
PHYSICS OF FLUIDS VOLUME 15, NUMBER 12 DECEMBER 2003
Interaction of two quasi-monochromatic waves in shallow water
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We study the nonlinear interaction of waves propagating in the same direction in shallow water
characterized by a double-peaked power spectrum. The starting point is the prototypical equation for
weakly nonlinear unidirectional waves in shallow water, i.e., the Korteweg–de Vries equation. In
the framework of envelope equations, using a multiple-scale technique and under the hypothesis of
narrow-banded spectra, a system of two coupled nonlinear Schro¨dinger equations is derived. The
validity of the resulting model and the stability of their plane wave solutions is discussed. We show
that when retaining higher order dispersive terms in the system, plane wave solutions become
modulationally unstable. ©2003 American Institute of Physics.@DOI: 10.1063/1.1622394#
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The propagation of multiple wave-train systems in sh
low water has historically received less attention than
propagation of one single wave train. Nevertheless, exp
mental studies carried out by Thompson1 in representative
sites near the coasts of the United States reveal that in
of the analyzed data, ocean wave spectra show two or m
separated peaks in the frequency domain.1,2 In this frame-
work, experimental work in the laboratory has been p
formed by Smith and Vincent.2 They propagated irregula
wave trains with two distinct spectral peaks in a wave flu
with 1:30 slope for different values of the peak frequen
and significant wave height. From a physical point of vie
this condition mimics the interaction of two wave regimes
‘‘swell’’ and a ‘‘sea,’’ propagating in the same direction to
ward shore in shallow water. Their major observation wa
decay of the higher frequency peak along the flume. M
recently, using a higher order Boussinesq model, Chenet al.3

have shown that nonlinear interactions, without invoki
bottom friction or wave breaking, are sufficient to accou
for the decay of the high frequency peak. Even though th
numerical simulations of the Boussinesq equation qua
tively reproduce the experimental results, the basic phys
mechanisms of interaction of wave trains with double pea
spectra in shallow water are far from being complet
understood.

In this Brief Communication we investigate from a fu
damental point of view the possible sources of instability t
may occur when two quasi-monochromatic waves inter
Our starting point is the Korteweg–de Vries~KdV! equation,
the basic weakly nonlinear model for unidirectional shallo
water waves. It is a well-known result that from the Kd
equation, in the limit of narrow-banded spectra, thedefocus-
ing nonlinear Schro¨dinger~NLS! can be recovered4 ~see also
Ref. 5!. The same result can be obtained directly from
Euler equation.6 While the focusingNLS equation, derived
for deep water waves, exhibits the modulational instabil
3871070-6631/2003/15(12)/3871/4/$20.00
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plane wave solutions of thedefocusingNLS are stable to
side band perturbations. A fundamental question that n
rally arises is the following: may the presence of a seco
peak in the spectrum in shallow water invoke the onset o
new type of instability? In order to address this question
derive from the KdV equation a system of twodefocusing
coupled nonlinear Schro¨dinger equations~CNLS! and study
the stability of its plane wave solutions. Systems of NL
equations are not new in various fields of physics. For
ample, focusing CNLS equations have been derived7,8 and in
general can be found for nonlinear media for two waves w
different polarizations. For particular values of the coef
cients in the CNLS equations, it has also been shown tha
system is integrable.9,10 Concerning water waves, focusin
CNLS equations have been derived by Roskes11 in infinite
water depth. CNLS systems describing the interaction of t
counter-propagating waves are also discussed in Refs
and 13.

It is well known that the KdV equation can be formal
derived from the Euler equations for water waves14,15 under
the assumption that waves are small~but finite amplitude!
and long when compared with the water depth at rest. I
frame of reference moving with the velocityc05Agh, where
h is the water depth andg is gravity acceleration, the KdV
equation in nondimensional form reads

h t1mhhx1lhxxx50. ~1!

Here h5h(x,t) is the free surface elevation,x and t are
space and time variables;m and l are the nonlinear and
dispersive small parameters:m53a/2h and l5(h/ l )2/6,
with a a characteristic wave amplitude andl a characteristic
wavelength. We are interested in investigating the interac
of two waves, centered at the nondimensional wavenumb
k1 and k2 , propagating in the positivex direction. We
1 © 2003 American Institute of Physics
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consider the case of narrow-banded spectra, i.e.,Dki /ki!1,
with i 51,2, Dki being the characteristic width of spect
around each peak. The approach used below to obtain C
equations resembles the one used by Grimshawet al.16 to
derive a single higher order NLS equation starting from
extended KdV~cubic nonlinearity is included!. We introduce
the following slow space and time variablesX5ex and T
5et, with e!1, and perform a formal expansion ofh
5h(x,t,X,T):

h5
e

2
~AeiQ11BeiQ2!1

e2

2
~A2ei2Q11B2ei2Q2

1C2ei (Q11Q2)1D2ei (Q12Q2)1M !1
e3

2
~A3ei3Q1

1B3ei3Q21C3ei (2Q11Q2)1D3ei (2Q12Q2)

1F3ei (Q112Q2)1G3ei (Q122Q2)!1c.c., ~2!

where Q i5kix2v i t and A,A2 ,A3 ,B,B2 ,B3 ,C2 ,C3 ,D2 ,
D3 ,F3 ,G3 are all complex functions of the slow variable
X,T. M (X,T) is a real quantity to be considered as the me
flow and c.c. indicates complex conjugates. From a phys
point of view this representation corresponds to a dou
expansion around wavenumbersk1 andk2 .

