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Approximation ofn-Dimensional Data Using
Spherical and Ellipsoidal Primitives

Giuseppe Calafiore

Abstract—This paper discusses the problem of approximating
data points in -dimensional Euclidean space using spherical and
ellipsoidal surfaces. A closed form solution is provided for spher-
ical approximation, while an efficient, globally optimal solution for
the ellipsoidal problem is proposed in terms of semidefinite pro-
gramming (SDP). In addition, the paper presents a result for ro-
bust fitting in presence of outliers, and illustrates the theory with
several numerical examples. A brief survey is also presented on
the solutions to other relevant geometric approximation problems,
such as ellipsoidal covering of convex hulls and pattern separation.

Index Terms—Geometric approximation, semidefinite program-
ming, spherical and ellipsoidal fitting, outliers.

I. INTRODUCTION

T HE problem of approximating observed data with simple
geometric primitives is, since the times of Gauss, of fun-

damental importance in many scientific endeavors. To this pur-
pose, the most commonly used primitives are lines, planes (and
their multidimensional extensions i.e., affine sets), cubes and
polyhedra, and quadratic sets or surfaces, such as spheres and
ellipsoids. The areas of application of geometric approximation
techniques range from computer graphics and vision [2], [19],
pattern recognition [21], [27] and representation of objects [17],
to statistics [11], [23] and estimation [5]. The fitting process al-
lows for reduction and simplification of the data, to the benefit
of further data manipulation stages.

Despite the importance of the problem however, the results
available in the literature on this topic suffer from various lim-
itations and drawbacks. First, most of the available results pro-
pose solutions to the problem in the plane, i.e., only with data of
dimension two, see for instance [8], [9] and references therein
(see also [14] for a discussion of the three-dimensional [3-D]
case). Second, most of the existing methods are based on the
minimization of “algebraic distance” (or equation error) criteria,
[2], [8], [22]. These criteria may not have a clear geometric in-
terpretation, since they are not directly related to the geometric
Euclidean distances from the points to the curve, as it is dis-
cussed in depth in [9]. Third, most of the available results (with
the exception of the work in [8], for which however the previous
two points hold) are based on iterative nonlinear optimization
schemes, such as modifications of the Gauss-Newton algorithm,
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see [9], [22], which may be prone to convergence issues and
local solutions. Theoretical issues related to nonlinear LS prob-
lems encountered in computer vision are also discussed in [13].

In this paper, we present the solution of spherical and ellip-
soidal fitting based on a “difference-of-squares” (DOS) geo-
metric error criterion for points in -dimensional space. The
main novelties of the proposed methods are that a) the algo-
rithms are either closed form, or guaranteed to converge to the
globaloptimum in a finite number of iterations and b) they work
without restriction in spaces of generic dimension. In partic-
ular, we propose a closed-form solution for the spherical fitting
problem, and a solution for ellipsoidal fitting based on a partic-
ular class ofconvexoptimization algorithms, i.e., semidefinite
programs (SDP, see [1], [16], [30], [33] and references therein).
In practice, this implies that theglobalsolution of the ellipsoidal
fitting problem in can be determined efficiently using re-
cently developed interior-point algorithms for SDPs, [6], [30],
[32].

The paper is structured as follows: in Section II the
closed-form solution to the spherical fitting problem is pre-
sented, the results for ellipsoidal approximation and robust
ellipsoidal approximation are discussed in Sections III, and
IV illustrates the theory with several numerical examples.
Finally, in Section V, we briefly review some other geometric
problems encountered in the literature related to ellipsoidal
approximations. Conclusions are then drawn in Section VI.

II. SPHERICAL FITTING

Let the given data points be grouped
in the data matrix

The goal is to determine a sphere that approximates the data
points, according to an appropriate optimality criterion. Let

represent the center of the sphere, and the respective
radius. The criterion we shall consider is based on the squared
difference between the distance from the point to the center

and the distance from the projection of the
point on the sphere and the center , see Fig. 1.
This fitting criterion will be referred to as the DOS criterion in
the sequel, and it is expressed as

(1)
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Remark: Other criteria have been proposed in the literature
for surface fitting. From a geometric point of view, the most
significant criterion is the Euclidean geometric criterion (EG)

(2)

which is based on the sum of squared geometric distances from
the points to the surface, measured along the line through the
point and the center of the sphere; this distance is also denoted
“radial Euclidean distance” in the computer vision literature.

