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Abstract. This paper deduces a new model aimed at simulating injection molding processes
under isothermal conditions. These processes can be generally stated as infiltration problems in
initially dry porous materials. The spatial domain is then divided by the infiltration front into two
time-dependent subdomains, the dry and the wet porous preforms, both being allowed to deform
under the action of the liquid pressure. It is shown that the model calls for the definition of the
stress-deformation relationship of both the dry and the wet preforms, which are assumed to behave
elastically and inelastically, respectively. The coupled flow/deformation problem in the two regions
(separated by an interface) is formulated with the corresponding boundary conditions and with the
proper evolution equations determining the motion of the boundaries.

The mathematical problem is solved numerically, highlighting the importance of inertial terms
in the early stage of the infiltration and focusing on the influence of the mechanical properties of the
material and on the deformation of the preform during the infiltration process.
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1. Introduction. The possibility of using composite materials in more and more
technological applications is generating an ever growing interest in improving man-
ufacturing processes by the development of suitable mathematical models. In par-
ticular, increasing attention is being paid to those processes which can be classified
as injection molding methods. This is due to their low investment costs, low energy
requirements, simple curing cycles, ecological convenience, good moldability, and be-
cause it is easy to encapsulate extraneous inserts, such as metal ribs and stiffeners.
From the industrial viewpoint, it would be desirable to have a flexible tool which can
exploit the good moldability properties and that can be easily adapted to fabricate
composites with different characteristics, say materials, shape, and size, or in the
presence of inserts.

In the technological literature (see, for instance, [1, 2, 3]) it is often mentioned
that the identification of the production cycle is still more of an art than a science
and is developed every time on a trial and error basis. Whatever small change is
introduced, the whole pressure and temperature cycle to be applied, and the best
location of the injection port and of the air vents, have to be identified again. This
is, of course, costly and time consuming. It is therefore crucial to understand the
complex phenomena involved and to develop mathematical models which can help
in simulating the manufacturing procedure and identifying the appropriate range of
parameters to be used in practice.

In the literature it can be seen that much has already been done in modeling and
simulating the infiltration processes under the assumption that the solid preform does
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not move. However, several papers show or qualitatively describe deformation of the
solid preform [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] (see also [20] for a
recent review of the subject).

In fact, in several practical situations the pressure gradient driving the flow is
sufficiently high enough to generate nonnegligible deformation, especially near the
advancing infiltration front. This is also evident near the injection port, where a fiber-
free region may appear. Actually, in some cases the resin finds it easier to deform the
solid preform and to flow around it rather than through it. At the same time, the flow
of the resin penetrating the preform is influenced by its compression which decreases
the permeability of the porous medium to be filled up. Moreover, deformations should
be taken into account when simulating composite material manufacturing in order to
quantify in advance possible inhomogeneities of the final product and predict possible
damages in the reinforcing network which may lead to material failure. This can be
done by monitoring the deformation and stress states.

In two previous papers [21] and [22], the authors began studying the problem
described above. In particular, in [21] it was assumed that the dry preform does
not move during infiltration; on the contrary in [22] the coupled flow/deformation
problems in the two regions (both the wet and the dry one) was studied under the
assumption that in both regions the same elastic constitutive relation is valid. This
allowed us to treat the interface numerically as a marker dividing the two regions
which were then characterized by different material parameters. Billi and Farina [23]
then proved the existence and uniqueness of a solution in self-similar form when the
flow is generated by a constant pressure gradient and inertia is neglected.

This paper deduces a model aimed at simulating injection molding processes,
such as resin transfer molding (RTM), structural resin injection molding (SRIM),
and squeeze casting, under isothermal conditions, dropping the usual assumption
that the solid preform does not deform during infiltration. In particular, the dry
and wet portions of the preform are assumed to behave, respectively, elastically and
inelastically in agreement with some experimental results [7, 12] and with the general
observation that during infiltration the solid and the liquid constituents cannot deform
independently but have to carry the load by joint deformation.

The paper is organized as follows. This introduction is followed by the second
section, presenting the three-dimensional isothermal model based on the theory of
deformable porous media suitable to simulate injection molding processes in those
cases in which deformation of the solid preform cannot be neglected and needs to
be monitored. In the third section the one-dimensional problem is formulated, while
in the fourth section the boundary conditions are supplemented, together with the
evolution equations of the boundaries delimiting the time-varying domains. Finally,
the fifth section deals with the numerical method and discusses the results of some
tests of infiltration processes in an initially dry preform.

The simulations presented show how the model can provide a description of the
evolution of the deformation and stress state. This knowledge can be helpful to foresee
the inhomogeneous characteristics of the material and to evaluate the possibility of
damage in the reinforcing network, while identifying the range of the parameters that
can be used in the production cycle.

2. The theory of deformable porous materials. Injection molding processes
are some of the most commonly used methods for fabricating composites. They es-
sentially consist of pushing a liquid melt into a porous preform. In order to model and
simulate these processes, the proper theoretical framework is the theory of deformable
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porous media, which can be obtained on the basis of either mixture theory or of other
averaging methods, such as ensemble averages [20].

The infiltration in a deformable preform can then be described as follows. At
the beginning the solid preform is dry, and therefore air fills the space within the
reinforcing network. As infiltration starts, there is the formation of two time-varying
domains, a dry region Dd(t) and a wet region Dw(t). We will assume saturation in
Dw(t) so that also in each point of this region only two constituents are copresent,
the solid and the resin. This corresponds to assuming that a sharp interface divides
the two domains and, in particular, that no gas is trapped in the wet preform.

