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Abstract. Rather recent experimental results demonstrate the non–negligible role of mechan-
ical stress in the growth of a multicell spheroid. In this paper we discuss a theoretical frame-
work for volumetric growth suitable for modeling the growth of soft tissues exhibiting the
properties of a solid. After a proper kinematic decomposition, balance equations for mass,
momentum and energy are discussed together with constitutive relationships. The mathe-
matical model is then applied to avascular tumor growth. We show by numerical simulation
that, under assumption of spherical symmetry, the mathematical model is able to reproduce
the experimental data with a satisfying qualitative agreement.

Introduction

It is well known that macroscopic stress, the mechanical mutual interaction among
cells observed at the macroscale, influences the growth of soft tissues such as arter-
ies, blood tissue, the heart, the trachea and tendons [23]. It is therefore rather natural
to hypothesize that mechanical loads can affect tumor growth as well.

After Folkman & Hochbergand [8], the typical experimental object studied to
determine the free duplication properties of tumor cells in vitro is a cluster of cells
freely floating in a culture medium, named multicell spheroid. A tumor spheroid is
therefore an ensemble of cells proliferating in an environment with large availabil-
ity of nutrient that duplicate without control, having lost the ability to self–regulate
their number through a normal apoptosis mechanism. In the standard free–growth
case, a plot of the diameter of the tumor vs. time typically exhibits an early stage of
exponential growth, followed by a linear one. The transition from one regime to the
other is mainly regulated by the availability of nutrient, that occurs by diffusion.
In fact, when the size of the tumor r̄(t) is smaller than the typical diffusion length,
the nutrient is everywhere available in the spheroid and the growth is volumetric:

dr̄3

dt
� r̄3. (0.1)

so that r̄(t) � et . Conversely, when the diameter of the spheroid is much larger
than the penetration length one obtains surface growth, that is
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dr̄3

dt
� r̄2, (0.2)

and r̄(t) � t . See [4] and the references therein for a review of the literature on
growth of spatially uniform models of avascular tumors.

In order to study the influence of external loading on tumor growth, Helmlinger
et al. [11] have performed experiments designed to provide a known stress field
on the boundary of clusters of cells grown in vitro and to check the influence of
such stress on the size of the grown multicell spheroid. In fact, standard multicell
spheroids grow freely floating in culture medium. These authors dissolve agarose,
a polysaccharide extracted from seaweed, into boiling water. When the medium
starts to cool, the polysaccharide chains crosslink with each other, causing the
solution to “gel” into a semi-solid matrix. The more agarose is dissolved in the
boiling water, the firmer the gel will be. While the solution is still fluid, they plug
the tumor cells into the polymerizing medium. After cooling, the tumor cells are
trapped in the agarose gel that has known mechanical properties depending on the
solid phase concentration. The nutrient rapidly diffuses in the liquid phase of the
gel, thus providing a constant concentration at the boundary of the spheroid. As
the spheroid grows, it displaces the surrounding gel, which in turn exerts a uniform
compression on the tumor spheroid. By varying the volume fraction of the solid
component during the preparation of the gel, they are able to modulate its stiffness
and hence to apply different stress fields on the tumor.

Their main result is that the stress field definitely reduces the final dimensions
of the spheroids. At a cellular level, though, spheroids cultured in gels of increas-
ing stiffnesses are characterized by a decreased apoptosis rate with no significant
change in proliferation rate and hence increased cellular packing. Moreover inner
regions of free-suspension spheroids often exhibit large voids that were rarely seen
in gel–cultured spheroids.

The aim of this paper is to address the mathematical modelling of the exper-
iments by Helmlinger et al. from a continuum mechanics point of view. When
looking at a tumor at a macroscopic scale, one does not consider the single cells
and their mutual and external interaction, but attempts to describe the body as a
continuum. Roughly speaking, one looks at a tumor mass staying at a sufficiently
long distance so that single cells are indistinguishable. In such a framework, the
biological system is described by a system of partial differential equations which
are balance laws for mass, momentum and energy.

