 − x2 − 1 and its real eigentensors.

Theorem: Let V1, . . . , Vk be vector spaces of dimension m1 + 1, . . . ,mk + 1. Consider

the map

ϕ : Symd1V1 ⊗ · · · ⊗ SymdkVk → H0(E).

Then ϕ is injective if at least one di is odd. In the case that all the di are even, we have

that the kernel of ϕ is one dimensional and it is given by

kerϕ = 〈q
d1
2

1 〉 ⊗ · · · ⊗ 〈q
dk
2

k 〉

Theorem: Let S, T ∈ Symd1V1 ⊗ · · · ⊗ SymdkVk be two general tensors. Let s, t ∈ E
be the sections coming from the tensors, S and T , and assume that Z(s) = Z(t), then

s = λt, for λ ∈ C∗.

Theorem: Let V1, . . . , Vk be vector spaces of dimensionm1+1, . . . ,mk+1. Let d1, . . . , dk

be positive integers, and T ∈ P
(
Symd1V1 ⊗ · · · ⊗ SymdkVk

)
be a general tensor. Let

τ : P
(
Symd1V1 ⊗ · · · ⊗ SymdkVk

)
99K (PV1 × · · · × PVk)(edX), T 7→ Eig(T ),

be the map that associates a tensor T to its singular tuples locus Eig(T ). If k ≥ 3 and

suppose that ml ≤
∑

j 6=lmj whenever dl = 1, and for k = 2 we include the hypothesis

that (d1, d2) 6= (1, 1), then

τ−1(τ (T )) =

[T ], if di is odd for some i;

{[T + cq
d1
2

1 ⊗ · · · ⊗ q
dk
2

k ]|c ∈ C}, if dl is even for all l.
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