Assuming that the constituents of the mixture are incompressible, in the
isothermal case and in absence of chemical reactions and phase changes, the coupled
flow/deformation problem in the wet region Dw(t) can then be described by (see
[20, 21, 22, 23] for further details)

∂φws
∂t

+∇ · (φws vw
s ) = 0 ,(2.1)

∇ · vw
c = 0 ,(2.2)

ρ�φ
w
�

(
∂vw

�

∂t
+ vw

� · ∇vw
�

)
= ∇ · T̃

w
� +mw ,(2.3)

ρwm

(
∂vw

m

∂t
+ vw

m · ∇vw
m

)
= −∇Pw

� +∇ · T
w
m ,(2.4)

where the superscript w stands for wet and
• φws and φw� are, respectively, the volume fraction of the solid and the liq-
uid constituents, i.e., the volume occupied by the constituent over the total
volume. Saturation implies φws + φw� = 1.

• ρ� is the density of the liquid matrix to be injected and ρ
w
m the density of the

mixture as a whole, i.e.,

(2.5) ρwm = ρsφ
w
s + ρ�φ

w
� ,

where ρs is the density of the solid constituent used to fabricate the preform.
• vw

� is the velocity of the liquid constituent, while vw
m is the velocity of the

mixture considered as a whole, i.e.,

(2.6) vw
m =

ρsφ
w
s v

w
s + ρ�φ

w
� v

w
�

ρwm
,

where vw
s is the velocity of the solid constituent. The divergence-free velocity

field

(2.7) vw
c = φws v

w
s + φw� v

w
�

is a volume average velocity usually called the composite velocity.
• T̃

w
� is the so-called partial stress tensor, related to the liquid constituent when

the solid constituent is copresent, while T
w
m is the excess stress tensor related

to the mixture considered as a whole; we will refer to the mixture of the solid
and liquid constituents as the wet preform.

• Pw
� is the pore liquid pressure.

• mw is the so-called internal body force, which describes the microscopic inter-
actions between the solid preform and the liquid matrix across the interface
separating them.
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Equation (2.1) is the mass conservation equation for the solid constituent, (2.2) is
the sum of (2.1) and the mass conservation equation for the liquid constituent, (2.3) is
the momentum equation for the liquid constituent, and (2.4) the one for the mixture
as a whole. In (2.3)–(2.4) gravity has been neglected, but can be easily included.

The main difficulty in using (2.1)–(2.4) consists in formulating and validating
the constitutive relations for the partial stress tensor for the liquid and the internal
body force appearing in (2.3). In fact, T̃

w
� refers to the single constituent when

impregnating the solid, i.e., referring to the framework of mixture theory, when the
other constituent is copresent, and mw refers to a microscopic interaction between
the constituents. Therefore, although information on the constitutive equations can
be obtained on the basis of thermodynamic arguments classically used in continuum
mechanics (see, for instance, the recent volume by Rajagopal and Tao [24]), these
models cannot be tested directly, but only through secondary effects.

One way to overcome this difficulty is to observe, as done for instance in [25],
that under some assumptions, such as the negligibility of liquid inertia, it is possible
to recover from (2.3) Darcy’s law

(2.8) vw
� − vw

s = − K(Fw
s )

µφw�
∇Pw

� ,

where K is the permeability tensor, F
w
s is the deformation gradient related to the solid

constituent, and µ is the liquid viscosity. Darcy’s law is known to be applicable with
confidence to the class of problems considered in the present paper and is then used
to replace (2.3). Several generalizations of Darcy’s law could be considered here, e.g.,
the Forchheimer law or corrections to take into account the non-Newtonian properties
of the resin. However, in the present work we will assume the validity of Darcy’s law
in the form (2.8).

After the assumptions above, the only quantity which is still constitutively to be
specified is the stress tensors T

w
m, which refers to the behavior of the mixture con-

sidered as a whole. This information can be both obtained using classical continuum
mechanics tools and validated directly by conceiving of suitable but standard exper-
iments, e.g., steady compression tests, oscillatory twist and compression, and creep
and stress relaxation tests to be performed on the wet preform.

Unfortunately, to our knowledge there are only two papers [7, 12] describing from
the experimental viewpoint the viscoelastic behavior of wet and dry preforms. Kim,
McCarthy, and Fanucci [7] performed some experiments addressed at the study of the
stress relaxation properties of a wet preform finding a spectrum of relaxation times.
They also point out the different behavior of wet and dry preforms subject to static
compression. Nam et al. [12] investigated creep deformation of a commercial prepreg,
measuring a retardation time of the order of 200 seconds. In addition, several other
authors [5, 10, 15, 16, 20, 26] have reported viscoelastic behaviors of the materials
they use with nonnegligible relaxation or retardation times. However, we mention
that depending on the microscopic structure of the preform, plastic phenomena can
also be present. This can result, for instance, because of the displacement of single
fibers in the reinforcements.

On the basis of these observations, and on the fact that the solid preform and
the liquid matrix cannot deform independently but have to carry the load by joint
deformation, we will model the wet preform as an inelastic solid, corresponding to the
following constitutive equation:

(2.9) λ
DT

w
m

Dt + T
w
m = Λ

DGm(E
w
s )

Dt +Gm(E
w
s ) ,
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where λ is the relaxation time, Λ is the retardation time, Λ ≥ λ, E
w
s is the Lagrangian

strain tensor, D/Dt is a frame invariant convective derivative, and Gm is a tensorial
function of the Lagrangian strain tensor.

In particular, for numerical purposes it is convenient to introduce the new variable

(2.10) Sm = λT
w
m − ΛGm(E

w
s ) ,

which allows us to rewrite the inelastic constitutive equation (2.9) as

(2.11) λ
DSm

Dt + Sm = (λ− Λ)Gm(E
w
s ) .