However, a growing soft tissue is a continuum for which the classical meth-
ods of continuum mechanics cannot be applied in a straightforward manner. The
main specific aspect is that the mass of a living tissue changes with time. If the
material exhibits mechanical properties that characterize elastic solids (at least to
some extent) the mechanical response then depends on its deformation. However,
mass increase makes unsuitable the usual notion of reference configuration so that
the question in this case is: “Deformation with respect to what?”. To answer this
question in this paper we address the growth of a multicell spheroid as a specific
example of volumetric growth of a soft tissue.
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In the last twenty years, the fundamental mechanisms regulating surface growth
(occurring, for instance, in bones) have been pointed out. However, the understand-
ing of volumetric growth, characterizing soft tissues, is still rather incomplete.
The first clear statement of the problem is due to Rodriguez et al. [21] who first
introduced a multiplicative decomposition of the gradient of deformation in the
kinematics of a growing continuum.

The influence of the stress field on growth of soft tissues has been mostly applied
to study the mechanical properties of arteries (see the excellent review articles by
Taber [23] and Humphrey [13]). Skalak et al. have described the occurrence of
residual stresses due to non–homogeneous volumetric growth [22]. Ambrosi &
Mollica [1] extended the theory to compressible materials and included nutrients in
the overall description. Also Klisch et al. [14] presented a theory for compressible
biological materials and they obtained two constitutive restrictions from a work–
energy principle. Very recently DiCarlo & Quiligotti [6] have shown that, when
a new independent force balance regulating growth holds, a specific relationship
between growth and standard stress exists, independently of any special assumption
on the stress itself.

The specific problem of avascular tumor growth has been the subject of a num-
ber of mathematical papers in the last twenty years (see for instance the references
cited in [5]) and the focus has been mainly on modeling diffusion and bio–chemical
interaction of cells and soluted species. This is indeed a most important aspect of
this issue, but the influence of stress on growth is also of paramount importance,
as shown by the rather recent experimental findings illustrated above, and it has
been addressed only in Chen et al. [5], who use a slight modification of the model
proposed by Landman & Please [15] to describe the spheroid as a saturated biphasic
mixture of two fluid components, written ab initio under assumption of hydrostatic
state of stress. In such a context, the stress in the tumor is hydrostatic and is the
sum of two contributions: the pressure of the solid component and the pressure
due to the saturation constraint of the mixture (see also [2] on this point). By this
approach they are able to reproduce by a good qualitative agreement the results of
Helmlinger et al.

The novelty of the present work is to provide a description of the multicell
spheroid as a solid. In such a case the stress field in the body is not necessarily
hydrostatic. More importantly, the mechanical behavior of a grown solid cannot be
expressed just in terms of the current configuration but requires the knowledge of the
whole growth process. In other terms, the state of a growing elastic continuum does
not depend on its current deformation only, but on the history of its possibly non–
homogeneous mass increment. In particular, in Section 4, devoted to constitutive
theory, it is carried out a thorough discussion on the assumptions and consequences
on the constitutive equations characterizing the mechanical properties of multicell
spheroids.

1. Balance laws

Let X be the position of a given particle at time t = 0 and let x be the position of
the same particle in the current configuration κt . We can define the motion of the
body:
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x = χ(X, t), (1.1)

and the corresponding deformation gradient, supposed to be invertible:

F =:
∂χ

∂X
. (1.2)

The velocity is given by

v =:
∂χ

∂t
, (1.3)

while

� = �(x, t), (1.4)

is the density field at time t so that �0(X) = �(x(X, 0), 0) is the density field at
time t = 0. The gradient of velocity is defined as

L =:
∂v
∂x

, (1.5)

and it holds

Ḟ = LF. (1.6)

The motion from κ0 to κt obeys the usual equation of balance of mass with a source
term; in Eulerian form

∂�

∂t
+ div (�v) ≡ �̇ + � div v = �ρ, (1.7)

where � is the growth rate (possibly dependent on the state variables of the
problem). The divergence operator applies to quantities calculated in a fixed
position of the space and a superscript dot ˙( ) denotes the material time
derivative.
In a Lagrangian frame of reference, Equation (1.7) rewrites [10]

˙(�J ) = ��J, (1.8)

where J =: det F.
The balance of linear momentum in Eulerian coordinates reads:

∂

∂t
(�v) + div(�v ⊗ v) − div T = �b + ��v, (1.9)

where T is the Cauchy stress tensor, b is the body force and the last term at the r.h.s.
represents the contribution to the momentum due to the mass source. In the case of
biological tissues, the characteristic velocities are so small that we can neglect the
inertial terms in Equation (1.9) and the system can be conveniently described as
quasi-static. Moreover, as it is usual in Solid Mechanics, we will neglect the body
forces, so that the local form reduces to:
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div T = 0. (1.10)