Other generic criteria are those based on the algebraic
error (AE) (also called equation error), and are of the form

, where is an implicit parametric repre-
sentation of the surface. Notice that different equations may
represent the same surface. For instance, we may represent
samesphere by the equation ,
or by the equation , or also by

, therefore an algebraic criterion
is related to one particular representation of the geometric
surface. The representation gives rise to the criterion

(3)

We notice however, that these criteria are not equivalent in prac-
tice: optimizing with respect to or yields a surface that
minimizes the EG criterion or the DOS criterion, respectively,
while it is geometrically unclear what we are minimizing when
using . Moreover, in this latter case, one needs to add a further
constraint on the parameters in order to avoid trivial solutions.
A common choice is for instance , see [9].

The numerical cost for solving the minimization is alsonot
the same for the three problems above: the most used criterion is
AE, since its solution reduces to a simple linear Least-Squares
problem. As we remarked, the EG criterion would be geometri-
cally preferable, but its solution requires an iterative nonlinear
optimization algorithm. The DOS criterion retains the geometric
interpretation, and provides approximation performances which
are very close to those obtained with the EG criterion, as shown
by the the numerical tests in Section IV.A. Moreover, its so-
lution may be determined in closed form, as described in the
following.

Define as the barycenter of the data points

(4)

and as the matrix of centered data

(5)

where . The following theorem holds.
Theorem 1: Let be full-row-rank, and let

be the matrix containing by columns a basis for the
null space of . Define further

(6)

Fig. 1. Distance from a data pointx to the sphere.

Then, the sphere that minimizes the criterion function in
(1) is unique, and has center in

(7)

where denotes the identity matrix. The optimal radius
is given by

(8)

Proof: Let , and . With this
definition, we have

The first-order optimality conditions for are

(9)

(10)

where . From the first condition, we
immediately obtain

(11)

Substituting now (11) in (10), after some manipulation we ob-
tain the condition for the optimal center

(12)

where is the barycenter of the data, defined in (4). Defining
as in (5), we notice that the condition (12) is satisfied if and

only if the vector lies in the
null space of . Since , a basis for is
composed of independent vectors, that we arrange in the
columns of the matrix . Notice that the vector
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may be expressed in the form , where
is defined in (6), therefore the condition is

expressed as

for some . It may be easily verified that ,
therefore there exist a vector such that , and we
may write , for . The previous
equation becomes now linear inand

Notice that the matrix is square and full-rank
( from the definition of orthogonal com-
plement; substituting , it
follows that ), therefore the optimal solu-
tion for the center is unique, and the statement of the theorem
immediately follows.

As a simple extension of the above result, we may consider
weightson the data points. This may be useful for instance when
it is known that different data points are subject to different
levels of noise, or in outliers rejection schemes. If

are the weights, the (weighted) DOS criterion writes

(13)

The results of Theorem 1 can then be extended as follows. Let
, define the weighted barycenter

and the weighted centered data matrix as

and let be a matrix containing by columns a basis for the null
space of . Then, the center of the sphere which is optimal for
the weighted DOS criterion is

and the (square of the) corresponding optimal radius is

Numerical tests for spherical fitting are reported in the examples
Section IV.A.

III. ELLIPSOIDAL FITTING

In this section, we study the problem of fitting an ellipsoidal
surface to a set of -dimensional data points, according to a
DOS error criterion. As previously discussed, current results
available in the literature do not guarantee convergence to the
global optimum for the generic-dimensional ellipsoid-fitting

problem, and are generally based on equation error (AE) cri-
teria, which do not always have a direct geometric interpreta-
tion. The existing AE-based fitting algorithms in two-dimen-
sional (2-D) and 3-D usually require the addition of further con-
straints on the design variables, whose geometric significance
is often unclear, see for instance [2], [14], [24], [27]. Moreover,
the resulting conic is not in general guaranteed to be an ellipse,
so that further iterative refinements or rejection schemes need to
be introduced, see [7], [18], [22]. Recently, a direct “ellipse-spe-
cific” fitting method has been proposed in [8]. This method is
based on the solution of a generalized eigenvalue problem, and
can therefore be considered a “closed-form” method. The main
drawback of this method is that it cannot be extended to deal
with multidimensional data (i.e., it works only for points on the
plane), since in the multidimensional case the “ellipticity” con-
straint cannot be expressed as a simple quadratic constraint on
the equation parameters. A key observation for our development
is that the ellipticity constraint is however aconvexconstraint on
suitable equation parameters (see Theorems 2 and 3).

