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16 Years Later...
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m ... still working on uncertan systems for modern
applications (using different methodol ogies)

m  On the theory side, randomization is now used in the
control community as a powerful tool for “solving’
problems otherwise intractable
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m Wearealso dealing with very different applications...

The PageRank Problem in Google

Random Surfer Model and Teleportation Matrix

A Distributed Randomized Algorithm for PageRank
Uncertain Systems, Control and Randomization
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The PageRank Problem in Google
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m Web surfer moves aong randomly following the
hyperlink structure

m \When arriving at a page with several outgoing links, one
IS chosen at random, then the random surfer hyperlinks
to the new one, and so on...

m The time the random surfer spends on a page Is a
measure of the importance of the page

m |f important pages point to your page, then your page
becomes important. Need to rank the pages for
facilitating the web search
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Graph Representatlon
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m Directed graph with nodes
(pages) and links representing
the web

m Graph is not necessarily
strongly connected

m Graph Is constructed using
crawlers and spiders which
move continuously along the
web
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m For each node we count
the number of outgoing
links and normalize them
tol

m Hyperlink matrix isa
nonnegative (column)
substochastic matrix
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Hyperl Ink Matrix

SR f —1 Y o = ]
0 1.0 0 O

1/3 0 0 1/2 O

A=|1/3 0 0 1/2 O

1/3 0 0 0 O

0 01 0 O
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PageRank:
Bringi ng Order to the Web!1-2l

I | | | | | | L IC I EE NI
m Need to rank pagesin order of Importance

m The PageRank x* isdefined as
X*=Ax* where x*e [01]" and), x* =1

m X* IS anonnegative unit eigenvector corresponding to the
eigenvalue 1 for the hyperlink matrix A
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m The question iswhen xX* exists and it IS unique

[1] S. Brin, L. Page (1998)
[2] S. Brin, L. Page, R. Motwani, T. Winograd (1999)
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|ssue of Dangling Nodes
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m First issue: We have dangling nodes

m Random surfer gets “stuck” when visiting a pdf file

m |nthis case the “back button” of the browser is used

m Mathematically, the hyperlink matrix is nonnegative and
(column) substochastic

m Easy fix: Add artificia links to make the matrix
stochastic

Barmish Workshop ©RT 2009



©

IEIIT-CNR

Easy Fix
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m Page 5isadangling node

m \We add an outgoing link

O 10 O O

1/3 0 0 1/2 O
A=11/3 0 0 1/2 1
1/3 0 0 0 O

O 01 0 O
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But in General the Fix isnot so Easy...
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m Page 5 has two incoming
links
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m \We add an outgoing link

0
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1/3
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from5to 3...
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But in General the Fix isnot so Easy...
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m ... Or we add an outgoing

0
1/3
1/3
1/3

o O O O Bk

0
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link from 5 to 47
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m A solutlon may be to
break page 5 Into two
pages 5a and 5b

m This artificially changes
the number of pages (not
only the number of links)

and the topology of the
network
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Modified Hyperllnk Matrix
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"0 10 0 0 O

1/3 0 0 1/3 0 O

A_|1/3 0 0 1/3 10

1/3 0 0 0 0 1

0 01 0 00

0 0 0 1/3 0 O
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Assumption: No Dangling Nodes
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m \We assume that there are no dangling nodes

m This implies that A Is a nonnegative stochastic matrix
(instead of substochastic) having at least one eigenvalue
equal to one

m Thiselgenvalue is not necessarily unique
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m Second issue: The random surfer may get bored after a

while, and decidesto “jump” to another page not directly
connected to that currently visited

m |nstead of A we consider a matrix M defined as
M=(1-mA+m/nS me (0,1)

where Sisamatrix with all entries equal to 1 and nisthe
number of pages

m Thevaue m=0.15is proposed and used at Google!l]

[1] S. Brin, L. Page (1998)
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- Perron-Frobenius Theorem
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m M Is positive stochastic (convex combination of two
stochastic matricesand me (0,1))

m M is irreducible and the corresponding graph Is strongly
connected (every page is directly connected to every
page)

m M isprimitive because MK is positive for somek (k = 1)

©

m Perron-Frobenius Theorem: For a positive stochastic
matrix M there exists a unique positive eigenvector for
the eigenvalue 1
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PageRank Computation
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m PageRank Is computed with the power method

X(k+1) = M x(K)
m Convergence of this recursion Is guaranteed by Perron-

Frobenius Theorem for any initial condition x(0) because
M Isapositive stochastic matrix

X(K) = x* for k— oo
provided that > x(0) =1
m Remark: PageRank computation can be interpreted as
finding the stationary point of a Markov Chain
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Power M ethod
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0 0 0 13
1 0 1/2 1/3| m_01s
0 1/2 0 1/3
0 1/2 1/2 0