Sometimes a Lagrangian approach is more convenient, in particular when the final
configuration of the body is unknown and there are traction boundary conditions.
In such a case it is useful to introduce a Lagrangian measure of the stress defined in
the original reference configuration κ0, such as the first Piola-Kirchoff stress tensor
defined as

P = JTF−T . (1.11)

The equation for the balance of linear momentum in terms of the first Piola-Kirchoff
stress tensor simply reads:

Div P = 0, (1.12)

where the operator Div stands for the divergence with respect to the reference
configuration.
The balance of internal energy reads

∂(�ε)

∂t
+ div(�εv + q) = T · L + �r, (1.13)

where q is the non–convective flow of internal energy, r represents the source of
energy per unit mass, the symbol T · L indicates the inner product between the
symmetric tensor T and L. The quantity r in this framework includes the energy
externally supplied for the growth process. The internal energy per unit volume ε

represents the storage of energy that can be spent for growth only. Despite a formal
analogy with thermal internal energy exists (and this is the reason why we retain
on purpose the same symbols), ε should not be confused with the thermal energy,
which is irrelevant in this context.
For the quasi–steady processes we are considering, Equation (1.13) simplifies to

∂(�ε)

∂t
+ div(q) = �r, (1.14)

or, in a Lagrangian frame of reference,

∂(J�ε)

∂t
+ Div

(
JqF−T

)
= J�r, (1.15)

2. The growth tensor

In a recent paper we have used the notion of multiple natural configurations [1]
to formulate the volumetric growth of a continuum in a general way, having in
mind tumor growth as a specific application. With this approach one is able to split
growth and mechanical response into two separate kinematical contributions. In
this section we briefly outline the main points of such a framework.

Let a body be in the configuration κ0 at time t = 0. Suppose that the body has
undergone growth or resorption together with the possible application of loads, so
that at current time t the configuration is κt (see Fig.1). Consider the motion from
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Fig. 1. Diagram of the motion from the original unstressed configuration κ0 to the cur-
rent configuration κt . If we cut a generic particle out of the body and relieve its state of
stress while keeping its mass constant, it will reach its natural state at time t . The “natural
configuration of the body at time t” is the collection of all the particles in their natural states
at time t

the original unstressed configuration κ0 to the current configuration κt as depicted
in Fig.1. Each particle of the body may have grown or been resorbed and the state of
stress may be different from zero. In principle, if we relieve the state of stress while
relaxing the constraint that the body is integer, it will reach a state that is in general
different from the one it had in κ0 and also from the one achieved in κt . This is the
relaxed state of the body at time t and, in general, it will not be a real possible con-
figuration of the body itself. As indicated in Fig.1, we can measure the deformation
from the natural configuration κ2 through the tensor F2, while the path from κ0 to
the natural configuration κ2, which can be seen as a path of unconstrained growth,
will be described by the tensor G, so that the following decomposition holds:

F = F2G. (2.16)

Notice that, since mass is preserved along the path from κ2 to κt , the tensor F2 is not
directly related to growth. Hence we will assume that F2 is connected to the stress
response of the material while the tensor G is the one that is directly connected to
growth and will be therefore named growth tensor. In this way we have separated
the contribution of pure growth from the stress-inducing deformation. The tensors
F2 and G in general are not integrable. As the deformation gradient F is invertible,
from Equation (2.16) follows that F2 and G are invertible too.
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3. Nutrient factors (internal energy)

The growth of biological tissues is strongly dependent on the availability of nutrient
and on the presence of several chemical signals, e.g. growth factors. In particular,
a tumor mass in its avascular stage is fed by the environment thanks to the nutrient
diffusing in the interstitial liquid. Nutrient factors are dissolved in the interstitial
liquid, which in our one–component model is indistinguishable from the tumor
body. Although nutrient and chemical factors are diverse and can have a differ-
ent impact on tumor metabolism we will consider only one representative nutrient
species, which we indicate with n. This is clearly a simplifying assumption, since
even if the kinetics of diffusion of the various nutrients are similar, the rate of con-
sumption will vary from chemical to chemical and so will the influence on tumor
metabolism.

