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Outline of this Section
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– Reynolds Averaged Navier – Stokes (RANS)
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� RANS models and Boundary Layers
– k–ε closure models
– law of the wall
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da Vinci Sketch of Turbulent Flow

Fundamental Considerations
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The Reynolds Experiment

Fundamental Considerations
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Three Approaches to Turbulence

Fundamental Considerations
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Modern View of Turbulence

� Random is not (deterministic) chaos
� Navier – Stokes system of equations may exhibit 

turbulent solutions
� Turbulent solutions show sensitivity to initial conditions
� The sequence of bifurcations is usually quite short 

(steady � periodic � quasiperiodic � turbulent)

Fundamental Considerations
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Main Features of Turbulence

Fundamental Considerations
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Navier – Stokes System of Equations

� The critical parameter driving the succession of 
bifurcations and ruling the transition from laminar to 
turbulent flow is the Reynolds number, namely

Re = UL / ν
where U is a velocity scale, L is a typical length scale and 
ν is the kinematic viscosity.

� Navier – Stokes (NS) equations for incompressible flow:

Fundamental Considerations
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Existence (E), Uniqueness (U), Regularity 

� Even though it should happen that one day it is proven 
that long-time strong solutions do not exist, we will still 
rely on the weak solutions, which exist all the time, but 
may be not unique.

� Attempting to employ high-order numerical methods for 
discretization of NS equations in strong form is likely 
doomed to fail.

E, U?E & UWeak Solutions

E?, UE & UStrong Solutions

3D2D

Fundamental Considerations
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Fourier Transform (in Time)

Fundamental Considerations
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Autocovariance, Frequency Spectrum 

� Autocovariance (which is proportional to autocorrelation) 
is a function that provides a measure of how well a signal 
remembers what it has happened.

� The frequency spectrum allows to identify the leading 
oscillating components of a signal, in order to identify 
periodicity in pseudo-random behavior.

Fundamental Considerations
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Example: Pseudo-Random Signal

Fundamental Considerations
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Example: Pseudo-Random Signal

Fundamental Considerations
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Time ���� Space: Taylor Hypothesis
Fundamental Considerations
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Two-point, Wavenumber Spectrum 

� The concept of stationary is somehow ambiguous in 
turbulence � it is better to introduce the concept of 
homogenous (statistics invariant of translations) and 
isotropic (statistics invariant of translations, rotations and 
reflections) turbulence.

� The wavenumber spectrum tensor is the Fourier 
transform of the two–point one-time autocovariance.

Fundamental Considerations
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Energy Spectrum

Fundamental Considerations
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Length and Time Scales in Turbulence 

Fundamental Considerations
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Integral Scale ( ��������)

� The integral scale is defined by a single wavenumber, 
which corresponds to the maximum in turbulence energy.

� It can be expressed either by means of autocorrelation 
function or by means of turbulence energy dissipation 
rate ε, which depends on the symmetric part of the stress 
tensor.

Fundamental Considerations
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Taylor (Micro) Scale (λλλλ)

� It does not involve a clear physical meaning � it is 
considered for historical reasons.

� This scale is roughly consistent with the Kolmogorov 
inertial subrange scales, but it usually overestimates the 
actual dissipative eddy size 

Fundamental Considerations
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Kolmogorov (Micro) Scale (η)(η)(η)(η)

Very huge computational demand !!

Fundamental Considerations
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Reynolds Decomposition 

Modeling of Turbulence: RANS
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Derivation of RANS equations 1/2 

Modeling of Turbulence: RANS
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Derivation of RANS equations 2/2

� Closure problem: this vector equations contain more 
unknowns than equations � the situation is the same in 
case one considers the higher order statistical equations 
for averaged quantities

Modeling of Turbulence: RANS
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Reynolds (Stress) Tensor

� Closure problem: The so-called RANS closure model
provide a proper dependence of the unknown tensor on 
the main flow characteristics (average quantities and/or 
their gradients) � these models involve some heuristic 
content, which must be verified before applying it to the 
considered application.

