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Approximation ofrn-Dimensional Data Using
Spherical and Ellipsoidal Primitives

Giuseppe Calafiore

Abstract—This paper discusses the problem of approximating see [9], [22], which may be prone to convergence issues and
data points in n-dimensional Euclidean space using spherical and |gcal solutions. Theoretical issues related to nonlinear LS prob-
ellipsoidal surfaces. A closed form solution is provided for spher- lems encountered in computer vision are also discussed in [13].

ical approximation, while an efficient, globally optimal solution for In thi t th luti f spherical and ell
the ellipsoidal problem is proposed in terms of semidefinite pro- n this paper, we present the solution of spherical and ellip-

gramming (SDP). In addition, the paper presents a result for ro- soidal fitting based on a “difference-of-squares” (DOS) geo-
bust fitting in presence of outliers, and illustrates the theory with metric error criterion for points im-dimensional space. The
several numerical examples. A brief survey is also presented on main novelties of the proposed methods are that a) the algo-
the solutions to other relevant geometric approximation problems, - iy ms are either closed form, or guaranteed to converge to the
such as ellipsoidal covering of convex hulls and pattern separation. . . - . .
globaloptimum in a finite number of iterations and b) they work
Index Terms—Geometric approximation, semidefinite program-  without restriction in spaces of generic dimensiarin partic-
ming, spherical and ellipsoidal fitting, outliers. ular, we propose a closed-form solution for the spherical fitting
problem, and a solution for ellipsoidal fitting based on a partic-
|. INTRODUCTION ular class ofconvexoptimization algorithms, i.e., semidefinite
L L rograms (SDP, see [1], [16], [30], [33] and references therein).
HE prob!em pf gppropmgtmg obsgrved data with simpl practice, this implies that thidobal solution of the ellipsoidal
geometnc pr|m|t|yes IS, sihce th.Ef‘ times of Gauss, O_f fur?ftting problem inR™ can be determined efficiently using re-
damental importance in many scientific endeavors. To this puls tly developed interior-point algorithms for SDPs, [6], [30]
pose, the most commonly used primitives are lines, planes ( 3 ] TR '
their multidimensional extensions i.e., affine sets), cubes a he paper is structured as follows: in Section Il the

po'lyhe_dra, and quadratic sgts or surfaces, Su.Ch as Sphere.sc?rs%d—form solution to the spherical fitting problem is pre-
ellipsoids. The areas of application of geometric approximati

Unted, the results for ellipsoidal approximation and robust
techniques range from computer graphics and vision [2], [1 ’ " 'PSO! bproximat .

i ) ) flipsoidal approximation are discussed in Sections I, and
pattern recognition [21], [27] and representation of objects [1 illustrates the theory with several numerical examples.
to statistics [11], [23] and estimation [5]. The fitting process af‘i

| f ducti d simolificati fthe data. to the b inally, in Section V, we briefly review some other geometric
ows for reduction and simplification ot the data, to the bene Hroblems encountered in the literature related to ellipsoidal
of further data manipulation stages.

; : roximations. Conclusions are then drawn in Section VI.
Despite the importance of the problem however, the resuﬂgp

available in the literature on this topic suffer from various lim-

itations and drawbacks. First, most of the available results pro- Il. SPHERICAL FITTING
pose sqlutions to the pro_blem in the plane, i.e., only with data ‘?fLet the given data points; € R",i = 1, ..
dimension two, see fqr mstgnce [8], [9] and rgferenf:es thereinihe data matrix

(see also [14] for a discussion of the three-dimensional [3-D]

case). Second, most of the existing methods are based on the .
minimization of “algebraic distance” (or equation error) criteria, X=[g w2 - azy]eRYY.

[2], [8], [22]. These criteria may not have a clear geometric in-

terpretation, since they are not directly related to the geometfie goal is to determine a sphere that approximates the data
Euclidean distances from the points to the curve, as it is diROints, according to an appropriate optimality criterion. Let
cussed in depth in [9]. Third, most of the available results (wifiR " represent the center of the sphere, amiR* the respective

the exception of the work in [8], for which however the previouéadius- The criterion we shall consider is based on the squared
two points hold) are based on iterative nonlinear optimizatigfifference between the distance from the point to the center

schemes, such as modifications of the Gauss-Newton algoriti#y, = i — cl|) and the distance from the projection of the
point on the sphere and the centii; — c|| = ), see Fig. 1.

