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Algebraic objects
Let X ,Y , Z ∈ U(2,C) be the elementary Pauli matrices.
The n-fold Pauli group is Pn =

{
±iδZµ1Xν1 ⊗ . . .⊗ ZµnXνn

∣∣ δ, µi, νi ∈ {0, 1}
}

in U(2n,C).

S(Pn) = {〈M1, . . . ,Mn〉 | Mi ∈ Pn independent and mutually commuting} .
A n-qubit stabilizer state |φ〉 is the common eigenvector with eigenvalue +1 of a certain S ∈ S(Pn).
If S is defined by a graph, |φ〉 is said graph state.

Local Clifford action
The n-fold local Clifford group is Cloc

n =
{

U1 ⊗ . . .⊗ Un | Ui ∈ NU(2,C)(〈iX , iY , iZ〉)
}

.

Cloc
n × Pn −→ Pn

(U1 ⊗ . . .⊗ Un,A1 ⊗ . . .⊗ An) 7→ (U1A1UH
1 )⊗ . . .⊗ (UnAnUH

n )
.

This action translates into actions on S(Pn) and on the set of stabilizer states. In particular, graph
states are representatives for stabilizer states for Cloc

n action [1].

Geometric objects
Fix J a symplectic form over F2n

2 . Consider the set of maximal (fully) isotropic subspaces of P2n−1
2

In =
{

W ⊂ P2n−1
2

∣∣ ∀P,Q ∈ W , 〈P,Q〉J = 0, dimW = n − 1
} Plücker
' LGF2(n, 2n).

LGF2(n, 2n) is isomorphic to Zn ⊂ P2n−1
2 , the variety of principal minors of n × n symmetric matrices.

Lagrangian mapping

S(Pn) In LGF2(n, 2n) Zn

〈M1, . . . ,Mn〉 HP1,...,Pn

[
1 : aij : A{i,j}{s,t} : . . .

] [
1 : aii : A[i,j] : . . .

]
〈[ e1

−−
a11
...

an1

]
, . . . ,

[
en
−−
a1n
...

ann

]〉 [
e1
−−
a11
...

an1

]
∧ . . . ∧

[
en
−−
a1n
...

ann

]
Pl π '

=

Pl

π

Local symplectic action

The local symplectic group is Sploc
2n(F2) =


a1 b1

. . . . . .
an bn

c1 d1
. . . . . .

cn dn

 ∈ Sp(2n, F2)

∣∣∣∣ aidi − bici 6= 0

.

The action Cloc
n y S(Pn) corresponds to the action Sploc

2n(F2) × In −→ In

( U , HP1,...,Pn ) 7→ HUP1,...,UPn
.

The action Sploc
2n(F2) y Zn is equivalent to an action SL(2, F2)

×n y Zn [3].
Moreover, there is an action of SL(2, F2)

×n o Sn on Zn which is maximal [4].

Theorem (G. - Holweck 2021, [2])
The Lagrangian mapping induces a bijection between the Cloc

n o Sn-orbits of S(Pn) and the
SL(2, F2)

×n o Sn-orbits of Zn. In particular, there is a 1-1 correspondence between representatives of
the graph states for the Cloc

n o Sn action, and the normal forms of the SL(2, F2)
×n o Sn-orbits of Zn.

Happy Birthday, Giorgio!
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