Equation (2.11) says that, for given Gm, in an interval of time of the order of λ
the quantity Sm will reach its equilibrium value Sm = (λ−Λ)Gm, i.e., T

w
m = Gm(E

w
s ).

Furthermore, it can be noticed that when λ = Λ, (2.11) is satisfied, for suitable initial
conditions, by Sm = 0; that is, the wet porous material behaves elastically.

One can then write the following model in the wet region:

(2.12)



∂φws
∂t

+∇ · (φws vw
s ) = 0 ,

∇ ·
[
vw
s − K

µ
∇Pw

�

]
= 0

ρsφ
w
s

(
∂vw

s

∂t
+ vw

s · ∇vw
s

)
= −∇Pw

� +∇ · T
w
m

λ
DSm

Dt + Sm = (λ− Λ)Gm(E
w
s ) ,

in Dw(t),

and

(2.13) vw
� = vw

s − K(Fw
s )

µ(1− φws )
∇Pw

� .

T
w
m,Sm,Gm are related through (2.10).
As far as the dry region is concerned, (2.1)–(2.4) can be rewritten with obvious

changes, that is, the superscript w with d, standing for dry, and considering air as the
impregnating fluid. However, the viscosity of air is so small, and therefore is so easily
expelled from the dry preform offering negligible resistance that its contribution to
the excess stress of the mixture T

d
m can be neglected and it reduces to T

d
s . Coherently,

the pore pressure is assumed constant in the dry material. In addition, air density
is so small that its contribution to the inertial term is again negligible. Hence, (2.4)
rewrites as an equation involving the solid constituent only, without any interaction
term with the gas. Mass and momentum balance (2.2)–(2.3) for the gas can then be
neglected.

Assuming that the dry preform behaves elastically

(2.14) T
d
s = Gs(E

d
s) ,

we can then write the following model in the dry region:

(2.15)


∂φds
∂t

+∇ · (φdsvd
s) = 0

ρsφ
d
s

(
∂vd

s

∂t
+ vd

s · ∇vd
s

)
= ∇ · Gs

in Dd(t).
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Fig. 1. One-dimensional infiltration problem.

In order to close the problem one should join to (2.12) and (2.15) proper boundary
conditions. However, there are several questions on this topic still not well understood,
such as the generalization of the Beavers–Joseph condition to the deformable case or
the fact that boundary conditions should be based on surface area fractions which
might not be equal to volume fractions [20, 28, 29, 30]. From now on we deal with
one-dimensional problems and omit further details.

3. The one-dimensional case. Consider now a one-dimensional infiltration
problem along a principal direction of the preform permeability tensor, and, referring
to Figure 1, denote by xf (t) the left border of the preform and by xi(t) the infiltra-
tion front. The identification of a sharp infiltration front can be done if capillarity
phenomena are negligible; this is possible in composite manufacturing processes, since
in most cases the capillary pressures are much smaller than the applied infiltration
pressures. A fully draining boundary constrains the right border of the solid preform
to be fixed at x = L, but allows, at the same time, both air and liquid matrices to
pass through with no drag.

For t ≤ 0 the whole preform is dry, at rest, and compressed at a given volume
ratio φ0(x), i.e., φds(x, t = 0) = φ0(x) for x ∈ [0, L];

xf (t = 0) = xi(t = 0) = 0 .

Usually, φds(x, t = 0) = φr, where φr corresponds to the undeformed configuration.
The flow of the liquid matrix is in the positive direction. Time t = 0 is chosen as

the instant in which the liquid touches the left border of the preform. The incoming
liquid then compresses the sponge while the fluid starts infiltrating. Therefore, while
the right border of the sponge stays fixed at x = L, the other one moves to x = xf (t),
and part of the preform, precisely up to x = xi(t), wets up. One can then identify a
wet region Dw(t) = [xf (t), xi(t)] and a dry region Dd(t) = [xi(t), L] divided by the
infiltration front xi(t), which is an interface moving with the liquid.
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As infiltration proceeds both the dry and wet preforms compress or expand, ac-
cording to the flow conditions, and therefore both xf and xi depend on time.

Before proceeding, it is useful to observe that, in one-dimensional problems, (2.2)
and the similar equation in the dry region can be rewritten

(3.1)
∂vwc
∂x

=
∂vdc
∂x

= 0 ,

which implies that the composite velocity is space-independent in each subdomain:

(3.2) vc(x, t) =


vwc (t) in Dw(t) ;

vdc (t) in Dd(t) .

In the following section we will show that the composite velocity must be contin-
uous across both material interfaces xf (t) and xi(t); therefore the composite velocity
has to be constantly equal to the inflow velocity

(3.3) vc(x, t) = uin(t)

in all the domain. This allows us to write, recalling (2.8),

vs = uin +
K(φws )

µ

∂Pw
�

∂x
,(3.4)

v� = uin − φws
1− φws

K(φws )

µ

∂Pw
�

∂x
,(3.5)

where we have used the property that in one-dimensional problems strain and volume
ratio are one-to-one related. In particular, (3.4) can be used to eliminate the pressure
so that (2.12) and (2.15) give rise to the following one-dimensional model:

(3.6) 

∂φws
∂t

+ vws
∂φws
∂x

+ φws
∂vws
∂x

= 0 ,

ρsφ
w
s

(
∂vws
∂t

+ vws
∂vws
∂x

)
+

µ

K(φws )
[vws − uin(t)] +

∂Tm
∂x

= 0,

∂Sm

∂t
+ vws

∂Sw
m

∂x
+
Sm

λ
+

(
Λ

λ
− 1

)
Gm(φ

w
s ) = 0 in Dw = [xf (t), xi(t)],

(3.7)