This fitting criterion will be referred to as the DOS criterion in

the sequel, and it is expressed as
Manuscript received January 30, 2001; revised March 14, 2002. This paper
was recommended by Associate Editor A. Ollero. .
The author is with the Dipartimento di Automatica e Informatica Politecnico N
di Torino, 24-10129 Torino, Italy (e-mail: calafiore@polito.it). foos(e,r) = Z(sz — | = )% 1)
Publisher Item Identifier S 1083-4427(02)06006-X. i—1

., N be grouped

1083-4427/02$17.00 © 2002 IEEE



270 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 32, NO. 2, MARCH 2002

Remark: Other criteria have been proposed in the literature A
for surface fitting. From a geometric point of view, the most
significant criterion is the Euclidean geometric criterion (EG)

N

fea(er) =Y (llzi =l - r)? ) X;

=1 ~

g2

which is based on the sum of squared geometric distances frc
the points to the surface, measured along the line through tl
point and the center of the sphere; this distance is also denot
“radial Euclidean distance” in the computer vision literature.
Other generic criteria are those based on the algebra
error (AE) (also called equation error), and are of the forn
> F%(x;), whereF(z) = 0 is an implicit parametric repre-
sentation of the surface. Notice that different equations ma
represent the same surface. For instance, we may repres

Y

y f‘l Distance from a data point to the sphere.

samesphere by the equatiohi(z) = ||z — ¢|| — » = 0, _ o N
or by the equationFs(z) = ||z — ¢||2 — »2 = 0, or also by Tlhe_n, thfe spheredtr;]at minimizes the criterion functf¢n, ) in
F3(z) = az¥z + bT'z + ¢ = 0, therefore an algebraic criterion(1) 1S unique, and has center in

is related to one particular representation of the geometric c=[I, 0] v @)

surface. The representatiéf gives rise to the criterion

N wherel,, denotes the, x n identity matrix. The optimal radius

far(a, b c) = Z (aa:zra:i + 0z + c)2 . 3) is given by

i=1 1/2
We notice however, that these criteria are not equivalent in prac- r= [N Z ||z; — C||2] . 8)
tice: optimizing with respect td} or F; yields a surface that i
minimizes the EG criterion or the DOS criterion, respectively, Proof: Let p = 7%, andg;(c) = |lz; — ||*. With this
while it is geometrically unclear what we are minimizing Whe'aeﬂnmon we have
usingF3. Moreover, in this latter case, one needs to add a further

constraint on the parameters in order to avoid trivial solutions. N y
A common choice is for instandfa b7 d]|| = 1, see [9]. Flesp) =Y (gie) = p)*.
The numerical cost for solving the minimization is alsot =1

the same for the three problems above: the most used criteriomfig first-order optimality conditions fof(c, p) are
AE, since its solution reduces to a simple linear Least-Squares

problem. As we remarked, the EG criterion would be geometri- af
cally preferable, but its solution requires an iterative nonlinear
optimization algorithm. The DOS criterion retains the geometric
interpretation, and provides approximation performances which 8f c,p) Z 2 agz( )
are very close to those obtained with the EG criterion, as shown gile dc
by the the numerical tests in Section IV.A. Moreover, its so-

lution may be determined in closed form, as described in théere(dg;(c)/dc) = —2(z; — c). From the first condition, we

= _22 gi(c =0 9)

=0 (10)

following. A immediately obtain
Define z as the barycenter of the data points N
1
R \ =5 ;gi(c). (11)
= N Z Xq (4) =
=1 Substituting now (11) in (10), after some manipulation we ob-
and X as the matrix of centered data tain the condition for the optimal center
v =T
X=X-7u (5) 297 =5 =0 (12)
whereu =[1 1 --- 1]7 € RY. The following theorem holds.

Theorem 1:Let X € R™" be full-row-rank, and let{ € wherez is the barycenter of the data, defined in (4). Defining
RYY=" be the matrix containing by columns a basis for tha as in (5), we notice that the condition (12) is satisfied if and
null space ofX. Define further only if the vectorg(c) = [g1(c) g2(c) --- gn(c)]? liesin the

o NN null space ofX. SinceRank(X) = n, a basis folNull(X) is
Q=[2X" H]eR™7, composed ofV — n independent vectors, that we arrange in the

(6) columns ofthe matri¥f € RY-V—"_ Notice that the vectay(c)

T
1/:[35{351 3Ty e x%x]\r]



