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Abstract

A sufficiently large load applied to a living cell for a sufficiently long time produces a
deformation which is not entirely recoverable by passive mechanisms. This kind of plas-
tic behavior is well documented by experiments but is still seldom investigated in terms of
mechanical theories. Here we discuss a finite visco-elasto-plastic model where the rest elon-
gation of the cell evolves in time as a function of the dissipated energy at a microstructural
level. The theoretical predictions of the proposed model reproduce, also in quantitative
terms, the passive mechanics of optically stretched cells.

Keywords: living cell, visco-elasto-plasticity, cell mechanics, plastic hardening
2000 MSC: 74C20, 92C05

1. Introduction

The mechanical characterization of eukaryotic cells has been the subject of a number
of studies in the last twenty years [1]. The variety of experimental techniques utilized and
the resulting extensive literature is not surprising when considering the relevance and the
complexity of this biophysical system. Standard stress-strain plots can be produced by a
number of different techniques, exploring a wide range of stress and strain, in magnitude
and frequency. However an attempt to explain the results in terms of classical linear spring-
dashpots models might be frustrated by the richness of the observed behaviors, due to the
many inner mechanisms that concur in producing the apparent mechanical behavior. The
most relevant features of cell mechanics are listed below.

• The mechanical behavior of a cell is the superposition of the mechanical response
of various components: actin filaments, microtubules, intermediate filaments, each
one having a different location in the cell. The observed overall dynamics is actually
produced by a strongly non-homogeneous structure.

• Crosslinking proteins couple the mechanics of the phases, producing a global response
that is not the mere superposition of the contributions of the single components. Even
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if the mechanical properties of the cell partially correspond to those of networks of
purified cytoskeletal components, large discrepancies exist

• Different cell lines and experimental techniques produce behaviors that can be diffi-
cult to set in a unified framework. [2].

• Motor proteins inside a cell, and actomyosin complexes in particular, give raise to an
active dynamic contribution that is the signature of living matter. This peculiarity
poses intriguing questions about the actual meaning of the stress measures.

A substantial advance in the understanding of cell mechanics has been obtained by dynamic
rheology: applying forces at given frequencies, it has been possible to characterize the shear
storage modulus G′ over several frequency ranges with a wide consensus. The main result
is that G′ depends on the frequency f according to a power law G′

∝ fβ, the exponent
β being universally recast between 0.2 and 0.3. The same results also apply for the loss
modulus G

′′

. Nevertheless, the experiments that report stress stiffening of the cytoskeleton
versus frequency suffer two main limitations. First, the frequency range of validity of such
a law is controversial: it is reported to be 10−2−103 Hertz [3], while later articles argue that
a different ”soft glass” regime occurs at long time scales of physiological interest (above
0.01 s) [4]. Second, the experiments are carried out in a regime of small displacement,
where linear analysis applies. A living cell without any external load is able to produce
by itself a tensional state that depends on a number of external factors; such an active
stress is large enough to place the cellular material in a fully nonlinear regime. Linearized
analysis should therefore be carried out with major care because it depends, by definition,
on the equilibrium around which small perturbations are applied.