0088 0087 0037 0321
0887 0037 0462 0321
0087 0462 0037 0321
0037 0462 0462 0037

x*=[0.12 0.33 0.26 0.29]
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Size of the Web
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ne size of M 1s 8 hillion!
ne PageRank computation requires 50-100 iterations

nis takes about a week and it Is performed centrally at

Google once a month

m More and more computing power IS needed
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Columbia River, The Dalles Oregon
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Randomized Decentralized Approach
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m Man idea Develop a decentralized approach for
computing PageRank (instead of a centralized approach
which involves the entire web)
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Randomized Decentralized Approach
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m Man idea Develop a decentralized approach for
computing PageRank (instead of a centralized approach
which involves the entire web)

m Approach is randomization-based (Las Vegas type)
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Basic Communication Protocol
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Basic communication protocol:
at time k the randomly selected
page | initiates the PageRank
update as follows:
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Basic communication protocol:
at time k the randomly selected
page | Initiates the PageRank
update as follows:

1. by sending the value of page
| to the outgoing pages that are
linked to |
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Basic communication protocol:
at time k the randomly selected
page | initiates the PageRank
update as follows:

1. by sending the value of page

oﬁe i to the outgoing pages that are
linked to |

2. by requesting their values
from the incoming pages that
are linked to page |
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| as Vegas Randomized Approach
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m The pages taking action are determined via a random
process 6(k)

m At time k page I initiates PageRank update with uniform
probability

Prob{ 0(k)=i} = 1/n
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m \We consider the randomized update scheme

X(k+1) = Aggy X(K)
where Ay, are the distributed link matrices (example
next)

m Consider the time average
y(K) =1/(k+1) 2 x(i)
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Distributed Link Matrices- 1
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0 0 0 1/3
A 1 0 1/2 1/3
10 1/2 0 1/3
0 1/2 1/2 0 |

P 1/3]

A - 1/3

- 1/3

0 1/2 1/2 0
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Distributed Link Matrices - 2
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0 0 0 1/3
1 0 1/2 1/3
0 1/2 0 1/3
0 1/2 1/2 0

- 0 0 13
|0 0 1/3
= 0 O 1/3
0 1/2 1/2 0
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Distributed Link Matrices - 3
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0 0 0 1/3
1 0 1/2 1/3
0 1/2 0 1/3
0 1/2 1/2 0

1 0 0 1/3
0 1/2 0 1/3
0 0 1/2 1/3
0 1/2 1/2 ©
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Distributed Link Matrices - 4
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0 0 O
1 0
0 1/2 0
0 1/2 1/2

1/3
1/2 1/3
1/3

0

o O O B

o O O BB

0
1/2
1/2

0

0
1/2

1/2

0
1/2
0
1/2

0
0
1/2
1/2

0
0
1/3
213

1/3

1/3

1/3
0
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Distributed Link Matrices- 5
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0 0 0 1/3 0 0 0 1/3°
1 0 1/2 1/3 1 10 O
A=l U2 o0 13 A

001 O

0 1/2 1/2 0 | 00 0 2/3
0 0 0 O
1 0 1/2 1/3

%=l 12 12 o

0 1/2 0 2/3
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m Recall that we need to work with posmve stochastic
matrices

m \We consider the modified distributed update scheme
X(k+1) = Mygy x(K)
where My, are the modified distributed link matrices
computed as

=(1-r)A+rInS 1=1,2,...,n
andr € (0,1) isadesign parameter
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m Theorem: Take  r =2m/(n—mn+2m) € (0,1)
m Using the modified distributed update scheme the
PageRank Is obtained through the time average y

E[ |Iv(K) - x*|f] > 0 for k— oo
provided that Y x(0) =1

m Proof: Based on the theory of ergodic matrices
m Remark: ThealgorithmisalLVRA

[1] H. Ishii, R. Tempo (2008)
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Technical Comments
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m The average y(k) can be computed recursively in terms
of y(k-1)
m Sparsity of the matrix A; can be preserved because
X(k+1) = M, x(k) = (1-r) A x(k) +r/n 1
where 1 isavector with al entries equal to one

m Recursion x(k+1) = (1- r) A; X(K) can be carried on as
X3(k+1) = (1- 1) X5(K)
Z(k+1) = (1-r) BzZK) Z=[xq, X5, X T
m Convergencerateis 1/k
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m Different update schemes based only on outgoing links
(not Incoming): similar convergence results

m Stopping criteriato compute approximately PageRank

m Need to improve convergence because power method Is
exponential (A, <1-m)
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m Simultaneous random update of multiple webpages

N

%
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m Simultaneous random update of multiple webpages
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m \Webpage aggregation and clustering

aggregated web
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Uncertain Systems, Control,
Randomization and Google
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m For consensus problems (stochastic version) we
consider a graph representing a network of agents x

Consensus PageRank

All agent values become equal Page values converge to constant

Graph is strongly connected Web is not strongly connected

Convergence w.p.1 for al x;, x MSE convergence for y
xi(k) = (k)| = 0, k — e E[ [ly(K) - X*[[F] = O, k—

Matrices A; are row stochastic Matrices A; are column stochastic
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m PageRank computation in the presence of uncertain,
time-varying and broken links (L P solution)

Page not found - connection failure

Google .
Toolbar Oops! This link appears broken.

Suggestions:
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