CALAFIORE: APPROXIMATION OF n-DIMENSIONAL DATA 271

may be expressed in the fomic) = v — 2XTc+ucl ¢, where problem, and are generally based on equation error (AE) cri-
v is defined in (6), therefore the conditigiic) € Null(X) is teria, which do not always have a direct geometric interpreta-
expressed as tion. The existing AE-based fitting algorithms in two-dimen-
sional (2-D) and 3-D usually require the addition of further con-
2XTe+ He —ucle=v straints on the design variables, whose geometric significance
is often unclear, see for instance [2], [14], [24], [27]. Moreover,
for somet € RY—". It may be easily verified that € Null(X), the resulting conic is not in general guaranteed to be an ellipse,
therefore there exist a vectdy, such thaty = H¢,, and we so that further iterative refinements or rejection schemes need to
may write H¢ —ucl'c = Hyp, forn = ¢ — ¢,c%c. The previous be introduced, see [7], [18], [22]. Recently, a direct “ellipse-spe-
equation becomes now lineardrands cific” fitting method has been proposed in [8]. This method is
based on the solution of a generalized eigenvalue problem, and
X7 H] [c} — can therefore b_e consider_ed a “clpsed-form” method. The main
7 ’ drawback of this method is that it cannot be extended to deal
with multidimensional data (i.e., it works only for points on the
Notice that the matriX2 = [2X7 H] is square and full-rank plane), since in the multidimensional case the “ellipticity” con-
(Rank[X? H] = N from the definition of orthogonal com- straint cannot be expressed as a simple quadratic constraint on
plement; substitutingk” = X7 —wz? = XT - H¢, 2T, it the equation parameters. A key observation for our development
follows thatRank[X? H| = N), therefore the optimal solu- is that the ellipticity constraint is howevecanvexconstraint on
tion for the center is unique, and the statement of the theorenmitable equation parameters (see Theorems 2 and 3).
immediately follows. O More sophisticated fitting algorithms use the solution of an
As a simple extension of the above result, we may consid&E-based fitting method to provide a starting point for iterative
weightson the data points. This may be useful for instance whenlinear optimization algorithms (such as curvature weighted
it is known that different data points are subject to differeratlgorithms, [9]) that aim to the minimization of the EG criterion.

levels of noise, or in outliers rejection schemesw{f> 0,7 = These algorithm suffer from usual problems related to nonlinear
1,..., N are the weights, the (weighted) DOS criterion writesoptimization schemes: convergence is not guaranteed, nor it is
the determination of thglobal optimum, see e.qg., [8], [9], [22],
N [24], [28].
fwoos(e,r) =Y wi(lles — o> =) (13)  Another issue that we tackle i®bustnesswith respect to
=1

data points that violate the statistical assumptions of the esti-

The results of Theorem 1 can then be extended as follows. %%ﬁ{; %ffte;gbrtej;?r;?irt]oag::]tl:qeérse\/\éeu;’vglnlr'oi:cn;ﬁrﬂ'::fCtrr;teéria
W = diag(wy, w2, ..., wy), define the weighted barycenter ’ y

based on the sum of squared residuals are particularly sensitive
to the presence of outliers in the data. It is generally recognized
N that it is better in this respect to consider criteria based on the
o = 1 Z wiry; X = (X — T u")W sum of the absolute values of the residuals, [11],[15], [23], [28].

Zf‘:l w; =1 ’ Other policies for outlier rejection are those based on consensus

methods, like the RANSAC paradigm, see for instance [4] and

and let,, be a matrix containing by columns a basis for the nuteferences therein. In the sequel, we provide the results for both
space ofX,,,. Then, the center of the sphere which is optimal fahe sum-of-squares and the absolute-value-sum criteria.

and the weighted centered data matrix as

the weighted DOS criterion is The main pointin this section is that ellipsoidal fittingrirdi-
mensions is @onvexproblem. This fundamental fact seems to
c=[L, O]2XT H, v have gone unrecognized in the literature, but has several impor-
tant implications. Notably, the solution is guaranteed to con-
and the (square of the) corresponding optimal radius is verge to theglobal optimum of the problem, thus eliminating

the issue of local stationarity points. Moreover, the problem may

1 N be solved with great numerical efficiency by means of recently
2 2 . . . . .
=58 E wilz; — " developed interior-point methods, as discussed in the sequel. In
iz Wi i1 particular, the ellipsoid-fit problem will be cast as an SDP (see

_ e : for instance [30], [33]), which is a class of convex optimization
Numerical tests for spherical fitting are reported in the examples ; - ; .
problems, for which extremely efficient numerical algorithms