The application of a small force per unit surface to a cell which is not in a relaxed state
because of active strain can yield a misintepretation of the results, as shown in Figure 1.
From an experimental viewpoint, the mechanical characterization is usually performed ap-
plying a force on cells spreading on some specific substrate, typically polyacrilamide. Living
cells are well known to produce a stress field when adhering to a surface that strongly de-
pends on its stiffness and adhesivity. This active stress can be even quantitatively evaluated
by inversion techniques [6], it has a magnitude ranging from tenths to thousands of Pascals
so that the external loads actually superpose to it. Thus, two dynamical actors concur to
the apparent dynamics and, in principle, it is not clear how to distinguish between them.
One possibility is to treat the cell with drugs knocking out specific cytoskeletal components
[7, 8]. On the other side, a time scale separation exists: the active cytoskeletal remodeling,
at least in fibroblasts, starts after 250 s [9] and one can suitably exploit it to decouple
passive and active mechanics in the data.
The dependence of the cellular traction on the specific adhering substrate can be somehow
ruled out by optical stretching of suspended cells [10]. A cell is stretched between two laser
beams and the deformation is caused by an optically induced surface stress, which can be
well modulated changing the incidence angle.
Floating cells are not in a stress free configuration [11], but their tensional state is well re-
producible and relatively large force per unit surface can be applied, according to standard
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Figure 1: Cells laying on materials of different stiffness actively produce different stresses [5]. Because
of the strong nonlinearity in the mechanical response of the cytoskeleton, the same load ∆σ, externally
applied to a cell having different degrees of active pre-stress, produces different incremental strains ∆ǫ1

and ∆ǫ2.

creep and relaxation protocols. Intriguingly, the experiments by Käs and coworkers [12]
reveal plastic rearrangements of the material: after load release the cell does not return
to its original configuration and preserves a strained state. Notice that this is true in the
time scale of experiments, suitably fixed to be shorter than the time triggering the active
reorganization.
The plastic behavior resulting from optical stretching tests has been observed in also other
experimental settings and discussed in terms of fiber-reinforcement and fluidization of the
cytoskeleton [13]. Intriguingly, the stiffening–softening behavior observed in whole cell
mechanics is qualitatively reproduced in vitro by a minimalist reconstituted cytoskeletal
network (F-actin/HMM): the observed bending of the stress–strain elliptic curves and the
dependence on the slope on the cycle (see Figure 1 in [14]) are the basic evidences of a
stiffening–softening behavior that can be predicted by the inelastic glassy worm-like chain
model.

In this paper we revisit the nowadays classical experiments of optical stretching using a
macroscopic theory based on finite visco-elasto-plasticity of soft material, which does not
take into account polymeric dynamics neither in a direct nor in a reconstructed way. In-
elastic theories are still rather unexplored in cell mechanics, with the remarkable exception
of the work by Fernandez and Ott [15]. These authors control the elongation over time of
a fibroblast adhering between two microplates, both in terms of a step-in-time stretch and
by imposing an elongation growing linearly in time. Their observation time is 5 minutes,
which is much longer than the one explored by Wottawah et al. [12]. Exploring stretches
up to 100%, they demonstrate that the mechanical behavior of a cell is definitely nonlin-
ear, whilst the linear theory only applies for small perturbations, possibly around a fixed
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large deformation. The specific dynamical role of the cytoskeletal connections is elucidated
by an experiment of glutaraldehyde fixation of the cross links that prevents slippage: the
force-length plot of this rheologically constrained system exhibits the characteristic expo-
nential behavior of fiber-reinforced soft tissues. They also observe that the elastic energy
storage depends on the stretching rate, thus suggesting that a suitable inelastic theory
should be proposed in order to account for evolving plastic thresholds. In their article,
Fernandez and Ott [15] derive an elasto-plastic mathematical model for reproducing their
experimental mechanical responses.

Following an analogous modelling approach based on thermodynamical arguments, here
we outline a finite visco-elasto-plastic model able to reproduce the optical stretch tests of
suspended cells reported by Wottawah and coworkers [12]. The stretch and relaxation
of the cell in this frameworks occur within 6-25 seconds. In this time range, the active
reorganization of the cytoskeleton has not yet been triggered, so that we can uniquely focus
on the passive cellular response.

2. Theoretical model and numerical results

In this section we propose a theoretical model for describing the passive behavior of
cells observed in optical stretching experiments. First, we review the experimental results
and discuss the peculiar characteristics in passive cell mechanics that should be taken into
account. Second, we define a finite visco-elasto-plastic model on the basis of thermody-
namic arguments, supported by a suitable plastic hardening law. Finally, we compare the
theoretical results with the experimental curves, discussing the predictive ability of the
proposed model.