More sophisticated fitting algorithms use the solution of an
AE-based fitting method to provide a starting point for iterative
nonlinear optimization algorithms (such as curvature weighted
algorithms, [9]) that aim to the minimization of the EG criterion.
These algorithm suffer from usual problems related to nonlinear
optimization schemes: convergence is not guaranteed, nor it is
the determination of theglobaloptimum, see e.g., [8], [9], [22],
[24], [28].

Another issue that we tackle isrobustnesswith respect to
data points that violate the statistical assumptions of the esti-
mator, often referred to asoutliers. We will not enter into the
details of robust estimation here, but only recall that criteria
based on the sum of squared residuals are particularly sensitive
to the presence of outliers in the data. It is generally recognized
that it is better in this respect to consider criteria based on the
sum of the absolute values of the residuals, [11],[15], [23], [28].
Other policies for outlier rejection are those based on consensus
methods, like the RANSAC paradigm, see for instance [4] and
references therein. In the sequel, we provide the results for both
the sum-of-squares and the absolute-value-sum criteria.

The main point in this section is that ellipsoidal fitting in-di-
mensions is aconvexproblem. This fundamental fact seems to
have gone unrecognized in the literature, but has several impor-
tant implications. Notably, the solution is guaranteed to con-
verge to theglobal optimum of the problem, thus eliminating
the issue of local stationarity points. Moreover, the problem may
be solved with great numerical efficiency by means of recently
developed interior-point methods, as discussed in the sequel. In
particular, the ellipsoid-fit problem will be cast as an SDP (see
for instance [30], [33]), which is a class of convex optimization
problems, for which extremely efficient numerical algorithms
are available.

Let the ellipsoid be described as

(14)

where is the center, and is a symmetric
positive definite (this will be expressed as ) matrix that
defines theshapeof the ellipsoid. We consider the following
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DOS-based optimality criteria. First, we consider the sum-of-
squares criterion

(15)

where denotes a metric distance between the points
and , and denotes the point on the ellipsoid that lies on the
ray , see Fig. 2. It may be easily verified that

If we choose to measure distances according to the metric in-
duced by , then , and the criterion
(15) assumes the simple form

(16)

To take into account robustness issues regarding the sensitivity
of the estimate with respect to outliers, we also consider the
following criterion based on the absolute-value-sum

(17)

Remark: As we remarked for spherical fitting (which is of
course a particular case of ellipsoidal fitting), other optimality
criteria are currently used in the literature. The most geometri-
cally significant criterion is again the Euclidean error criterion

(18)

Minimization of this criterion requires iterative nonlinear op-
timization algorithms and, reportedly, presents severe conver-
gence problems (see [9]). The most frequently used criterion is
instead one based on the algebraic (equation) error, using the
equation to represent the ellipsoid. Con-
trary to the spherical case, further difficulties arise here, due to
the fact that the “ellipticity” constraint must be enforced
by the algorithm. Several “tricks” and weighting schemes (see
again [9], and [2], [24], [18], [7], [22]) have been proposed in
the literature in order to force the the solution of the AE-based
problem to approximate the solution of the EG problem. The
limitations of these methods have been discussed in [8], where a
direct “ellipse-specific” algorithm is presented. The main draw-
back of the algorithm proposed in [8] is that it is limited to the
2-D case. Below, we propose a globally convergent, ellipse spe-
cific algorithm that is based on the DOS criterion, and works
without restrictions on the space dimension.

The computation of the optimal ellipsoid, for the criteria (16)
and (17) is summarized in the following two theorems.

Theorem 2: Let

(19)

Fig. 2. EllipsoidE and points on the ray~x c.

where , and ; let also
be a vector whose components are positive
scalars. Consider the following SDP problem in the variables

subject to (20)

(21)

(22)

and let represent the values at the optimum
of the variables of the previous SDP. Then, the ellipsoid (14),
with

is theglobal minimizer for the criterion (16).
Proof: Expanding the product in (14), we obtain the ellip-

soid equation in the form

Considering the change of variables ,
we rewrite the ellipsoid equation in the form

Substituting in the previous equation, we obtain ,
as defined in (19). Let be the vector of components

. The approximation problem with respect to the criterion
(16) amounts therefore to finding that minimize

. If is a vector of ones of appropriate dimension, this
is in turn equivalent to minimizing subject to ,
for . Using the Schur complements rule (see for
instance [30]), the latter condition is equivalent to the matrix
inequality

Since is affine in the variables , the previous condition
is an LMI (linear matrix inequality) constraint on the variables.
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The resulting optimization problem belongs therefore to a par-
ticular class of convex problems known in the literature as SDP
problems, and takes the form

subject to (23)

(24)

(25)

The statement of the theorem then follows easily from the pre-
vious considerations.