Section IV.A. .
are available.
Let the ellipsoid¢ be described as
[ll. ELLIPSOIDAL FITTING
In this section, we study the problem of fitting an ellipsoidal E={m(z—c)TAlz—c)=r* TrA=1} (14)

surface to a set ofi-dimensional data points, according to a

DOS error criterion. As previously discussed, current resuligherec € R"™ is the center, andl € R™" is a symmetric
available in the literature do not guarantee convergence to thesitive definite (this will be expressed ads- 0) matrix that
global optimum for the generie-dimensional ellipsoid-fitting defines theshapeof the ellipsoid. We consider the following
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DOS-based optimality criteria. First, we consider the sum-of
squares criterion

o
-

N

fle, Ayr) = Z(dQ(xi, c) — d*(%;,¢))? (15) . X

=1 X

whered(a, b) denotes a metric distance between the paints
andb, andz; denotes the point on the ellipsoid that lies on the c
ray z;c, see Fig. 2. It may be easily verified that

Y

Xy —C
V@i — )T Az, —¢)
If we choose to measure distances according to the metric ir.

duced byA, thend?(a, b) = (a—b)T A(a—b), and the criterion Fig. 2.
(15) assumes the simple form

T, =cH+r

Ellipsoid€ and points on the ray;c.

N whereA = AT € R, b € R?, andd € R; let alsoy € RY
fale, Ar) = Z((xi — )T A(z; — ) — %) (16) be avector whose components: = 1,2,..., N are positive
Py scalars. Consider the following SDP problem in the variables
A7 b7 d7 Ve
To take into account robustness issues regarding the sensitivity
of the estimate with respect to outliers, we also consider the minimize v subject to (20)
following criterion based on the absolute-value-sum ;
g [ ! QZ(Q)}H), i=1,2... N (21)
g:/(Q)
A-0; TrA=1 (22)

N

file, Ar) = (@i — ) Al — ) =77 (17)
=1 andletAq e, bopt, dopt» Topt represent the values at the optimum

Remark: As we remarked for spherical fitting (which is Ofof_ the variables of the previous SDP. Then, the ellipsoid (14),

course a particular case of ellipsoidal fitting), other optimalitfith
criteria are currently used in the literature. The most geometri- A=A
cally significant criterion is again the Euclidean error criterion opt?

Cc= _A;pltbopta
N 2 T
r° = |c" Ac — dop
foa(e Ar) =3 (@i — T Alwi — o) =12 (18) | v
i=1 is theglobal minimizer for the criterion (16).

Minimization of this criterion requires iterative nonlinear op- Proof: Expanding the productin (14), we obtain the ellip-

L . soid equation in the form

timization algorithms and, reportedly, presents severe conver-

gence problems (see [9]). The most frequently used criterionis ;7 4, — 2.7 Az + (TAc—r*) =0; TrA=1.
instead one based on the algebraic (equation) error, using the

equationz” Az + bz 4+ ¢ = 0 to represent the ellipsoid. Con-Considering the change of variables- —Ac, d = ¢¥ Ac — 72,
trary to the spherical case, further difficulties arise here, duews rewrite the ellipsoid equation in the form

the fact that the “ellipticity” constrainti > 0 must be enforced

by the algorithm. Several “tricks” and weighting schemes (see
agai_n [, anq [21, [24], [18], [7], [22]) havg been proposed i% bstitutingz; in the previous equation, we obtaip(?),
the literature in order to force the the solution of the AE-bas defined in (19). Ley(R) be the vector of components

prqble_m to approximate the solution of _the EG p_roblem. Thei ). The approximation problem with respect to the criterion
limitations of these methods have been discussed in [8], whe ) amounts therefore to findind > 0,b,d that minimize

direct “ellipse-specific” algorithm is presented. The main dra - ; - . .
back of thz algoprithm pro?oosed in [g] is that it is limited to th I-g-(Q)HQ' g 1S @ vector pf.or?e's of appropriate dimension, this
s in turn equivalent to minimizing?'y subject tag; (2)? < i,

2-D case. Below, we propose a globally convergent, ellipse SRgz; _ 1 5" Using the Schur complements rule (see for

C'f'c algonthm _that is based on th? DOS, criterion, and Worlﬁﬁstance [30]), the latter condition is equivalent to the matrix
without restrictions on the space dimensian 'Snequality

The computation of the optimal ellipsoid, for the criteria (16
and (17) is summarized in the following two theorems. 1 gi(2) <0
Theorem 2: Let () v ’

P Az + 20Tz +d=0, TrA=1.

Q) = 1 | % Q= A b (19) Sinceyg; is affine in the variablesl, b, d, the previous condition
g:(S) = [ ] 1]’ | d is an LMI (linear matrix inequality) constraint on the variables.