2.1. Passive cell behavior in optical stretching experiments

A careful insight of the experiments by Wottawah and coworkers [12], corresponding to
the circles plotted in Figure 2, reveals the complexity of the passive cell dynamics. Three
particular characteristics can be observed and are listed below.

1. When loaded with a sudden stress σ between 15 and 17 Pa, the cell elongates very fast
(immediately, in the time scale of the experiments’ sampling) to a strain ǫ = (ℓ−ℓ0)/ℓ0

that strongly depends on the applied tension. In particular, increasing the external
traction from 15 to 17 Pa, the relative elongation passes from ǫ = 0.4 to ǫ = 0.65.
This strong softening of the material is in apparent contrast with exponential strain
energies usually adopted for soft living tissues and calls for a different mechanical
explanation, at least in the investigated regime.

2. After the initial abrupt strain, the cell starts elongating with the typical exponential
saturation curve of a viscoelastic material. The exhibited relaxation time is of the
order of 2 seconds.

3. If the load applied on the cell is released, the cell relaxes with a viscoelastic trend
analogous to the one observed in the loading phase. During the relaxation step the
cell does not recover its initial length, but it asymptotically reaches a different one.
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This new length can be dynamically classified as a new ”relaxed configuration”, as
no load is applied. A careful analysis of the experiments reveals that such a relaxed
configuration strongly depends both on the applied load value and on the time of the
application of the external load.

An attempt to reproduce the observed dynamics by linear spring-dashpot models faces
a number of difficulties. The existence of a plateau in the loading stage suggests that
the material is basically a solid; roughly speaking, no dashpots in series can be effectively
included in the model. Conversely, in the unloading phase the system does not recover
the base configuration, so that no standard elastic elements can reproduce the data. The
asymptotic plateau cannot be explained in terms of very long relaxation times that, in a
linear theory, should intervene in the creep phase too.

The asymptotic value of the deformation is different in the three experiments and it
apparently depends both on the applied load and on the total time it has been applied.
However, the difference in strain between the peak deformation and the final one is nearly
constant in the three cases and it is about ∆ǫ = 0.035. This observation suggests that
the power of the external forces provides energy per unit time that can be stored by the
material composing the cell only up to a definite amount in form of recoverable energy, the
rest being dissipated at microstructural level [16].

2.2. Definition of a finite visco-elasto-plastic model

Let us consider a mapping x = χ(X, t) describing the deformation of the cell from its
reference position X to its actual configuration in x at time t. The plastic behavior of the
material can be modeled using a multiplicative decomposition of the deformation gradient
F = ∂x/∂X [17], so that:

F = FeFp (1)

where Fp represents the plastic deformation of the reference configuration, and Fe is the
elastic deformation. According to Eq.(1), the partly irreversible scenario in the experiments
is modeled representing the cell as a viscoelastic solid, characterized an apparent (visible)
deformation λ = ℓ/ℓ0 that is actually the product of two contributions of different physical
nature: the micro-structurally driven (unrecoverable) elongation λp times the elastic strain
that can be recovered after unloading λe, such that:

λ = λeλp (2)

The free energy per unit volume Ψ̄ of the cell must depend only on the purely elastic
deformation, and the following material functional dependence can be postulated [18]:

Ψ̄(λe) = Ψ(Fe) − p(det(Fe) − 1) (3)

where p is the Lagrange multiplier arising when enforcing the incompressibility of the
elastic deformation, which can be calculated from the boundary conditions.
Although the deformation of a spherical cell by side stress is expected to produce, in general,
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a non–homogeneous strain, as a first investigation step we assume here uniform deformation
and axial symmetry. The plastic deformation is assumed to be volume-preserving, so that
the finite plastic deformation gradient in the principal directions read:

Fp = diag(λp, 1/
√

λp, 1/
√

λp); Fe = diag(λe, 1/
√

λe, 1/
√

λe) (4)