The next theorem treats the case of robust ellipsoidal fitting,
i.e., data approximation performed according to the criterion
(17).

Theorem 3: Let and be defined as in Theorem 2.
Consider the following SDP problem in the variables

subject to (26)

(27)

(28)

(29)

(30)

and let represent the values at the optimum
of the variables of the previous SDP. Then, the ellipsoid (14),
with

is theglobal minimizer for the criterion (17).
Proof: The first part of the proof follows the same line as

that of the previous theorem. The approximation problem with
respect to the criterion (17) amounts to finding that
minimize . This is in turn equivalent to minimizing

subject to , for , which
is equivalent to

for

Since is affine in the variables , the previous condi-
tions, together with the positive definite condition on, and
the positivity condition on , are a set of LMI constraints on
the variables. The statement of the theorem then follows easily
from the previous considerations.

Remark: We stress the fact that, since for both the consid-
ered criteria ellipsoidal fitting may be cast as an SDP (which is
a particular class of convex programs), an appropriate numerical
algorithm will alwaysconverge to theglobaloptimum in a pre-
defined maximum number of iterations. In particular, the com-
plexity result for the SDPs in Theorems 2 and 3 is as follows:
using ageneral-purposeprimal-dual interior point algorithm as
the one described in [30], the number of operations to attain the
global optimum with given accuracy grows with problem size
as , see [16], [30]. Notice also that the previous is a

Fig. 3. Optimal closed-form solution for the DOS criterion: (1) (solid line),
comparison with the algebraic criterion (3) (dash-dotted line), and the EG
criterion (2) (dashed line).

worst-casecomplexity estimate, and that in practice these algo-
rithms have been observed to behave much better than predicted
by the theoretical estimate (see comments in [30]).

We also remark that, similar to the spherical case, weights on
the data can be introduced in the optimality criterion, and the re-
sults of Theorem 2 and Theorem 3 can be modified accordingly.
This straightforward extension is left to the reader.

IV. NUMERICAL EXAMPLES

In this section, we report numerical experiments for the spher-
ical and ellipsoidal fitting methods previously described.

A. Spherical Fitting

We start with a simple 2-D example proposed in [9], with data
points in

The optimal circle computed according to Theorem 1 (DOS cri-
terion) has center in and radius

, and it is depicted in Fig. 3, together with the solu-
tion obtained by minimization of the equation error criterion
(3) (which has center in and radius 3.037,
as reported in [9]), and the solution that minimizes the sum
of actual squared EG criterion (2). The EG solution required
an iterative Gauss-Newton method, and yielded the center in

and radius 4.7142. To compare these three so-
lutions, we computeda posteriori the final Euclidean residual

, obtaining for
the circle computed according to the AE criterion (3),

for the one computed according to DOS criterion (1),
and for the one resulting from the EG criterion
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Fig. 4. Noise sensitivity of optimal fit circles for different noise ratios in the
data.N = 50 data points.

(2), this latter being of course the minimal achievable value of.
From this example, we observe that the solution obtained from
the DOS criterion is close to that resulting from minimization
of the EG criterion, which comes at much higher computational
cost, since it requires an iterative nonlinear optimization algo-
rithm. This fact is supported by further experimental validation:
we run a large number of tests using randomly gen-
erated points in , uniformly distributed in a 3-D box of unit
side length, and computed theresiduals for the solutions ob-
tained from the DOS and EG criteria. The results are as fol-
lows: on average, the residual from DOS was only 2.1% larger
than the minimum achievable residual (the one computed mini-
mizing the EG criterion), while in the less favorable experiment
the DOS residual was 7.0% larger than the minimum achievable
residual.

We next tested the stability of the proposed method with re-
spect to noise in the data. We considered occluded data (a semi-
circle) affected by an increasing amount of Gaussian noise. The
data have been generated as , where is
uniformly distributed in the interval , and is Gaussian
with mean one and variance . The noise intensity was set
as in the respective experiments. The
method showed remarkable stability for noise levels up to 50%
of the nominal radius (see Fig. 4).