CALAFIORE: APPROXIMATION OF n-DIMENSIONAL DATA 273

The resulting optimization problem belongs therefore to a pe 2 f f ? { j f
ticular class of convex problems known in the literature as SC ‘ ‘ 3 : : :

minimize »?'~ subject to (23)

[ ! gi(m}>0, i=1,2,....N (24) 8
() i

A-0; TrA=1. (25)

The statement of the theorem then follows easily from the pr
vious considerations. O : . !
The next theorem treats the case of robust ellipsoidal fittin 4 i fr g i
i.e., data approximation performed according to the criteric
(17).
Theorem 3:Let g;(2) and~ be defined as in Theorem 2. 2
Consider the following SDP problem in the variableéd, d, ~;

minimize u? v subject to (26)
’yi—gi(Q)>0, i=1,2,...,N (27) : : ' ‘ : :
vi+¢(Q2) >0, i=12,...,N (28) 2 0 2 4 6 8 10 12
¥% >0, t=12,....,N (29) ) . ) . -
Fig. 3. Optimal closed-form solution for the DOS criterion: (1) (solid line),
A-0;, TrA=1 (30) comparison with the algebraic criterion (3) (dash-dotted line), and the EG

criterion (2) (dashed line).

and letAqpt , bopt, dopt, Yopt represent the values at the optimum
of the variables of the previous SDP. Then, the ellipsoid (14)orst-casecomplexity estimate, and that in practice these algo-

with rithms have been observed to behave much better than predicted
by the theoretical estimate (see comments in [30]).
A= Agp We also remark that, similar to the spherical case, weights on
= _A;pltbopt the data can be introduced in the optimality criterion, and the re-
2 T sults of Theorem 2 and Theorem 3 can be modified accordingly.
e e This straightforward extension is left to the reader. A

is theglobal minimizer for the criterion (17).

Proof: The first part of the proof follows the same line as
that of the previous theorem. The approximation problem with In this section, we report numerical experiments for the spher-
respect to the criterion (17) amounts to findiAg- 0, b, d that ical and ellipsoidal fitting methods previously described.
minimize ), |¢;(©)|. This is in turn equivalent to minimizing
uT~ subject tdg; ()] < vi, v > 0,fori =1,2,..., N,which A. Spherical Fitting

IV. NUMERICAL EXAMPLES

is equivalent to We start with a simple 2-D example proposed in [9], with data
points in
%=l >0 g9 N
¥ +9:(82) >0 x_|1 25793
|7 6 8 7 5 7

Sinceyg; is affine in the variablesi, b, d, the previous condi-
tions, together with the positive definite condition @n and The optimal circle computed according to Theorem 1 (DOS cri-
the positivity condition ony;, are a set of LMI constraints onterion) has center ia = [4.7423 3.8351]* and radius: =
the variables. The statement of the theorem then follows easily088, and it is depicted in Fig. 3, together with the solu-
from the previous considerations. [0 tion obtained by minimization of the equation error criterion
Remark: We stress the fact that, since for both the consig3) (which has center iff5.3794 7.2532]7 and radius 3.037,
ered criteria ellipsoidal fitting may be cast as an SDP (which & reported in [9]), and the solution that minimizes the sum
a particular class of convex programs), an appropriate numerioélactual squared EG criterion (2). The EG solution required
algorithm will alwaysconverge to thglobal optimum in a pre- an iterative Gauss-Newton method, and yielded the center in
defined maximum number of iterations. In particular, the conj4.7398 2.9835]" and radius 4.7142. To compare these three so-
plexity result for the SDPs in Theorems 2 and 3 is as followhitions, we computed posteriorithe final Euclidean residual
using ageneral-purpos@rimal-dual interior point algorithm as d = (Y°0v (||z; — ¢|| — 7)?)Y/2, obtainingd,. = 3.2944 for
the one described in [30], the number of operations to attain tthe circle computed according to the AE criterion (@), =
global optimum with given accuracy grows with problem sizé.1825 for the one computed according to DOS criterion (1),
asO(N?n*), see [16], [30]. Notice also that the previous is andd., = 1.1080 for the one resulting from the EG criterion
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20% noise 30% noise 15 , . , .
1 L
1+ |
0 0
o5 o
-1 -1
o- g
-1 0 1
40% noise
: 0.5 3
1 1
1 r 4
0 ot
1. s 1 1 L L - 1 L 1
-1 1 1.5 1 0.5 ° 05 1 15 2
-1 0 1 -1 0 1 Fig. 5. Data having low noise intensityiow, = 0.03 with probability 0.9

and high noise intensity,,; = 0.3 with probability 0.1. Solid line shows the
weighted optimal circle. Dashed line shows the standard fit.