From a mechanical point of view, the concentration of nutrient is a measure
of the energy that can be spent for growth. Therefore the equation regulating the
concentration of nutrient factors can be read as the balance of internal energy (1.15)
with suitable constitutive assumptions. In fact, assume

ε = cn, q = −cD grad(n), r = −nρc

τ
, (3.1)

where c is a constant, D is a diffusion coefficient and 1/τ is the absorption rate.
One gets

Div
[
F−1 Div

(
JF−1n

)]
= γnn�J, (3.2)

where γn =: 1/Dτ , which is a reaction–diffusion equation for the field n(X, t).
Equation (3.2) is the balance law for the nutrient: its concentration at a fixed point
changes in time because of the diffusion due to Brownian motion and because of
the uptake by the tumor appearing at the right hand side. In Equation (3.2) it is then
assumed that the time needed to get a steady state diffusion is usually much smaller
than the typical time needed for growth, so that diffusion and production always
balance at the timescales we are interested in. This a standard assumption (see [9],
[4] and the references therein) and its validity will be checked in the dimensional
analysis of Section 6.

4. Constitutive theory

In order to close the equation of motion (1.10) (or (1.12)), together with the
balance of mass (1.7) (or (1.8), respectively), we need to prescribe the constitu-
tive equations that account for the behavior of the materials as a function of the
applied loads and of the available nutrient diffusing through the interior. In particu-
lar, we need to prescribe a constitutive equation for the behavior of the agarose gel,
for the response of the tumor from the natural configuration, i.e., for the path κ2
to κt , and independently, an evolution equation for the natural configuration itself,
i.e., for the path κ0 to κ2.
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The constitutive theory providing the mechanical behavior of the spheroid
depending on the relaxed configuration κr should be nothing but the standard stress–
strain relationship of the material. The keypoint is then to determine whether a cell
cluster is able or not to sustain an external loading (like a solid) or relax the inter-
nal stress completely (like a viscous fluid). If a spheroid behaves like a viscous
fluid, internal stresses are relaxed with time, no residual stress is retained and the
kinematical splitting introduced in Section 2 is an unnecessary complication.

Unfortunately, the pertinent literature is very exiguous and the only relevant
experimental papers are due to Forgacs and coworkers [7]. In essence, they carry
out a pure compression test on aggregates of chicken embryo cells. Their first result
is that the material exhibits relaxation times of the order of few seconds and there-
fore any transient behavior can be neglected when looking at phenomena that take
days, like growth. The second (and more important) result is that normal stresses do
not decay to zero. This can be due to bulk stress of elastic type or to an equivalent
surface tension of a viscous fluid, where the jump in the stress is balanced by the
surface tension. The authors spouse this latter explanation: they measure the radii of
curvature of the free surface and, through the Laplace equation, are able to evaluate
the surface tension of the fluid. However, this interpretation is not clear: elastic
materials, in fact, do not relax stresses as well. A more complex scenario can also
occur: some solids (like Bingham’s) relax only after a yield stress is reached and
then stop. Shear experiments are usually carried out in order to provide a definite
answer to this question. It seems to us that in the light of a pure compression test
both modelling hypothesis are still equally admissible and the current experimental
knowledge is insufficient to draw a definitive conclusion.

In this paper we assume that the mechanical response of the tumor is elastic
from the natural configuration, so that the tumor will be modeled as an elastic mate-
rial that is capable of growing. Of course, this is a simplification of the behavior of
the material, which, in principle, would be better approximated using a viscoelastic
constitutive equation. Nevertheless, since in the case of cell aggregates the char-
acteristic times of the rate dependent response of the material are much less than
the characteristic times of growth and of mechanical loading, the material can be
thought of as elastic without introducing a significant error. We can then introduce
the Cauchy stress tensor:

T = T (Br ) . (4.1)

where Br =: FrFT
2 . For the mechanical response of the tumor spheroid from its

natural configuration we take the Blatz-Ko constitutive equation [3], a classical
non–linear elastic model, which can be seen as a generalization of the classical
Mooney-Rivlin model for rubber. The Blatz-Ko material is the simplest hyperelas-
tic compressible material and has been successfully applied to model polymeric
foams, a system that shows some analogies with the mechanical behaviour of cell
aggregates. The Cauchy stress tensor takes the form