We point out that the proposed fitting method, as it is common
to all methods based on quadratic cost criteria, may be sensi-
tive to outliers. One possibility for reducing outlier sensitivity
is to solve spherical fitting as a special case of ellipsoidal fit-
ting, using the solution based on the absolute-value-sum crite-
rion proposed in Theorem 3. Otherwise, when the level of noise
associated to each data point is knowna priori, one can use
a weighted criterion, with weights proportional to the inverse
of the noise intensity. In the example shown in Fig. 5, the data
have been generated as , where is uni-
formly distributed in . To simulate the presence of outliers,

Fig. 5. Data having low noise intensity� = 0:03 with probability 0.9
and high noise intensity� = 0:3 with probability 0.1. Solid line shows the
weighted optimal circle. Dashed line shows the standard fit.

the radius was taken as a Gaussian variable with mean one,
having standard deviation with probability 0.9 and

with probability 0.1. We run a large number of tests
using data instances with this kind of noise, and then computed
the statistics on the sensitivity of the optimal solutions which
are reported in Table I.

B. Ellipsoidal Fitting

We first considered two data sets proposed in [9]. The
results of ellipsoidal approximation computed according
to Theorem 2 on these data sets is shown in Fig. 6. The
optimal ellipsoid for the data in Fig. 6(a) has center

, and

. The value of the criterion (16) at the optimum
is . The actual average Euclidean distance from
the points to the optimal ellipse, was
computed a-posteriori, obtaining . Notice that this
value of the residual Euclidean error falls in between of the
values reported in [9], Section 3, for algebraic fit (
reported) and direct Euclidean fit (computed using an iterative
nonlinear optimization scheme, reported). For the
data in Fig. 6(b), we determined an optimal ellipsoid with

center ,

and . The average Euclidean distancefrom
the points to the optimal ellipse, computed a-posteriori, is

.
Fig. 7 shows the sensitivity of the optimal DOS ellipsoid to

different levels of Gaussian noise affecting the data.
Fig. 8 shows a comparison between the criteria (16) and (17)

on a data set contaminated by two outliers. Fig. 8(a) shows that
the solution computed by means of Theorem 2 [i.e., minimiza-
tion of sum-of-squares criterion (16)] is particularly sensitive to
the two outliers, while the solution computed according to The-
orem 3 [i.e., minimization of absolute-value-sum criterion (17)]
shows a remarkable stability, see Fig. 8(b).
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TABLE I
STATISTICS FOROPTIMAL PARAMETERS OFAPPROXIMATING CIRCLE. SEMI-CIRCLE DATA AFFECTED BY GAUSSIAN NOISE AND OUTLIERS.

X ;Y INDICATE THE COORDINATES OF THECENTER

Fig. 6. Optimal ellipsoids computed according to criterion (16) on two data sets presented in [9].

Fig. 7. Sensitivity of optimal ellipsoids computed according to criterion (16), for different levels of Gaussian noise. The dotted curves indicate the nominal
ellipsoid used to generate the data.

To conclude this examples section, we considered three-di-
mensional data generated as

where is uniformly distributed on the surface of a unit
sphere. For , the points lie on the surface of a nom-
inal ellipsoid centered in the origin. We artificially created noisy

data affected by outliers generating values ofwhich with prob-
ability 0.9 are Gaussian with unit mean and standard devia-
tion , and with probability 0.1 are Gaussian with
unit mean and standard deviation . We run several
problem instances with noisy points, and for each in-
stance we computed the optimal ellipsoids, using both criteria
(16) and (17). The average performances of the fits are reported
in Table II. All examples in this section were computed under
Matlab, using the SP SDP solver [32], and the LMItool inter-
face, [6].
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Fig. 8. Comparison of sum-of-squares criterion (left picture) and absolute-value-sum criterion (right picture), for a data set contaminated by twooutliers.

TABLE II
STATISTICS FOROPTIMAL PARAMETERS OFAPPROXIMATING ELLIPSOIDS, FORDATA AFFECTED BYGAUSSIAN NOISE AND OUTLIERS. THE ERRORe REPRESENTS

THE AVERAGE RADIAL DISTANCE FROM THE POINTS TO THEAPPROXIMATING SURFACE

V. OTHER ELLIPSOIDAL APPROXIMATION PROBLEMS

In the previous sections, we discussed the problem of approx-
imating data in the least-squares sense via ellipsoidal surfaces.
In some engineering applications it is instead of interest to de-
termine other types of ellipsoidal approximations of the data.
For instance, it is desired to compute an ellipsoid that contains
the data, or to separate two different classes of points by means
of an ellipsoidal surface. These geometric problems may again
be cast as semidefinite optimization problems, and are briefly
reviewed below.