Fig. 4. Noise sensitivity of optimal fit circles for different noise ratios in the

data.N = 50 data points.

the radiusp was taken as a Gaussian variable with mean one,

: : . . _having standard deviation,,, = 0.03 with probability 0.9 and
(2), this latter being of course the minimal achievable valué of i = 0.3 with probability 0.1. We run a large number of tests

From this example, we observe that the solution obtained frqijn g gata instances with this kind of noise, and then computed

the DOS criterion is close to that resulting from minimizatiog,» giatistics on the sensitivity of the optimal solutions which
of the EG criterion, which comes at much higher computatlong}e reported in Table |

cost, since it requires an iterative nonlinear optimization algo-
rithm. This fact is supported by further experimental validatiorg_ Ellipsoidal Fitting
we run a large number of tests using = 50 randomly gen- ] ) .
erated points ifit3, uniformly distributed in a 3-D box of unit e first considered two data sets proposed in [9]. The
side length, and computed tHaresiduals for the solutions ob-results of ellipsoidal approximation computed according
tained from the DOS and EG criteria. The results are as f§f Theorem 2 on these data sets is shown in Fig. 6. The
lows: on average, the residual from DOS was only 2.1% largePtimal ellipsoid for the data in ':7'94 6(%)77has center
than the minimum achievable residual (the one computed mini- = [5.1978 5.1093]7, 4 = [8?730 8.6212}’ and
mizing the EG criterion), while in the less favorable experimel;l,tz — 43763. The value of the criteribn (16) ét the optimum
the.DOS residual was 7.0% larger than the minimum achieval?éefQ — 12.5831. The actual average Euclidean distance from
residual. = _ the points to the optimal ellipsd, = (3 ||lz; — #:]|?)'/? was

We next tested the stability of the proposed method with rggmputed a-posteriori, obtaining= 1.5824. Notice that this
spect to noise in the data. We considered occluded data (2 s&gjye of the residual Euclidean error falls in between of the
circle) affected by an increasing amount of Gaussian noise. TW8ues reported in [9], Section 3, for algebraic fit & 1.80
data have been generated.as= pfcosf sin Q]T’_ whered is  renorted) and direct Euclidean fit (computed using an iterative
uniformly distributed in the interval0, 7], andp is Gaussian onlinear optimization schemd, = 1.17 reported). For the

with mean one and variance’. The noise intensity was Setyata in Fig. 6(b), we determined an optimal ellipsoid with
as3c = 0.2;0.3;0.4;0.5 in the respective experiments. The (-0.3973 0.5149]7, A 0.1944 0.0276
= 0. 0 , =

method showed remarkable stability for noise levels up to 50ggNterc [0.0276 0.8056]’
of the nominal radius (see Fig. 4). and+? = 73.3422. The average Euclidean distanderom

We point out that the proposed fitting method, as itis commdhe points to the optimal ellipse, computed a-posteriori, is
to all methods based on quadratic cost criteria, may be sengi= 3.5193.
tive to outliers. One possibility for reducing outlier sensitivity Fig. 7 shows the sensitivity of the optimal DOS ellipsoid to
is to solve spherical fitting as a special case of ellipsoidal fitifferent levels of Gaussian noise affecting the data.
ting, using the solution based on the absolute-value-sum criteFig. 8 shows a comparison between the criteria (16) and (17)
rion proposed in Theorem 3. Otherwise, when the level of noise a data set contaminated by two outliers. Fig. 8(a) shows that
associated to each data point is knoapriori, one can use the solution computed by means of Theorem 2 [i.e., minimiza-
a weighted criterion, with weights proportional to the inversgon of sum-of-squares criterion (16)] is particularly sensitive to
of the noise intensity. In the example shown in Fig. 5, the datfae two outliers, while the solution computed according to The-
have been generated as= p[cosf sinf]?, whered is uni- orem 3 [i.e., minimization of absolute-value-sum criterion (17)]
formly distributed in[0, 7]. To simulate the presence of outliersshows a remarkable stability, see Fig. 8(b).
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TABLE |
STATISTICS FOROPTIMAL PARAMETERS OF APPROXIMATING CIRCLE. SEMI-CIRCLE DATA AFFECTED BY GAUSSIAN NOISE AND OUTLIERS.
X ., Y. INDICATE THE COORDINATES OF THECENTER

avg. X. | avg. Y, | avg. radius | stdev. X, | stdev. Y. | stdev. radius
DOS fit -0.0022 | 0.0499 0.9759 0.0233 0.0657 0.0373
Weighted DOS fit || -0.0004 | 0.0097 0.9949 0.0069 0.0154 0.0100
10 T T 20 T T T T T T T T T
a b.
= : : : : : : : :
ABE- Lo N

Fig. 6. Optimal ellipsoids computed according to criterion (16) on two data sets presented in [9].