∂φds
∂t

+ vds
∂φds
∂x

+ φds
∂vds
∂x

= 0

in Dd = [xi(t), L],

ρsφ
d
s

(
∂vds
∂t

+ vds
∂vds
∂x

)
+G′

s(φ
d
s)
∂φds
∂x

= 0

where

(3.8) Sm = −(Sm)xx, Tm = −(Tw
m)xx =

Sm

λ
+
Λ

λ
Gm(φ

w
s ) ,
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and Gm = −(Gm)xx and Gs = −(Gm)xx are strictly increasing functions of the
volume ratio:

(3.9) G′
s =

dGs

dφds
> 0 , G′

m =
dGm

dφws
> 0 .

In writing (3.6)–(3.9) we have used the common convention adopted in most
papers dealing with one-dimensional problems for deformable porous media: the stress
is considered (and measured) as positive in compression.

A characteristic analysis of the system of equations (3.6)–(3.7) shows that the
equations driving the flow in the dry region are always hyperbolic. Conversely, the
nature of the equations driving the flow in the wet region (3.6) is hyperbolic if ∂Tm

∂φw
s
> 0

for any φws in the range of the application. In fact the eigenvalues of the Jacobian
associated with problem (3.6) are

(3.10) c± = vs ±
√

1

ρs

∂Tm
∂φws

, c0 = vs ,

where Tm depends on Sm and Gm as given by the relationship (3.8), where it should
be kept in mind that Gm = Gm(φ

w
s ) as well as Sm satisfies the last equation in (3.6).

Although G′
m is always a positive quantity, it is not ensured in principle that ∂Tm

∂φw
s

is positive, so that eigenvalues with a complex part may appear. In such a case the
equations show locally a partially elliptic behavior.

It should be noticed that in (3.6) we chose the covariant convective derivative of
Sm, based on the velocity of the solid for analogy with the momentum equation. The
question of which convective derivative should be used to have the best comparison
with experiments is still open and already addressed in [21].

The quantity uin(t) which appears in (3.3)–(3.6) depends on which physical quan-
tity is controlled during the infiltration: the flow can be velocity driven (control of
the velocity at the inflow) or pressure driven (control of the inflow pressure). In the
simulations to follow we shall assume that the liquid is pushed at a given velocity, say
constant.

The analysis of (3.6) reveals that four typical time scales (respectively, velocities)
of the problem can be identified. The first one is the time which is necessary for an
acoustic wave, traveling at speed c±, to go through the whole porous preform. The
second typical time of the problem is related to the attenuation of the acoustic waves
due to dissipative phenomena, which stem from the nature of Darcy’s law. The third
is the time necessary to infiltrate the whole preform, which is related to the velocity of
the injected liquid uin. This is usually much longer than the previous times, so that a
very small portion of the preform is wet when the waves due to initial conditions are
damped out. The last typical time is the relaxation time λ; its value is usually larger
(even an order of magnitude larger) than the time needed to infiltrate the preform.
Another characteristic time Λ > λ appears in (3.6), which is usually of the order of
λ. As the time scales discussed above are usually very different, the infiltration of
a liquid into an anelastic porous preform with nonnegligible inertia can be said to
belong to the class of stiff problems.

In this respect, we can observe that inertial terms are to be necessarily retained to
obtain a realistic description of the early instances of the infiltration process. In such
an interval of time, the preform rapidly compresses, starting from rest, so that the
stresses in the preform adjust to the pressure applied to generate infiltration. After
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the very early stages of infiltration, inertial terms could be dropped. This would bring
a change of type in the system of partial differential equations as hyperbolicity would
be lost: the momentum equation would be written as a stress equilibrium equation,
without time derivatives. This assumption would partially smooth the stiffness of
the problem (the time scale related to inertia is lost) but an approximation of the
dynamics of the infiltration at early times is introduced.

These considerations can be simply highlighted in the case of flow driven by
a constant pressure ∆P . If inertia is neglected, a sudden compression of the dry
preform is generated as soon as the extremum xf is in touch with the liquid, as the
momentum equation is written as a stress balance equation and therefore the preform
has to compress to balance the applied pressure. This gives rise to an infinite initial
velocity of propagation of the free border xf which suddenly moves to the position

xf (t = 0) = L

(
1− φ0

φ+
0

)
,

where Gs(φ
+
0 ) = ∆P , so that the stress in the dry region is equal to the pressure

difference (stress balance).

4. Interface and boundary conditions. In order to close the problem, we still
have to add proper interface and boundary conditions for (3.6)–(3.7). The interface
xi(t) and the free boundary xf (t) are material interfaces fixed on the liquid constituent
and on the solid constituent, respectively, and therefore

dxi
dt

= vw� (xi(t), t) ,(4.1)

dxf
dt

= vws (xf (t), t) .(4.2)

Boundary and interface conditions for a mixture are a very delicate issue and still
a matter of debate. Controversies involve, for instance,

• the splitting of the stress and interface conditions in traction problems [24, 36];
• the validity of the Beavers–Joseph boundary condition [37, 38], its general-
ization to deformable porous media and to impinging flows;

• the slip condition at the mold wall;
• the difference between volume fraction and surface area fraction. Several
methods can be used to deduce boundary conditions, e.g., continuity of chem-
ical potential, the notion of saturation, diffusing singular surfaces, homoge-
nization methods, and can lead to slightly different results [24, 37].