Considering the cell in isothermal conditions during the optical stretching, the local form
of the second law of thermodynamics by neglecting the thermal contributions reads:

˙̄Ψ − T : Ḟ ≤ 0 (5)

where T is the first Piola-Kirchhoff stress tensor inside the cell. Substituting Eqs.(1,3) in
Eq.(5), the reduced dissipation inequality rewrites:

(

FT − Fe
∂Ψ̄

∂Fe

)

: (ḞeF
−1

e ) + (FpTFe) : (ḞpF
−1

p ) ≥ 0 (6)

where FpTFe is the so-called Mandel stress in the intermediate configuration (i.e. the new
relaxed configuration after plastic deformation), which is the stress measure driving the
evolution of material plasticity [19].
Identifying the principal elastic stretches, λe1 = λe and λe2 = λe3 = 1/

√
λe, if the cell

is is subjected to a uniform uniaxial tension T11 = T , by few calculations the reduced
dissipation inequality (6) can be simplified as:

[

Tλ −
(

λe1
∂Ψ̄

∂λe1

− λe2
∂Ψ̄

∂λe2

)]

λ̇e

λe

+ (T λe)λ̇p ≥ 0 (7)

where it has been used the relation T22 = T33 = 0 from the stress-free boundary conditions.
The cell is here assumed to behave as a neo-Hookean elastic material, so that the strain
energy density specifies to:

Ψ̄ =
µ

2

(

λ2

e1 + λ2

e2 + λ2

e3 − 3
)

=
µ

2

(

λ2

e +
2

λe

− 3

)

(8)

where µ is the elastic shear modulus. The inequality (7) is always satisfied if both terms
are non-negative. At this step we require that both terms in (7) provide a non-negative
contribution. The simplest admissible evolution law for the elastic deformation that is
admissible from a point of view of such a dissipation principle is

γλ̇e = Tλ − µ

(

λ2

e −
1

λe

)

(9)

where γ is a viscosity-like coefficient, so that τv = µ/γ is the characteristic viscoelastic
time of the model. Using the same argument, a positive second term at the left hand
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side of (7) is ensured if we adopt the following stress-driven dissipative law for the plastic
deformation:

λ̇p =
1

τp

(T − T0)+λe (10)

where the symbol (·)+ denotes the positive part of the argument and τp dictates the
timescale of the plastic rearrangement. Equation (10) states that the rest length λp evolves
over time depending on the excess stress (T − T0), where T0 > 0 is the threshold of the
transition between elastic and plastic regimes. This means that for small traction, the
reference elongation of the elastic element does not change. If the stress in the material
exceeds this threshold, the rest length grows, in order to preserve the amount of stored
elastic energy within the maximum allowed range.
Equation (9) expresses the viscoelastic behavior of the cell: when the load is released,
the system returns the (possibly evolved) relaxed state λ = λp. Equation (10) describes
the irreversible dynamics: when the term in between the parentheses is positive (i.e. the
system is under sufficiently large tension), λp evolves. The difference between the applied
load T and the threshold stress T0 triggers the plastic reorganization.

The large difference in the apparent asymptotic state reached after loading the cell with
similar forces (15 and 17 Pa, respectively) can be reconciled with the nonlinear stress-strain
relation that characterizes soft tissues only in a regime of evolving yield stress. Assuming
that the threshold stress evolves in time with the plastic strain rate, the usual hardening

law of the inelastic theory applies:

Ṫ0 = δ(λ̇p)
β. (11)

Some physical insight of the equations is provided by the small-stress case and by the
asymptotic value predicted by the model for a sufficiently long time. For moderate loads
the relaxed length λp = 1 at any time and the system behaves as a neo-Hookean material.
For large enough loads T , the cross bonds in the actin network start flowing, the cell creeps
and, because of the hardening mechanism, after a sufficiently long time the system reaches
the new equilibrium configuration

µ

λp

(

λe −
1

λ2
e

)

= T = T0 (12)

λp =
1

δ

∫

∞

0

(

Ṫ0

)1/β

dt′ (13)

According to equation (12), in the final loaded state the tension balances the external force
and is equal to the plastic threshold stress. The rest elongation λp is provided by (13) in
terms of the history of the extra stress.