20% noise 30% noise

-0.5

Fig. 7. Sensitivity of optimal ellipsoids computed according to criterion (16), for different levels of Gaussian noise. The dotted curveshedicatenal
ellipsoid used to generate the data.

To conclude this examples section, we considered three-data affected by outliers generating valueg wfhich with prob-
mensional data generated as ability 0.9 are Gaussian with unit mean and standard devia-
tion oy, = 0.03, and with probability 0.1 are Gaussian with
unit mean and standard deviatief); = 0.3. We run several
problem instances wittv. = 50 noisy points, and for each in-
stance we computed the optimal ellipsoids, using both criteria
(16) and (17). The average performances of the fits are reported
wherez € R? is uniformly distributed on the surface of a unitin Table Il. All examples in this section were computed under
sphere. Fop = 1, the pointsz lie on the surface of a nom- Matlab, using the SP SDP solver [32], and the LMItool inter-
inal ellipsoid centered in the origin. We artificially created noisjace, [6].
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Fig. 8. Comparison of sum-of-squares criterion (left picture) and absolute-value-sum criterion (right picture), for a data set contaminatedligydwo

TABLE I
STATISTICS FOROPTIMAL PARAMETERS OFAPPROXIMATING ELLIPSOIDS, FOR DATA AFFECTED BY GAUSSIAN NOISE AND OUTLIERS. THE ERRORe REPRESENTS
THE AVERAGE RADIAL DISTANCE FROM THE POINTS TO THE APPROXIMATING SURFACE

avg. A avg. ¢ avg. r | avg. e
0.435 —0.441 -—0.001
sum-squares DOS fit —0.441 0.541 0.001 0.000 —0.001 -0.004 | 0.313 | 0.006

—0.001 0.001 0.023
0.432 —-0.435 —-0.000
abs-sum DOS fit —0.435 0.542 -0.000 0.000 —0.001 0.001 0.324 | 0.003
| —0.000 —0.000 0.025

V. OTHER ELLIPSOIDAL APPROXIMATION PROBLEMS 07 ' ' ' : ' ' '

In the previous sections, we discussed the problem of appr
imating data in the least-squares sense via ellipsoidal surfac
In some engineering applications it is instead of interest to ¢
termine other types of ellipsoidal approximations of the dat °5¢ ]
For instance, it is desired to compute an ellipsoid that contai
the data, or to separate two different classes of points by me.
of an ellipsoidal surface. These geometric problems may ag:
be cast as semidefinite optimization problems, and are brie , ]
reviewed below.

o

4r- e

A. Minimal Ellipsoid Containing Given Points il |

A problem that arises in several applications of comput
vision, cluster analysis [20], and robust statistics (e.g.,
ellipsoidal peeling methods for outliers detection, [23]) i ‘
the computation of the minimal ellipsoid containing giver % o5 o7 0s o 1 1 12 18
n-dimensional pointsy, . ..,z x, or equivalently, their convex
hull, [30], [31]. We adopt here the following representation df'9- 9- Minimal ellipsoid covering a set of points.
the ellipsoid&

01 i

measured by the sum of the squared semi-axes lengths, which
{z:(z—c)'PHz—c)—1<0} (31) isequal tdIr P. An alternative measure of size is related to the
volume of the ellipsoid (which is proportional det ), see for
whereP € R™" = 0 denotes the “shape matrix” of the ellip-instance [31]. Clearly, a point; belongs to the ellipsoid (31) if
soid, andc € R" is the center. The “size” of the ellipsoid isand only if (z; — ¢)"P~1(x; — ¢) — 1 < 0. Using the Schur
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Fig. 10. Ellipsoid separating two data patterns. Points reprasgyfe data, and crosses represgiype data.

complements rule, this condition (together with the conditioimen the optimal sphere may be computed solving the following

P > 0) is equivalent to (convex) optimization problem in the variables:
P (i —¢) .0 minimize  subject to (34)
AV 1 .
(i —¢) |z; —c|| <7, i=1,2,...,N; (35)
which is an LMI constraint on the problem variablé3ec. r > 0. (36)

Minimal ellipsoidal covering can therefore be solved by means

of semidefinite programming, as detailed in the following: lethis problem belongs to the class of second-order cone pro-
Popi, Copt. be the values of the variables of the following SD@rams (SOCP), which are a particular class of SDP, and for

at the optimum which there exist dedicated algorithms that exploit the structure
of the problem for extra efficiency, see [25], [26] and references
minimize Tr P subject to (32) therein.
r (z; —c)