Controversies essentially stem from the intrinsic difficulty in stating boundary con-
ditions relating regions where equations for average quantities are postulated (where
the average is to be defined in an appropriate sense).

Following [31] and [32], we assume that the equations for the whole mixture must
provide the correct boundary conditions. When writing the integral form of (3.6) and
(3.7) one finds the following jump conditions:

[[ρm(vm − vσ)]] = 0,(4.3)

[[Tm + ρsφsvs(vs − vσ)]] = 0 ,(4.4)

where vσ is the velocity of the interface. The continuity of the pore pressure is implicit
in (4.4) and can be related either to the continuity of chemical potential [31] (more
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precisely from postulating null jump of energy, entropy, and temperature) or to the
assumption of validity of Darcy’s law. This is due to the fact that the pressure gradient
appearing in the mixture equation actually acts as a bulk dissipative force.

We remark that both the momentum equations in (3.6) and (4.4) involve the stress
tensor of the mixture and that the constituents of the mixture are incompressible.

If vσ = vs, then one can write

ρm(vm − vs) = ρ�φ�(v� − vs) = ρ�(vc − vs) ,(4.5a)

while if vσ = v�,

ρm(vm − v�) = ρsφs(vs − v�) = ρs(vc − v�) .(4.5b)

Specializing then (4.3)–(4.4) to xf (t), which is a material surface fixed on the solid
(vσ = vs), one has

vwc = uin(4.6)

on xf (t).

Tm = 0(4.7)

Equation (4.6) states the continuity of vc across xf (t). In the same way one can prove
the continuity of vc also on xi(t). Hence, recalling (3.2) vc is everywhere equal to the
inflow velocity uin(t).

Specializing (4.3)–(4.4) to the interface xi(t) (vσ = vl), which is a material surface
fixed on the liquid, one has

φds(v
d
s − v�) = φws (v

w
s − v�)(4.8)

on xi(t).

Gs(φ
d
s) + ρsφ

d
sv

d
s (v

d
s − v�) = Tm + ρsφ

w
s v

w
s (v

w
s − v�)(4.9)

In addition, the constitutive equation in (3.6) calls for another boundary condition
when the characteristics related to the convective velocity vs enter the infiltrated
domain. The border xf (t) is fixed on the solid and therefore in the (x, t) space it
moves along a characteristic line, and then no boundary condition has to be given on
it. Conversely, the infiltration front is wetting the solid more and more, i.e., v� > vs,
and one interface condition has to be given.

In order to understand what condition should be given, we will reason step-by-
step as follows, being aware that the position of the boundary conditions in this class
of problems is still an open question in the literature. If the wet preform behaves elas-
tically, no extra conditions are needed, as the infiltration front (4.6)–(4.9) is sufficient
for the problem to be well formulated.

Under the very particular assumption that the wet and dry porous materials
behave elastically and, in the same way, that is, if λ = Λ and Gm = Gs, (4.6)–
(4.9) imply continuity of volume ratio and of velocity of the solid constituent through
xi(t). On the other hand, if λ = Λ and Gm 
= Gs, i.e., the wet and the dry porous
materials behave elastically but according to different stress–strain relationships, then
continuity of volume ratio does not hold any more and one has to deal with state
variables which are not continuous across the interface separating the two domains.

The reason for the discontinuity can be easily understood neglecting inertial
terms, which are very small when assuming that the infiltration process is already
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at an advanced stage. In this case, if different stress–strain relations are valid in the
two regions, then two different volume ratios are necessary on the two sides of the
interface to satisfy the continuity of stress across the interface. Now, in order to have
a continuous composite velocity, since the liquid velocity is equal to the interface ve-
locity on both sides, the velocity of the solid constituent has to adjust properly and,
in particular, in a discontinuous fashion.

In particular, this means that if one focuses on what happens in the region around
a material point of the dry region when it is crossed by the infiltration front, one can
see that when dry the preform is compressed at a volume ratio φ̂ corresponding to
a stress Ts = Gs(φ̂). When it is crossed by the infiltration front, because of the
continuity of the stress across xi, the value of the stress in the material point under
consideration is still Tm = Ts = Gs(φ̂), but since Gm < Gs, the preform suddenly

compresses to a higher volume ratio φws = G−1
m (Gs(φ̂)) > φ̂. This immediate response

is a typical characteristic of elastic materials and is shown in Figure 7.
If, instead, the wet preform exhibits creep behavior (as in Voigt–Kelvin or stan-

dard linear solids), then the volume ratio in the point crossed by the interface takes
some time to reach the value corresponding to the elastic case. Following this ar-
gument, it is expected that not only the stress, but also the volume ratio, shall be
continuous across the infiltration front:

(4.10) φws (xi(t), t) = φds(xi(t), t) ,

which in turn implies the continuity of vs and

(4.11) Tm(xi(t), t) = Gs(φ
d
s(xi(t), t)) ,

corresponding to continuity of the stress tensor of the mixture which, in terms of Sm,
becomes

(4.12) Sm(xi(t), t) = λGs(xi(t), t)− ΛGm(xi(t), t) .

Summing up, the boundary and interface conditions are

(4.13)



Sm(xf (t), t) = −ΛGm(xf (t), t),

Sm(xi(t), t) = λGs(xi(t), t)− ΛGm(xi(t), t) ,

φws (xi(t), t) = φds(xi(t), t),

vws (xi(t), t) = vds (xi(t), t) ,

vds (L, t) = 0 ,

and the evolution equation for the interfaces are

(4.14)



dxf
dt

= vws (xf (t), t),

dxi
dt

=
uin(t)− φws (xi(t), t)v

w
s (xi(t), t)

1− φws (xi(t), t)
.