After substituting the expansion~2! into Eq.~1! and col-
lecting terms for different harmonics, some lengthy b
straightforward algebra leads to a set of equations for
complex envelopes and the mean flowM . At order e, the
equations forA or B provide the linear dispersion relation
v i52lki

3 ( i 51,2). For the second harmonics, at ordere2,
the following relations hold between complex envelopes:

A25
m

12lk1
2 A2, B25

m

12lk2
2 B2,

~3!

C25
m

6lk1k2
AB, D252

m

6lk1k2
AB* .

At order e3, the mean flowM is related to the envelopesA
andB as follows:

MT1
m

4
~ uAuX

21uBuX
2 !50. ~4!

Moreover it can be shown thatD3 andG3 are both propor-
tional to 1/(k12k2)2 and therefore the expansion is not va
when k1.k2 . Using Eq.~3! and neglecting terms of orde
higher thane3, the equations forA andB then read

e2~AT23lk1
2AX!

1 i e3F3lk1AXX1S mk1M1
m2

24l

1

k1
uAu2DAG50, ~5!

e2~BT23lk2
2BX!

1 i e3F3lk2BXX1S mk2M1
m2

24l

1

k2
uBu2DBG50. ~6!

Considering that at e2, AX. (1/3lk1
2) AT and BX
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2) BT , the mean flow can be directly related to th

complex envelopesA andB: integrating Eq.~4! in time we
get

M52
m

12l S uAu2

k1
2 1

uBu2

k2
2 D . ~7!

After substituting Eq.~7! in ~5! and ~6!, we obtain

e2~AT2c1AX!1 i e3@a1AXX2~b1uAu21g1uBu2!A#50, ~8!

e2~BT2c2BX!1 i e3@a2BXX2~b2uBu21g2uAu2!B#50, ~9!

where ci53lki
2 , a i53lki , b i5m2/24lki , g1

5k2m2/12lk1
2, and g25k1m2/12lk2

2. Similar equations
have been recently discussed by Martelet al.17 In a consis-
tent asymptotic expansion all terms must be independen
e, but this is not the case for Eqs.~8! and~9!. In the deriva-
tion of a single NLS equation it is always possible to selec
frame of reference moving with the group velocity and the
fore remove the small parameter from the equation. In
present case this operation is no longer possible because
wave envelope has its own group velocity. We account
this inconsistency in two different ways that are illustrat
below.

~i! Introduce a slow time scalet5e2t and let the ampli-
tudes depend onA5A(X,T,t) andB5A(X,T,t), whereA
5A(0)1eA(1) and B5B(0)1eB(1). Using a standard mul-
tiple scale expansion, it is straightforward to verify that
orderO(e2) the following linear equations hold:

AT
(0)2c1AX

(0)50, BT
(0)2c2BX

(0)50. ~10!

If one introduces the two variabless5X1c1T and z5X
1c2T, Eq. ~10! implies that A(0)5A(0)(s,t) and B(0)

5B(0)(z,t). At O(e3) the following equations are obtained

At
(0)1 ia1Ass

(0)2 i ~b1uA(0)u21g1uA(0)u2!A(0)5~c11c2!Az
(1) ,
~11!

Bt
(0)1 ia2Bzz

(0)2 i ~b2uB(0)u21g2uA(0)u2!B(0)5~c11c2!Bs
(1) .
~12!

The solvability condition is obtained by integrating Eqs.~11!
and~12! in z ands over the intervalsS andZ, which are the
periods ofA(0) and B(0), respectively~see Ref. 18 for de-
tails!. The resulting asymptotic equations are

At
(0)1 ia1Ass

(0)2 i S b1uA(0)u21g1

1

Z E
0

Z

uB(0)u2dz DA(0)50,

~13!

Bt
(0)1 ia2Bzz

(0)2 i S b2uB(0)u21g2

1

SE0

S

uA(0)u2ds DB(0)50.

~14!

Note that now these equations are independent ofe. Plane
wave solutions of system~13!–~14! are modulationally
stable~see Ref. 18!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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~ii ! We consider again Eqs.~8! and ~9! and perform the
following re-scaling of time and spacex5eX and t5eT
with A5A(x,t) and B5B(x,t). Equations~8! and ~9! re-
write as

At2c1Ax2 ib1uAu2A2 ig1uBu2A52 i e2a1Axx , ~15!

Bt2c2Bx2 ib2uBu2B2 ig2uAu2B52 i e2a2Bxx . ~16!