In the recovery phase (T = 0) after a sufficiently long time the system returns the
equilibrium configuration λe = 1, where the reference strain λp has been frozen at the
asymptotic value of the loading phase according to equation (13). The irreversibility and
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the evolutive nature of equation (11) makes the relaxed configuration λp dependent both
on the applied load T and on the loading time and rate, a theoretical prediction in very
agreement with the experiments.

The nonlinear mathematical model provided by equations (2),(9), (10) and (11) is more
complex than the linear spring-dashpot systems that are usually adopted in the rheological
literature, even when dependent on the frequency. We emphasize that nonlinearity is an
essential ingredient to account for the apparent irreversibility of the system. The signature
of irreversibility resides in the different behaviors exhibited in the loading and unloading
phases: when the cell is put in tension, it rapidly extends elastically but even if the load is
rapidly released, a residual strain remains. No linear viscoelastic law can account for such
an asymmetry between loading and unloading curves.

2.3. Numerical simulations and discussion of the results

Numerical approximation of the solution of the system of first order equations (9), (10)
and (11) has been carried out by a fourth order Runge-Kutta algorithm using the following
values of the parameters: µ = 120 Pa, γ = 130 Pa s, τp = 8 s, β = 1.17 Pa, T0(t = 0) = 14.7
Pa and δ = 50 Pa sβ−1.

The experimental (circles) data are plotted versus the numerical ones (line) in Figure
9. These are standard creep-relaxation tests, with different loads applied for different time
intervals (see caption). The error bars in the experimental data (not shown here) report
an homogeneous uncertainty equal to ±0.01 in strain.

Several features of the observed behavior are well captured by the model. In particular,
the final non–zero relaxed configuration and the peak in elongation are correctly predicted.
A specific feature exhibited by this mechanical system is the strong difference in strain for
two quite near values of stress at very short times (compare plots b and c for t ≪ 1 s): the
cell elongates up to 0.06 times of length for an applied stress of 17 Pa, while the strain is
only 0.04 for the very near load of 15 Pa. This difference is well captured by the model
and the inner mechanism of this behavior is in the strongly nonlinear function in λp at the
right hand side of (11).

Finally, we observe that the fitted mechanical parameter γ = 130 Pa s corresponds
to the value that can be extrapolated from the reptation time of actin filaments [20],
suggesting that the actin cytoskeleton plays a key role in the fluid-to-solid transition of
stretched cells.

3. Conclusion

The novel contribution of this work is a different theoretical insight to the complex
mechanical behavior of living cells. At the considered time scales, the actomyosin dynamics
is supposed to give a negligible contribution and the micromechanical focus is on the role
of actin bonds slippage. Without any attempt to upscale the dynamics of the actin fibers
at a macro level, setting the ideas of Fernandez and Ott [15] in a precise thermodynamical
framework, we straightforwardly apply classical methods of finite visco-elasto-plasticity
to account for the experimental behavior of optically stretched cells. Compared to the
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Figure 2: Experimental and theoretically predicted strain plots versus time for a cell. The applied load
is 17 Pa for 0.2 s (top), 15 Pa for 2.5 s (middle) and 17 Pa for 15 s (bottom). The error bars in the
experimental data are not shown here, but report an homogeneous uncertainty equal to ±0.01 in strain.
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previously cited work, our model involves less independent fields and parameters to be
fitted, ensuring thermodynamical consistency at finite deformations, while its applications
to the classical experiments of optical cell stretching reproduces the measures data with a
very good agreement.
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