When the solid preform is fully infiltrated, i.e., Dd = ∅, then the integration of
the initial boundary value problem involves only (3.6) with the evolution equation
(4.2), and the boundary conditions

(4.15) Tm(xf (t), t) = 0 and vws (L, t) = 0 .
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5. Simulation and results. In this section the numerical approximation of
the system of equations (3.6)–(3.7), with the evolution equations (4.14), and the
boundary and interface conditions (4.13) is addressed. In the following we focus
on the discretization of the equations governing the flow in the wet regions, as the
equations driving the flow in the dry region are much the same except for a few missing
terms. To allow for a more general analysis of the numerical results, it proves useful
to rewrite part of (3.6)–(3.7) in conservation form using nondimensional variables.

In order to do that, we introduce the mass fluxes qws = φws v
w
s and qds = φdsv

d
s and

denote

(5.1) Kr = K(φdr) and G′
r =

dGs(φ
d
r)

dφs
,

where φdr is such that Gs(φ
d
r) = 0.

The dimensionless variables are, then, obtained by scaling lengths with the initial
length of the preform L, velocities with a characteristic velocity U , time with L/U ,
stresses with G′

r, and Sm with (Λ − λ)G′
r. Taking ûin as the reference velocity, the

dimensionless system of equations then reads

∂φws
∂t

+
∂qws
∂x

= 0 ,(5.2)

P ∂q
w
s

∂t
+

∂

∂x

[
P (q

w
s )

2

φws
−QTm

]
=

1

K̃(φws )

[
ũin(t)− qws

φws

]
,(5.3)

R
(
∂Sm

∂t
+ vws

∂Sm

∂x

)
+ Sm + G̃m(φ

w
s ) = 0(5.4)

with

(5.5) Tm = (L − 1)Sm + LG̃m(φ
w
s ) ,

and where from now on all quantities are nondimensional, and, in particular,

(5.6) K̃(φws ) =
K(φws )

Kr
, G̃m(φ

w
s ) =

Gm(φ
w
s )

G′
r

, G̃s(φ
d
s) =

Gs(φ
d
s)

G′
r

.

The coupled flow/deformation problem (5.2)–(5.4) depends on the four dimen-
sionless parameters

(5.7) L =
Λ

λ
, P =

ρsûinKr

µL
, Q =

G′
rKr

µûinL
, R =

λûin
L

.

The parameter L is the ratio between retardation and relaxation times appearing
in the stress constitutive equation. P accounts for the relevance of the inertial terms
with respect to the pressure gradient (appearing through the Darcy law). Q repre-
sents the ratio between fluid pressure and excess stress while R is the ratio between
relaxation time and the time that would be needed by the fluid to travel the relaxed
preform length at the constant inflow velocity.

The remaining equations and initial, interface, and boundary conditions remain
formally unchanged.

The choice of a proper numerical discretization of the system (5.2)–(5.4) depends
on its mathematical nature. As discussed in a previous section, the system of equa-
tions driving the flow in the dry region is hyperbolic. The mathematical type of the
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system driving the flow in the wet region (5.2)–(5.4) depends on the sign of ∂Tm

∂φw
s
: it

is hyperbolic if ∂Tm

∂φw
s
is always positive, but it has locally an imaginary part of the

eigenvalues (and then elliptic behavior), where ∂Tm

∂φw
s
< 0.

As the hyperbolic character of the equations in a typical simulation is dominant
also in the wet part, the numerical scheme is designed in both subdomains using a
hyperbolic decomposition of the equations. Equations (5.2), (5.3) can be written in
vectorial form as

(5.8)
∂u

∂t
+
∂f

∂x
= s(u) ,

where

(5.9) u = (φ,Pq),
and

(5.10) f =

(
q,P q

2

φ
+QTm

)
,

(5.11) s =

(
0,

1

K̃(φ)

(
uin(t)− q

φ

))
.

For numerical purposes, as the integration domain stretches in time, it is useful to
consider the integral formulation of the equation above, because at a discrete level it
allows us to easily take into account the movements of the grid nodes. The integral
formulation of the conservation law (5.8) reads [30, 31]

(5.12)
d

dt

∫ x2(t)

x1(t)

u dx+ f(x2(t))− f(x1(t)) =

∫ x2(t)

x1(t)

s(u) dx

∀(x1(t), x2(t)) ⊆ (xf (t), xi(t)),

where u, s have already been defined, and f is defined now as

(5.13) f =

(
q − v

′
φ,Pq

(
q

φ
− v

′
)
+QTm

)
.

The relationship (5.13) takes into account the movement of the extrema of the
interval (x1(t), x2(t)). It gives the generalized form of the flux vector when considering
possibly moving domains with velocity v′(x, t). The contribution of the flux involving
v′ in (5.13) says that the total quantity of u in the interval (x1(t), x2(t)) changes in
time while flowing through the boundary because of the movement of the boundary
itself. As the whole solid preform lies in (xf (t), xi(t)) ∪ (xi(t), L) we divide the wet
region intoM equally spaced intervals with size (∆x)nw and the dry region into N−M
equally spaced intervals with size (∆x)nd . The discrete solution ui is defined as the
integral of u(x) into the ith interval, as well as the N + 1 numerical fluxes fi, i =
0, . . . , N , are defined at the border of the intervals. This allows us to impose naturally
the boundary conditions on the value of the fluxes at the boundary, as discussed in
the fourth section.
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The movement of the material boundaries xf (t) and xi(t) requires a stretching of
the computational domain. As the mechanical properties of the two subdomains are
different, the numerical stretching of the wet and dry parts of the porous preform are
independent; only the interface must correspond to a node of the computational grid.
From a numerical point of view, it is desirable to take into account the movement of
the solid, preserving at the same time a constant distance between the discretization
nodes. This is accomplished by imposing a proper discrete mesh velocity movement
v′j

n , j = 0, . . . , N , such that the discretized counterpart of (5.9) reads

(5.14)
1

∆t

[
(∆x)n+1un+1

j − (∆x)nun
j

]
+ fnj − fnj−1 = (∆x)n+1s(un+1

j ) ,

where fnj depends on the solution un and on the velocity of the grid v′j
n, which is

defined as follows:

(5.15) v
′n
j = (v

′n
M − v

′n
0 )

j

M
+ v

′n
0 , j = 0, . . . ,M .