T(Br ) = µ

Jr

[−(Jr)
−qI + Br ], (4.2)
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where Br = FrFT
r , and µ and q are material constants satisfying the following

restrictions:

µ > 0, q > 0. (4.3)

Substituting (4.2) into (1.11) we obtain the first Piola-Kirchoff stress tensor:

P = µJG[−(Jr)
−qF−T

2 + F2]G−T . (4.4)

Once it is known how the material behaves from each natural configuration, we
need to describe how the natural configurations evolve i.e., we characterize the
growth tensor G. Expanding the time derivative at the left hand side of Eq.(1.8)
one gets

�Jr J̇G + JG
˙(�Jr) = �ρJGJr . (4.5)

Until now the introduction of the new descriptor G has not been exploited, as no
specific characterization with respect to growth has been done. To this aim we
stipulate that two of the terms appearing in Eq.(4.5) satisfy the following relation-
ships:

J̇G = �JG. (4.6)

The physical meaning of this splitting is the assumption that no mass is pro-
duced in the ideal relaxation process from the configuration κt to the relaxed
state κr (see [1] for a detailed discussion of this item). It immediately follows
that

˙(�Jr) = 0. (4.7)

The continuity equation (4.5) is then replaced by Eq.(4.7) whereas Eq.(4.6)
provides the form of � in terms of the growth tensor. Equation (4.7) resembles the
usual Lagrangian version of conservation of mass in the absence of mass sources.
By simple calculations Eq.(4.6) can be rewritten as follows:

tr
(

ĠG−1
)

= �. (4.8)

The tensor G is thus sufficient to tell whether a certain particle is growing or being
resorbed. In fact, from Equation (4.6) we have

JG < 1 => resorption,

JG > 1 => growth.
(4.9)

It might be noticed, though, that for isotropic growth, i.e. G = gI where g is a
scalar, Eq. (4.6) rewrites

3ġ

g
= � (4.10)
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so that in this case the knowledge of � determines G completely. In general, this
can be simply done by prescribing a suitable evolution equation for the growth
tensor, which may depend on a variety of quantities.

Ġ = Lg(X, t, S, n, G), (4.11)

where S is a suitable invariant measure of stress.
Notice that the evolution equation (4.11) for G involves the nutrient and the

stress, thus coupling the growth tensor with other relevant quantities of the behavior
of the material. Therefore, in general, one cannot look at growth in time as being
separated from the overall mechanical response, and actually Eq.(4.11) has to be
solved simultaneously with the other equations of motion. In this sense, the diagram
in Fig.1 means that at each time the two paths leading to κt are to be considered
jointly.

The agarose gel is composed by a solid polymeric matrix perfused by a fluid,
thus suggesting to model it as a poroelastic material [11]. When neglecting the
pressure of the fluid phase, we characterize it using the free energy of the form
proposed by Holmes [12]

W = γ̃
eβ(I−3)

(III − φ2
0)α

, (4.12)

where I and III are the first and third invariants of the right Cauchy-Green deforma-
tion tensor C =: FT F and

α = β(1 − φ2
0), γ̃ > 0. (4.13)

Of course, the model illustrated in this paper are not constrained to the particu-
lar form of the stress and (4.2) and (4.12) which are just introduced to address a
specific problem: other elastic constitutive laws satisfying minimal mathematical
requirements are equally admissible [18]. The resulting Cauchy stress tensor in the
gel is then

T = 2ρF
(

∂W

∂C

)T

FT = 2γ̃ ρ
eβ(I−3)

(III − φ2
0)α

[
βB − α

III

III − φ2
0

I

]
, (4.14)

and the first Piola–Kirchoff tensor is

P = γ
eβ(I−3)

(III − φ2
0)α

[
βF − α

III

III − φ2
0

F−T

]
, (4.15)

where γ = 2ρ0γ̃ .
Summarizing, we specialize the growth model to the following governing equa-
tions. In the spheroid

�0 = �Jr, (4.16)

Div
(

F−1 Div
(
JnF−T

))
= γnn�J, (4.17)

Div P = 0, (4.18)
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supplemented by the specific constitutive equations

ġ = g

3
�(n, g, S), (4.19)

P = µJG[−(Jr)
−qF−T

2 + F2]G−T . (4.20)

In the gel

Div P = 0, (4.21)

supplemented by the specific constitutive equation (4.15). On the surface separating
the tumor from the gel the displacement and the normal component of the stress
are required to be continuous, thus providing the following interface conditions

[[u · N]] = 0, (4.22)

[[P · N]] = 0, (4.23)

where the jump is evaluated across the the interface in its reference position and N
is its unit normal vector.