Note that if the higher order dispersive terms at the rig
hand side are neglected the system is integrable:uAu2 and
uBu2 are both conserved quantities and plane wave solut
are modulationally stable. Formally those higher order d
persive terms at the right-hand side are inconsistent with
asymptotic expansion, nevertheless the system~15! and~16!
has been widely studied in different fields of physics, s
Refs. 8, 17, 19–21. Here we study the influence of such t
on the modulational instability of plane wave solutions. Co
sider a plane wave solution of~15! and ~16! of the form:A
5Ãe2 ivAt and B5B̃e2 ivBt with vA52(b1uÃu21g1uB̃u2)
and vB52(b2uB̃u21g1uÃu2), i.e., the nonlinear frequenc
correction in the Stokes expansion. These solutions are
perturbed as follows:

A5Ã~11a!e2 i (vAt1fA), B5Ã~11b!e2 i (vBt1fB), ~17!

wherea, b, fA andfB are small perturbations in amplitud
and phase. We substitute relations~17! into ~15! and~16! and
obtain a system fora, b, fA , andfB ; after linearization,
the standard Fourier technique is used to solve it:

a5ãei (Kx2Vt), b5b̃ei (Kx2Vt),
~18!

fA5f̃Aei (Kx2Vt), fB5f̃Bei (Kx2Vt),

whereã, b̃, ã, andb̃ are constant,V5V(K) is the disper-
sion relation for perturbed wavenumberK. After some alge-
bra, the dispersion relation results in a fourth-order poly
mial function in the variableV:

~~V1Kc1!22e2a1K2~2b1uÃu21e2a1K2!!

3~~V1Kc2!22e2a2K2~2b2uB̃u21e2a2K2!!

54e4a1a2g1g2uÃu2uB̃u2K4. ~19!

Equation~19! provides the dispersion relation for the pertu
bation: complex roots, which are functions of the parame
k1 , k2 , Ã, B̃, andK, originate instability. Note that if we se
one of the two amplitudes equal to zero~for example,B̃
50), the right-hand-side term in~19! vanishes and roots ca
be easily found. In this case the roots are always real: th
consistent with the result that a single monochromatic w
in shallow water is stable to side-band perturbations. In
limit of e→0 with K fixed, it results thatV has real roots;
similarly, for K→` and fixede, plane wave solutions ar
stable. Moreover it is clear from Eq.~19! that if the higher
order dispersive terms are neglected, plane wave solut
are stable. Equation~19! can be solved by applying the exa
formula for the determination of the complex roots of
fourth-order polynomial equation. Results are graphica
presented in the following way: we fix the nondimension
wavenumberk151; amplitudesÃ, B̃ and constantsm andl
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are all set to 1. We then compute the largest imaginary s
tion of the polynomial functionV and plot it as a surface fo
different values ofk2 and perturbationK. In Fig. 1 we show
the instability region fore50.8. The plot clearly exhibits an
unstable region with a growth rate different from zero. No
that on the horizontal axesk2 starts from values slightly
larger than 1, because, as previously stated, the der
CNLS system is not valid whenk2.k1 . In Fig. 2 we show
the same diagram as in Fig. 1 fore50.4. The smaller the
value of the parametere, the smaller the size of the region o
instability. However, the maximum of the growth rate, f
fixed values ofk1 andk2 , does not change substantially wit
e. In order to check this last result we have performed dir
numerical simulations of Eqs.~15! and~16!. We have used a
standard pseudospectral numerical method in which the
ear part is solved exactly in Fourier space and the nonlin
terms are solved in physical space. Initial conditions are p
vided by two carrier waves atk151 andk251.5 of ampli-
tude equal to one. All wavenumbers are equally perturb
with an amplitude of 0.0005 and therefore during the sim
lation the most unstable wavenumber is automatically
lected. In Fig. 3 we show in a semi-logarithmic plot th
linear stage of the evolution in time of the most unsta
mode for two simulations, corresponding toe50.4 and
e50.8. In the same plot we show two exponential curv

FIG. 1. Growth rate as a function of nondimensional wavenumberk2 and

perturbationK85K/e2 for Ã5B̃51, k151 ande50.8. Axes are in non-
dimensional units.

FIG. 2. Growth rate as a function of nondimensional wavenumberk2 and

perturbationK85K/e2 for Ã5B̃51, k151, ande50.4. Axes are in non-
dimensional units.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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corresponding to the growth rate predicted using the ex
dispersion relation. The agreement is remarkable.

This Brief Communication represents a first investig
tion of the interaction of co-propagating waves in shallo
water in the framework of the envelope equation approxim
tion. The main result reported here is that a system of de
cusing CNLS equation can exhibit modulational instability
dispersive terms are retained in the expansion. Delicate
sues concerning proper asymptoticity have been discus
The physical relevance of these results is the subject of
going research.
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FIG. 3. Evolution in time of the most unstable wavenumber of numer
simulations with e50.4 ~closed circles! and e50.8 ~open circles!. The
curves correspond to the growth rate obtained from the linear stability an
sis (exp@0.062T#, solid line, and exp@0.066T#, dotted line!.
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