(5.16) v
′n
j = v

′n
M

N − j

N −M
, j =M + 1, . . . , N ,

where

(5.17) v
′n
0 =

dxf
dt

(t = tn), v
′n
M =

dxi
dt
(t = tn) .

In this way, the convective flux at the material boundary, i.e., f0, is automatically zero
and, at the same time, the intervals move in such a way that they all have the same
length (∆x)n. It is to be remarked that v′j coincides with the material velocity of the
solid at the left boundary. The position of the jth point at time n+ 1 is xnj + v′j

n∆t

and the spatial integration step (∆x)n+1
w is

(5.18)

(∆x)n+1
w =

(
xnj + v′j

n∆t
)− (xnj−1 + v′j

n
−1∆t

)
=

[
xnj +

(
(v

′n
M − v

′n
0 )

j

M
+ v

′n
0

)
∆t

]
−
[
xnj−1 +

(
(v

′n
M − v

′n
0 )

j − 1

M
+ v

′n
0

)
∆t

]
=(∆x)nw +

(
v

′n
M − v

′n
0

) ∆t
M

,

and analogously (∆x)n+1
d . In particular, if the integration intervals are initially equi-

spaced in each subdomain, they remain equispaced at all the time steps.
The source term on the right-hand side of (5.14) can be straightforwardly dis-

cretized implicitly, because it is not differential: when first computing φn+1, the
implicit discretization of sn+1 can be easily performed, because s depends linearly on
q, as may be seen in (5.11).

The proper boundary conditions to be imposed at the borders of the compu-
tational domain are that mass and convective momentum flux on both sides of the
sponge must vanish; moreover, the left boundary of the sponge is stress-free, while
the stress at the right boundary is unknown. Therefore, the flux vector at the free
solid boundary is prescribed as follows:

(5.19) fn0 = (0, 0)t.
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At the constrained solid boundary zero convective flux has to be imposed, but
no specific value of the stress (which is unknown) can be prescribed. This task is
accomplished numerically introducing a dummy computational cell, just out of the
border, where the solution is supposed to have such a value that the flux computed
through the constrained border has always a zero convective contribution:

(5.20) φnN+1 = φnN , qnN+1 = −qnN .

The form of the discrete flux fni and its dependence on un in the interior of the
computational domain remain to be defined. We do not go into details about this but
just mention that a numerical approach which is well suited for nonlinear conservation
laws has been adopted. Namely, the numerical flux is computed by a second order up-
wind scheme, exploiting a characteristic decomposition of the Jacobian of the function
f(u) (see [33, 34, 35] for the basic mathematical background). This technique avoids
nonphysical oscillations in the solution, even when it has a discontinuous nature, and
ensures conservation of the unknowns. When the local velocity of sound is found to
be negative, the numerical flux is simply defined in a centered way as follows:

(5.21) fnj =
1

2

(
f(un

j ) + f(un
j+1)

)
.

Equation (5.4) cannot be written in conservation form and is then discretized
separately, by a simple upwind scheme, with implicit discretization of the source
term:

(5.22)

Sn+1
i − Sn

i +
∆t

2∆x

(
vnj − v

′n
j

) (
Sn
j+1 − Sn

j−1

)− ∆t

2∆x
|vnj − v

′n
j | (Sn

j+1 − 2Sn
j + Sn

j−1

)
+
∆t

R Sn+1
j +

∆t

R Gw
m(φ

n+1
j ) = 0.

At the beginning of the simulation, the wet part of the preform is composed only
of one discrete interval and the dry region is divided into N−1 intervals. As time goes
by, the interface travels toward the dry border, the size of the spatial integration step
in the dry region grows, and the size of the intervals in the wet region diminishes.
It is then clear that, at a certain time, when the stretching of the initial grid has
become excessive, a remeshing is necessary to preserve the initial spatial accuracy.
This operation is carried out every time so that

(5.23) |(∆x)n − (∆x)0| > α(∆x)0 ,

where, for example, α = 0.1. This remeshing involves a projection of the solution
from the stretched grid into a new one, the latter having a spatial size as near as
possible to the original one. The projection is made in such a way to preserve the L1

norm of the solution in each subdomain.
In order to perform the numerical simulations using a range of parameters as

realistic as possible, in the computations which follow we use stress–strain relations
extrapolated from the data measured by Kim, McCarthy, and Fanucci [7] for dry and
lubricated fiber materials (see Figure 2),

(5.24) G = β(eγφ − eγφr ),
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Fig. 2. Stress–volume ratio relations for dry (Gs) and wet (Gm) preforms.

where φr = 0.4, β = 0.09 Pa, and γ = 26.4 in the wet region; β = 0.3 Pa and γ = 25
in the dry region, respectively. The permeability–volume relation is assumed to be
given by

(5.25) K(φ) = K0e
α(φ1−φ),

where φ1 = 0.6, K0 = 10−9m2, α = 16, well within the typical range specified, for
instance, in [15] and [19]. The liquid is supposed to enter the porous medium at the
constant velocity of 0.05ms−1.