Modeling of Turbulence: RANS
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Multiple Time Scales
Modeling of Turbulence: RANS
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General Problems of RANS 1/4

Many-to-one mapping !!
Unknown quantities are recursively affecting themselves

Modeling of Turbulence: RANS
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General Problems of RANS 2/4

The Reynolds fluctuation contains all other modes of the 
Fourier representation but the first one � There is a 

lot of physics here, we are neglecting !!

Modeling of Turbulence: RANS
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General Problems of RANS 3/4

It is not possible to model interactions at the small 
scales between flow and other quantities (transported 

scalars) !!

Modeling of Turbulence: RANS
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General Problems of RANS 4/4

Conceptually impossible to recover the exact results of 
NS system, without using the exact expression for the 

Reynolds stresses !!

Modeling of Turbulence: RANS
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Direct Numerical Simulation (DNS)

Modeling of Turbulence: DNS

Federico Toschi PhD, IAC-CNR
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Direct Numerical Simulation (DNS)

Modeling of Turbulence: DNS

� Direct numerical simulation consists in solving the Navier 
– Stokes equations, resolving all the scales of motion, 
with initial and boundary conditions appropriate to the 
flow considered.

� There is no closure problem !!
� The computational demand is very huge (for the current 

computational resources), as clearly pointed out by the 
Kolmogorov estimation of turbulence scales � parallel 
computing is essential.

� Problems in defining accurate initial conditions, 
consistent with reality.
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Decay of Homogenous Isotropic Turb.

Modeling of Turbulence: DNS

κκκκ(t)/κκκκ(t0)~(t/ t0)-n

εεεε(t)/εεεε(t0)~(t/ t0)-n-1
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Decay of Homogenous Isotropic Turb.

Modeling of Turbulence: DNS
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Decay of Homogenous Isotropic Turb.

Modeling of Turbulence: DNS
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Optimal Resolution

Modeling of Turbulence: DNS

κκκκ(t)/κκκκ(t0)~(t/ t0)-n   ���� nκκκκ

εεεε(t)/εεεε(t0)~(t/ t0)-n-1 ���� nεεεε



NHT: Turbulence

36

Large Eddy Simulation (LES)

Modeling of Turbulence: LES
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Large Eddy Simulation (LES)

Modeling of Turbulence: LES

� Large Eddy Simulation (LES) is a turbulence 
computational method lying somewhere in between 
RANS and DNS (also in terms of computational demand)
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Large Eddy Simulation (LES)

Modeling of Turbulence: LES

� It is based on a spatial filtering, which excludes the 
smallest scales in dissipation range because they are 
assumed independent of the particular considered flow
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LES Decomposition

Modeling of Turbulence: LES

� The fundamental information of the flow are not lost and 
the approximation converges to the exact solution by 
increasing the resolution 
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Filtered Momentum Equation

Modeling of Turbulence: LES

� The subgrid part of a LES representation consists of high-
pass filtering of the solution, thus carrying information only 
from the modes above cut-off wavenumber
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Subgrid – Scale (SGS) Model

Modeling of Turbulence: LES

� At least from the standpoint of maintaining NS invariances, 
it is probably best to model SGS stress as a single entity.

� Time derivative is rigorously correct (the filtering is spatial).
� Spatial filtering is defined in such a way that LES � DNS.
� From the mathematical point of view, filtering eliminates 

aliasing arising from under resolution imposed by coarse 
grids of practical discretization.
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Smagorinsky Model

Modeling of Turbulence: LES

� Early LESs were often performed with resolutions nearly as 
fine as employed for DNS � the SGS viscosity becomes 
very small, and contributions from the model are rather 
minimal

� The Smagorinsky model is completely dissipative � no 
backscattering of the turbulence kinetic energy (which can 
be up to 1/3)

� Modern models allow to automatically tune the constant CS
� Dynamic models by Germano et al. (POLITO)
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RANS Models

k – εεεε Models and Boundary Layers
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Boussinesq Hypothesis
k – εεεε Models and Boundary Layers
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Instantaneous Response (?!)
k – εεεε Models and Boundary Layers

� Instantaneous decay to zero of turbulent stress, when the 
deformation goes to zero, violates the basic notion of 
causality: an effect can neither precede, nor be 
simultaneous with, its cause.

