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This talk deals with problems which are solvable
only approximately because information 1s partial

or contaminated

J.F. Traub, G.W. Wasilkowski, H. Wozniakowski, “Information-
Based Complexity (IBC)”, 1988
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This talk deals with problems which are solvable
only approximately because information 1s partial

or contaminated

<+  Objectives:
o derive optimal algorithms
o compute approximation error

o analyze computational complexity
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This talk deals with problems which are solvable
only approximately because information 1s partial

or contaminated

<+  Daifferent settings:
o worst-case (classical)

o probabilistic (new)
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< Different areas may be covered, e.g. information theory,
complexity, signal processing, numerical analysis, ...

<+ IBC applications: integration problems, solutions of
nonlinear equations, etc

<+ We are interested in systems and control and in the
derivation of optimal algorithms for specific applications
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X1 problem element (unknown)

X o

example
consider input-output pair
E(x, t) of a dynamic system

A\

S(x,1) = Z?:I X9, (1) = (DT(t)x

with given basis @«(¢)
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X1 problem element (unknown)

X o

information operator
and measurements

|
m > n no1sy measurements
1 of {(x, ¢) are available for
Y I. t1<t2<<tm
X
y=[®() - ®(,)] x+q

data
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N\
X problem element (unknown) solution space

* e S Z] z=Sx
> ®
|
A solution operator
Y ¥ estimate future values of
Ix Ex, ) fore, < ---<t

Sx = [®(t,,,) ®(1,,)] x

data
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N\
X problem element (unknown) solution space

* 9 s Z] z=SXx
> = A
¢z

|

/|
Y =1x +
Ix 4 . 1 A algorithm
. provides an estimate

zofz=Sx

data
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< Problem element x € X = R” with prior information K
< Information operator (linear) I. X — Y = R™ (m > n)
< Information I x corrupted by noise g

“« Datay=1x +g¢g

< Bounding set Q for g

< Solution operator (linear) S: X > Z=R* (n>s)

< Algorithm (nonlinear) A: ¥ — Z
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< Problem element (unknown) x €e K < X

<+ K represents prior information (1f available)
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< Problem element (unknown) x € K < X

<+ K represents prior information (if available)

example
consider imnput-output pair (x, #) of a
dynamic system

SEREDIETHOEL HOF:

K = {xe X x> O,i:1,2,...,n}
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< We assume that

qe0=1{q: llq|<p} cR”

where ||.|| 1s the /, norm
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<+ We study the approximation error

[Sx—A(y) |l

where ||.|| 1s the /, norm
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< Consistency set 1s defined as

I'(y) = {x € K :thereexistsge Q. y = Ix+q}
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X' I''(y) S T''(»)
s Z]
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<+ Objective: construct an algorithm A (nonlinear)
z=A() of z=Sx

and compute the worst-case radius 7"°(A, y)

o prior information x € K < X (1f available)
o datay=Ix+qgeY
o bounding set O = {g: ||q||< p} < R”
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< Given data y and the algorithm A, the worst-case radius
1s defined as

r(A,y)= max [[Sx—A(y)|]

xel (y

<+ Given y a worst-case optimal algorithm A ™ 1s defined as

(1) =r(AS, y) =inf max ||Sx—A(y)]

xel " (y

% 7. (1) is the worst-case radius of the optimal algorithm
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X I''(») :
S Z

|-/l overboundmg of S T-(y)

\

z,, is the Chebychev

center of the set S I''(y)
z . 1s worst-case optimal
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In the probabilistic setting we reduce the
conservatism of the worst-case setting

at the expense of a “small” risk

violation function
v, () shows how the
probabilistic risk

e € (0,1) changes
as a function of

the radius r
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< Assume that noise g 1s a random vector with uniform pdf
U [O] and support set O
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< Univariate uniform density Ul[a,b]
N\
)

N

a b

< Multivariate uniform density U[Q]