Figures 3–6 show the results of a simulation performed for P = 3 · 10−6, Q = 0.5,
L = 2, and R = 0.28.

It is to be remarked that the very small nondimensional number P, indicating a
minor role played by the inertia, is to be considered really significant only when the
solid has been largely infiltrated. In fact, the nondimensional numbers (5.7) have been
obtained considering the equations driving the flow in the wet region of the preform.
However, at the early times of the infiltration the preform is almost completely dry.
The infiltration front xi(t) can be identified by looking at the point where the solution
stops increasing and becomes flatter. Then there is no liquid pressure to be considered
and in the equation of momentum there is only a balancing between the inertia of the
solid and the stress in the solid itself. This is responsible for the rapid compression
of the preform with nearly no infiltration.

The oscillations in the solid at the beginning of the infiltration, due to the initial
conditions, may be seen in Figure 3, where the volume fraction in the porous preform
can be compared at different times. It may be seen that the abrupt infiltration of the
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Fig. 3. Volume ratio versus dimensionless space at different dimensionless times at the be-
ginning of the infiltration process. During this period inertial terms are important, as is put into
evidence by the compression–relaxation waves traveling back and forth in the dry region. Neglecting
inertia would result in a constant volume ratio in such a region.
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Fig. 4. Volume ratio versus dimensionless space at different dimensionless times, later than in
the previous plot. Now inertia is negligible, as can be deduced by the constant volume ratio computed
in the dry region.
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Fig. 5. Stress measures versus dimensionless space at different dimensionless times.
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Fig. 6. Evolution of the infiltration front xi and of the preform boundary.

resin at a given velocity causes the propagation of compression and relaxation waves
in the dry elastic porous preform.

As time goes by, the oscillations due to initial conditions disappear and the ad-
vancing in time of the liquid boundary becomes clearly visible. Figure 4 gives the
volume ratio displayed at different times when the liquid is advancing into the pre-
form. The infiltration front is located at the discontinuity in slope. When comparing
with Figure 3, it may be noticed that at later times inertia is negligible and, as a re-
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Fig. 7. Comparison between the standard linear and the elastic cases. In the former case
one has continuity of the volume ratio across the infiltration front. In the latter case the volume
ratio is discontinuous across the infiltration front, with overcompression and corresponding stronger
compression of the preform.

sult, the volume ratio in the dry region is constant in space at a value corresponding
to the pressure needed to push the liquid at the given inflow velocity. At the same
moments, Figure 5 shows the curves corresponding to the stress, to G, and to the
value of the auxiliary variable Sm. The different mechanical properties assumed to
hold in the dry and wet regions of the preform yield a discontinuity of G at the liquid
interface, while the stress is continuous.

Figure 6 shows the evolution of the infiltration front xi and of the preform bound-
ary xf versus the dimensionless time. It may be seen that the interface advances in
the preform at a nearly constant rate, because a constant inflow velocity of the liquid
has been assumed. On the other hand, the material boundary can be seen to compress
first and then relax after the infiltration has been completed. The preform is fully
infiltrated at t = 0.6 = 1 − φ0 in agreement with a simple mass balance argument.
Notice that the preform compresses under the action of the infiltration to about 84%
of its rest length. After infiltration is completed, the preform relaxes slightly. Thanks
to the elasticity and anelasticity assumptions it would relax completely if infiltration
were stopped and spontaneous imbibition were allowed. However, this will not be
possible in the presence of plastic phenomena, as would occur for most preforms.

Finally, Figure 7 shows a comparison between the case described above and the
case of an elastic constitutive relationship holding for the whole preform, again obeying
the same stress–strain relations given by Gm and Gs. As already mentioned, because
of the reasons illustrated in section 4, in the elastic–elastic case the immediate response
of the preform yields a discontinuity in the value of the volume ratio through the
interface. The location of the preform border and the evolution of the volume ratio in
the wet region is then very different, giving an overall compression after infiltration
that is completed to about 80% the rest length. The evolution of the infiltration front
and of the volume ratio in the wet region is instead only slightly affected.
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6. Concluding remarks. A new mathematical model for the injection molding
processes with deformable preforms has been derived in the framework of the theory of
deformable porous media. The peculiar features of such a model are the assumption
of nonnegligible inertia of the solid in the early times of the infiltration and the
hypothesis that the preform obeys different stress–strain relationships depending on
whether it is wet or dry. In particular, the preform has been assumed to behave as
an elastic solid, when not yet infiltrated, while the mixture of the liquid and solid
constituents is modeled as a standard linear solid. The set of equations governing the
phenomena turns out to be typically of hyperbolic type. The two subdomains where
different equations are defined deform in time, being separated by a moving interface.
The mathematical problem is stiff in the sense that very different time scales are
involved.

A numerical simulation of the injection molding process with a deformable porous
preform has been performed in one dimension using a Godunov-type scheme with
moving grids and a possibility of remeshing the domain. Although in the simulation
inertia was considered at all times, it is evident that it plays an important role only to
describe in a correct way the initial stages of the infiltration process. After a suitable
interval of time, inertia could be dropped from the equations without losing accuracy
and reducing the stiffness of the problem. This, however, leads to a change of type in
the partial differential equations governing the system, calling for a different numerical
approach.

The simulations presented show how the model can be used to determine the
evolution of the deformation and stress state. As this can be helpful to quantify the
inhomogeneous characteristics of the material and reveal in advance the possibility of
damages in the reinforcing network, which may lead to material failure, one then has
a tool to identify the parameter range to be used in the production cycle.
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