)T 1 =0, ¢=12,...,N. (33) B. Pattern Separation by Ellipsoids

. F— ) A problem of cluster classification arising in pattern recog-
Then, the ellipsoidz: (x — copt)” Fope(# — copt) =1 < 01 IS pition is that of separating two set of poinfisy, .. ., z, } and
the minimal ellipsoid containing the points, i = 1,2,.... N. ¢, .y, } by means of an ellipsoidal surface, see [20]. An
This result has been also presented in [31], where the "S'Ze"§SP solution to this problem has been proposed in [30]. The el-

the _eIIipsoid was megs_ured in ter_ms of_volume. ~ lipsoid {x: z7 Az + 26Tz + d < 0} contains all the points;
Fig. 9 shows the minimal covering ellipse for the data pointg,q none of they, if and only if A « 0 and

shown in the equation at the bottom of the page, which results
in eF Az + 2072, +d <0, i=1,...,N,,

p_[01044 0.0515 _ [0.9068 yi Ayi+ 20y, +d 20, i=1,...,N,.  (37)
°Pt = 10,0515 0.0899 | “Pt T | 0.3281]"

(x; — ¢

These form a set of LMI conditions on the problem variables
As a simple special case of the previous problem, we may cofi-b, d. We can therefore find the optimal ellipsoid separating
sider the minimal sphere containing given pointsc [E R™ the two clusters by minimizing the size of under the LMI
denotes the center of the sphere, arnd 0 denotes the radius, constraints (37). Notice that if the two clusters are not separable

_10.7500 0.7274 1.1422 0.8786 0.8018 0.6802 1.2152 0.8077 1.0121 0.6807

X = 0.1463 0.2659 0.5483 0.4766 0.3228 0.3975 0.5559 0.0414 0.4220 0.0352|°
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by an ellipsoidal surface, the solution algorithm will return an[10]
unfeasibility message. Fig. 10 shows an example with the two
data clusters and the computed ellipsoid that separates them.[11]
There are several variations, with interesting engineering ad12]
plications, of the geometric problems mentioned in the previous
sections. To mention a few, the problem of finding a minimal el-[13]
lipsoid containingV given ellipsoids is treated in [3]. The min-
imal volume ellipsoid containing a generic set is treated for in{14)
stance in [10]. The problem of computing the maximum volume
ellipsoid contained inside a polyhedron described by means ¢fs;
a set of linear inequalities, as well as other problems related to
ellipsoidal approximation are treated in [3], [12], [16], [31]. [16]
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pp. 137-159, 1993.
Y. Leedan and P. Meer, “Heteroscedastic regression in computer vision:
Problems with bilinear constraintfht. J. Comput. Vis.vol. 37, pp.
127-150, 2000.
G. Lukacs, R. R. Martin, and A. D. Marshall, “Faithful least-squares
fitting of spheres, cylinders, cones and tori for reliable segmentation,”
in Proc. ECCV vol. 1, 1998, pp. 671-686.
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59-70, 1991.
Y. Nesterov and A. Nemirovskiinterior-Point Polynomial Algorithms
in Convex Programming Philadelphia, PA: SIAM, 1993.
J. O’'Rourke and N. |. Badler, “Decomposition of three-dimensional
objects into spheres/EEE Trans. Pattern Anal. Machine Intellvol.
PAMI-1, pp. 295-305, 1979.
J. Porril, “Fitting ellipses and predicting confidence envelopes using a
bias corrected Kalman filter,fmage Vis. Computvol. 8, no. 1, pp.
37-41, 1990.
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VI. CONCLUSION 7]

From the numerical tests, we observed that the proposed s@g)
lutions based on the DOS criterion give approximation perfor-
mances that are close to those provided by algorithms based 3
the minimization of EG criterion. These latter algorithms do not
have a convergence guarantee and are computationally expé?f)J
sive. On the other hand, the proposed ellipsoidal fitting algos21)
rithms always guarantee convergence to the global optimum, for
data in spaces of generic dimensienand their computational
complexity gracefully scales &3(N?n*) with data cardinality
N and space dimensiom. To the best of the author’'s knowl-
edge, no algorithm with such characteristics (either based op4]
algebraic or Euclidean geometric criteria) can be found in the
literature, with the exception of [8], which is however restricted s
to data in two-dimensions.

In the test cases, the DOS-optimal solutions showed remarks
able stability with respect to Gaussian noise, and also to the pres-
ence of outliers, in the case of the robust algorithm proposed i[}n
Theorem 3.

Asafinalwordof caution, we remarkthatthe usedimplementa-
tions of the SDP optimization algorithms permitto treat with ease,g
problems of medium size, i.e., up to several hundreds of points.
For data sets of larger size, one should expect numerical prok!
lems from these general-purpose SDP solvers, and should move
to problem-specific SDP codes that exploit the data structure. [30]
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