� Reynolds stresses, which come from averaging the 
nonlinear advective terms, are replaced with linear 
diffusive terms � we alter the bifurcation sequence.
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Total Kinetic Energy

k – εεεε Models and Boundary Layers
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Mean Flow Kinetic Energy

k – εεεε Models and Boundary Layers
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Turbulent Kinetic Energy

k – εεεε Models and Boundary Layers
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Turbulent Kinetic Energy Budget

k – εεεε Models and Boundary Layers

� Turbulence Diffusion Transfer (T)
� Turbulence Production (P)  � P= ε Equilibrium Turbulence
� Turbulence Dissipation (ε)
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Simplified Turbulent Kinetic Energy Eq.

k – εεεε Models and Boundary Layers

� Since we have little in the way of sound theory for 
modeling the velocity triple correlation, we (arbitrarily) 
combine this with the pressure diffusion term and model 
these together in the diffusion term of kinetic energy.

� There is no physical justification for this � there is no 
reason why the turbulent quantities must satisfy an 
advection – diffusion equation
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Standard k – εεεε RANS Model

k – εεεε Models and Boundary Layers
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Standard k – εεεε RANS Model: Remarks

� The model equations cannot be integrated all the way to 
a solid boundary � The law of the wall must be 
employed to provide velocity boundary conditions away 
from solid boundaries (equations for k and ε are not valid 
in viscous sublayer; ε2/k is singular close to the wall).

� The model equations show a strong coupling with each 
other (existence and uniqueness of solution?).

� Assignment of boundary conditions is quite difficult for k 
and ε (in particular for inlet conditions), because they are 
statistical quantities more than physical.

� Some improvements have been developed for this kind 
of models (for example RNG models, based on 
Renormalization Group Theory).

k – εεεε Models and Boundary Layers
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Standard k – εεεε RANS Model: Performance

k – εεεε Models and Boundary Layers
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Law of the Wall for Wall-bounded Flows

k – εεεε Models and Boundary Layers

� (At least) Two length scales are required to describe the 
turbulent profile, because of the sharp deformation at the wall

� The velocity profile is linear in the viscous sublayer, while it is 
nearly constant in the outer region � Hence a third profile is 
needed to math the previous ones.
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Length Scales

k – εεεε Models and Boundary Layers
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Log Law

k – εεεε Models and Boundary Layers
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Law of the Wall

k – εεεε Models and Boundary Layers
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Law of the Wall: Application

� The log law formula can be used to compute the velocity 
boundary condition at the outer edge of the buffer layer, 
or even farther from the wall if extremely coarse gridding 
in employed, instead of solving the equations in a very 
thin boundary layer.

� At the same time, we reduce the computational demand 
and avoid the problems due to singularities of k – ε
models close to the wall.

� The simple law of the wall described here is not valid for 
non similar boundary layers, and furthermore cannot be 
used accurately in the presence of flow separation and/or 
not fully–developed flows.

k – εεεε Models and Boundary Layers



NHT: Turbulence

59

Validation of Prototype Installation

Case Study

Case study provided by Ilaria Giolo
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Validation of Prototype Installation

Case Study
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Further Readings

� S.B. Pope, Turbulent Flows, Cambridge 
University Press, Cambridge, England (2000).

� D.C. Wilcox, Turbulence modeling for CFD, 
(1998).

� R. Ferrari, G.R. Flierl, Turbulence in 
Geophysical Systems, MIT OpenCourses:

– http://ocw.mit.edu/OcwWeb/ �
– Earth--Atmospheric--and-Planetary-Sciences/ �
– 12-820Spring-2005/CourseHome/index.htm
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