(]
if g e Q
U[Q] =< vol(Q)
0 otherwise
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<+ Objective: construct an algorithm A (nonlinear)
z=A() of z=Sx

and compute the probabilistic radius (A, y, €)

o probabilistic risk € € (0,1)
o prior information x € K — X (1f available)
o datay=Ix+qgeY

o random vector g with uniform pdf

o bounding set O = {g: ||q||< p} < R”
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< Given data y, accuracy € € (0,1) and the algorithm A, the
probabilistic radius 1s defined as

r"(A,y,e)= mf  max [|[Sx—A(y)]

Q:p(Q)<e xe{l_l (y)\Q}

% Remark: we replace the consistency set I"'(y) with

I n\Qj

<+ We discard sets €2 of measure u(Q) <eg

< Probabilistic radius 1s smaller than worst-case radius
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X SI()

0 ® A we discard sets (2

of measure w(QQ) <e¢
from consistency set
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<+ Given data y and risk € € (0,1) a probabilistic optimal
algorithm A" is defined as

P (y,e)=r"(Al,y,e)=1inf 1nf max ||Sx—A(y)]|

A Qu(@)<e xelI! ()\0}

w17 (1,€) is the probabilistic radius of optimal algorithm
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Theorem: Let ¢ ~ U[Q] and K = R”. Then, forany y € Y

o ,u{x € I_I(J’)} is uniform
o U {Z =SxeS I_l(y)} is log-concave

< This result also holds when Q 1s a convex set

def log-concave: ,u{ﬂ,A + (1_1)3} Z,LI{A}X ,LI{B}H“
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Violation Function and its Computation
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< Given r > 0 and A, define a violation function

v(r,A) = ul{x el (»):[|Sx—A() | >

< Given r > 0, the optimal violation function v (7) 1s

v, (r)=inf v(r, A) =inf u{x e I ():]| Sx— A(y) || > r|
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< Computation of the probabilistic radius of the optimal

algorithm
7P (1,6) = 1 (A, y,6)

may be reformulated as a chance-constrained problem
r’ (A, y,e) = min{r v (1) < 8}

% For any € € (0,1), we can compute " (A", y,¢€) solving

a one-dimensional optimization problem in » > 0
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% Theorem: Let ¢ ~ U [0O], K = R” and S = identity. For
fixed » > 0, optimal violation 1s given by
VOI{I_I()/)\{X lx—x, || < r}}
vol{T"' ()]

< This optimization problem 1s quasi-convex for all well-

NG mf

defined x_ (1.e. non-zero volume)

< Optimal wviolation v (r) 1s right-continuous and non-

increasing for » > 0

Hara Fest at The University of Tokyo @RT 2012
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proof based on the Brunn-Minkovski inequality
for intersection of convex sets

I(y)

{x:||x—xc ||£r}

N

VOI{I_I()/)\{X lx—x, || < r}}
vol{T"' ()]

Hara Fest at The University of Tokyo @RT 2012
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')

N

VOI{I_I()/)\{X lx—x, || < r}}
vol{T"' ()]
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<+ Extensions for non-identity solution operator S

< Computation of optimal wviolation v (r) requires
computation of VOI{I_I()/) \ {x Jlx—=x, || < r}}

< Volume computation of polytopes 1s NP-hard

< Two relaxation algorithms:
o Hard - deterministic (SDP-based)
o Soft - probabilistic (randomized-based)
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<+ This probabilistic setting 1s completely new within

systems and control
<+ Applications:
o classical: identification, estimation, ...

o modern: PageRank computation in Google
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< (modern): PageRank computation in Google

example

H. Ishii and R. Tempo

e L : ' " )
D1str1.buted Randomized X = (1 _ m) ( H + A) + 0l
Algorithms for the n

PageRank Computation,” x* is PageRank, m=0.15, n
IEEE TAC, 2010 is the number of pages, H is
the hyperlink matrix, A
represents link failures and
U 1s a rank-one matrix
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