5. Spherical growth

Under assumptions of spherical symmetry the problem of growth can be stated in
non–dimensional form in the radial interval [0, 1]. The tumor spheroid is initially
located in [0, R̄], the gel fills the space [R̄, 1], where R̄ is chosen sufficiently smaller
than one so that the effect of the external constraints on the growth of the spheroid
can be neglected.
In spherical polar coordinates the deformation will be

r = λ(R), θ = �, φ = �. (5.1)

The deformation gradient will be

F = Diag

{
λ′,

λ

R
,

λ

R

}
, (5.2)

where a superscript (·)′ denotes differentiation with respect to R. Analogously as
before we can calculate F2 from the expressions of F and G:

Fr = Diag

{
λ′

g
,

λ

gR
,

λ

gR

}
, (5.3)

and plug it into the constitutive equation (4.2). The first Piola-Kirchoff stress tensor
(1.11) reads:

P = Diag {PRR, P��, P��} , (5.4)
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where, in the tumor



PRR = µ g

[
λ′ − �−q g2

λ′

]
,

P�� = P�� = µ g

[
λ

R
− �−q g2R

λ

]
,

� = Jr = λ′λ2

g3R2 ,

(5.5)

while in the gel



PRR = γ
eβ(I−3)

(III − φ2
0)α

[
βλ′ − α

III

III − φ2
0

1

λ′

]
,

P�� = γ
eβ(I−3)

(III − φ2
0)α

[
β

λ

R
− α

III

III − φ2
0

R

λ

]
,

(5.6)

The equation of conservation of linear momentum for the gel and the tumor spheroid
reads

d

dR
PRR + 2

R
(PRR − P��) = 0. (5.7)

Plugging the components (5.5) and (5.6) into Equation (5.7) we obtain two ordinary
differential equations of the second order in λ,

λ′′
[

1 + g2�−q(1 + q)

(λ′)2

]
= 2

R

[
1

R
+ g2�−q(1 + q)

λλ′

]
(λ − λ′R)

−
[
λ′ − 3g2�−q(1 + q)

λ′

]
g′

g
, λ ∈ [0, R̄], (5.8)

λ′′
[

2βλ′
(

βλ′ − α
III

III − φ2
0

1

λ′

)

+ 2λ′ λ4

R4

(
−αβλ′ + α2 III

III − φ2
0

1

λ′ + α
φ2

0

(III − φ2
0)2

1

λ′

)

+α

(
β + α

φ2
0

(III − φ2
0)2

1

λ′2

)]
= −4β

(
βλ′ − α

III

III − φ2
0

1

λ′

)(
λ′ λ

R2 − λ2

R3

)

− 4

(
−αβλ′ + α2 III

III − φ2
0

1

λ′ + α
φ2

0

(III − φ2
0)2

1

λ′

)
λ′2λ3

R4

(
λ′ − λ

R

)

− 2

R

[
β

(
λ′ − λ

R

)
− α

III

III − φ2
0

(
1

λ′ − R

λ

)]
λ ∈ [R̄, 1], (5.9)
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Equation (5.8) has to be supplemented with a specific form of the equation for
the growth function g(R). In the absence of any specific experimental knowledge,
driven by the sake of simplicity we adopt the following form:

ġ = e−(s/s0)
2 n − n0

1 − n0
g (5.10)

where s =: trace(P) and s0 is a constant. This very simple equation assumes that
stress always inhibits growth and is just motivated by the intent to test the abil-
ity of the model to reproduce, at least qualitatively, the experimental results using
a minimum number of adjustable parameters. The linear dependence of growth
on nutrient concentration is standard [4]: growth occurs if a sufficient minimum
quantity of nutrient is available, otherwise the body resorbs mass.
By some algebraic manipulations, the reaction–diffusion equation (4.17) for the
concentration of nutrient n reads

Div
(

F−1 Div
(
JF−T n

))
= Jγnn�, (5.11)

and, enforcing spherical symmetry,

1

λ′λ2

d

dR

(
λ2

λ′
dn

dR

)
= γnn�. (5.12)