A. Minimal Ellipsoid Containing Given Points

A problem that arises in several applications of computer
vision, cluster analysis [20], and robust statistics (e.g., in
ellipsoidal peeling methods for outliers detection, [23]) is
the computation of the minimal ellipsoid containing given

-dimensional points , or equivalently, their convex
hull, [30], [31]. We adopt here the following representation of
the ellipsoid

(31)

where denotes the “shape matrix” of the ellip-
soid, and is the center. The “size” of the ellipsoid is

Fig. 9. Minimal ellipsoid covering a set of points.

measured by the sum of the squared semi-axes lengths, which
is equal to . An alternative measure of size is related to the
volume of the ellipsoid (which is proportional to ), see for
instance [31]. Clearly, a point belongs to the ellipsoid (31) if
and only if . Using the Schur
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Fig. 10. Ellipsoid separating two data patterns. Points representx-type data, and crosses representy-type data.

complements rule, this condition (together with the condition
) is equivalent to

which is an LMI constraint on the problem variables .
Minimal ellipsoidal covering can therefore be solved by means
of semidefinite programming, as detailed in the following: let

be the values of the variables of the following SDP
at the optimum

subject to (32)

(33)

Then, the ellipsoid is
the minimal ellipsoid containing the points .
This result has been also presented in [31], where the “size” of
the ellipsoid was measured in terms of volume.

Fig. 9 shows the minimal covering ellipse for the data points,
shown in the equation at the bottom of the page, which results
in

As a simple special case of the previous problem, we may con-
sider the minimal sphere containing given points. If
denotes the center of the sphere, and denotes the radius,

then the optimal sphere may be computed solving the following
(convex) optimization problem in the variables

subject to (34)

(35)

(36)

This problem belongs to the class of second-order cone pro-
grams (SOCP), which are a particular class of SDP, and for
which there exist dedicated algorithms that exploit the structure
of the problem for extra efficiency, see [25], [26] and references
therein.

B. Pattern Separation by Ellipsoids

A problem of cluster classification arising in pattern recog-
nition is that of separating two set of points and

by means of an ellipsoidal surface, see [20]. An
SDP solution to this problem has been proposed in [30]. The el-
lipsoid contains all the points
and none of the if and only if and

(37)

These form a set of LMI conditions on the problem variables
. We can therefore find the optimal ellipsoid separating

the two clusters by minimizing the size of under the LMI
constraints (37). Notice that if the two clusters are not separable
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by an ellipsoidal surface, the solution algorithm will return an
unfeasibility message. Fig. 10 shows an example with the two
data clusters and the computed ellipsoid that separates them.

There are several variations, with interesting engineering ap-
plications, of the geometric problems mentioned in the previous
sections. To mention a few, the problem of finding a minimal el-
lipsoid containing given ellipsoids is treated in [3]. The min-
imal volume ellipsoid containing a generic set is treated for in-
stance in [10]. The problem of computing the maximum volume
ellipsoid contained inside a polyhedron described by means of
a set of linear inequalities, as well as other problems related to
ellipsoidal approximation are treated in [3], [12], [16], [31].

VI. CONCLUSION

From the numerical tests, we observed that the proposed so-
lutions based on the DOS criterion give approximation perfor-
mances that are close to those provided by algorithms based on
the minimization of EG criterion. These latter algorithms do not
have a convergence guarantee and are computationally expen-
sive. On the other hand, the proposed ellipsoidal fitting algo-
rithms always guarantee convergence to the global optimum, for
data in spaces of generic dimension, and their computational
complexity gracefully scales as with data cardinality

and space dimension. To the best of the author’s knowl-
edge, no algorithm with such characteristics (either based on
algebraic or Euclidean geometric criteria) can be found in the
literature, with the exception of [8], which is however restricted
to data in two-dimensions.

In the test cases, the DOS-optimal solutions showed remark-
able stability with respect to Gaussian noise, and also to the pres-
ence of outliers, in the case of the robust algorithm proposed in
Theorem 3.

Asafinalwordofcaution,weremarkthat theusedimplementa-
tions of the SDP optimizationalgorithmspermit to treatwithease
problems of medium size, i.e., up to several hundreds of points.
For data sets of larger size, one should expect numerical prob-
lems from these general-purpose SDP solvers, and should move
to problem-specific SDP codes that exploit the data structure.
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