Equations (5.8) and (5.9) have to be integrated with the following boundary and
interface conditions

λ|R=0 = 0, (5.13)

[[λ]]R=R̄ = 0, (5.14)

[[PRR]]R=R̄ = 0, (5.15)

λ|R=1 = 1. (5.16)

Note that continuity of the radial component of the stress in general does not imply
continuity of the first derivative of the displacement. The boundary conditions to
be supplied to Equation (5.12) are

dn

dR

∣∣∣∣
R=0

= 0, (5.17)

n|R=R̄ = 1. (5.18)

6. Numerical simulations and discussion of the results

The ordinary differential equations (5.8)–(5.9) have been numerically integrated
using an implicit finite difference scheme. After discretization of each momentum
equation in its own region, the resulting tridiagonal matrices are solved separately
in each domain. The coupling boundary conditions in R = R̄ are satisfied by a
Dirichlet–Neumann iterative approach [17]. In particular, the interface condition
(5.15) reads as an algebraic equation for the unknown λ′ (as λ is continuous) and,
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in turn, is solved iteratively at each Dirichlet–Neumann iteration. Without detailing
the numerical scheme, we list the pseudo–code corresponding to this algorithm:

k = 1

do until convergence

solve (5.8) with boundary conditions λ(0) = 0,
λ(R̄) = λk

λ
′−
k (R̄) = λ′

k

solve P −(λk(R), λ
′−
k (R̄), R̄) = P +(λk(R̄), λ

′+
k (R̄), R̄) in [R̄, 1)

to get λ
′+
k (R̄)

solve (5.9) with boundary conditions λ′(R̄)=λ
′+
k (R̄),

λ(1) = 0
k=k+1

cycle

Some typical dimensional quantities characterizing the problem at hand are:

R̄ ∼ 10−2cm, D ∼ 10−7cm2s−1,

τ ∼ 103s, T ∼ 106s σ ∼ 103mm Hg. (6.19)

where T is the typical growth time and σ is a representative value for the internal
forces acting in at the boundary of the spheroid [11].
Note that it holds the relation

1

T
� D

R2 ∼ 1

τ
(6.20)

thus justifying the “fast diffusion” assumption introduced in Section 3.
Unfortunately, the experimental papers concerning the problem at hand lack infor-
mation about the mechanical properties of the multicellular spheroid and agarose
gel, so that it is not even possible to estimate the parameters characterizing the
materials for small strain (shear modulus and Poisson ratio, for instance). There-
fore we carry out some numerical experiments assuming that these parameters
are of the same order for the two materials, so that non–dimensional parameters
characterizing the problem at hand are

φ2
0 = 0.4, 0.5, 0.6, β = 1, γ = 2 · 10−2, R̄ = 0.1

γn = 10, n0 = 0, s0 = 1, q = 0.5 µ = 1.5 · 10−2.

The value of the stress s0, characterizing the yield over which growth is essen-
tially inhibited by the stress, is purposely large as will be discussed above.
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Fig. 2. Position of the boundary of a tumor spheroid freely growing plotted versus time

6.1. Floating spheroid

Consider the case a freely growing tumor first. This means that the growth of the
spheroid is not subject to external loads. In Figure 2 we can see the position of
the boundary of the spheroid versus time. The exponential growth region and the
linear growth region are clearly visible, the transition region being between t = 3
and t = 8. In the absence of external loads the change in growth rate is essentially
due to the reduced availability of nutrient that occurs when the diameter of the
spheroid overcomes the diffusion length of the nutrient in the spheroid. This effect
is confirmed by the plots of concentration depicted in Figure 3 at different times: at
t = 20 the nutrient has a non–negligible concentration just in a thin layer around
the border (the proliferating ring) so that the growth is essentially on the surface
and the arguments illustrated in Section 1 apply. Note that the existence of a prolif-
erating ring, as described in the experimental literature, here arises without any
ad hoc introduction. In principle, residual stresses due to non-homogeneous growth
could inhibit proliferation too. However, the stress field generated in free growth is
small and does not affect the size of the spheroid: in this case the key mechanism
is the decreasing amount of nutrient available that influences the growth function g

through the relationship (5.10), yielding the behavior of Figure 4. As the nutrient
has a non constant spatial distribution in the tumor, the growth is not homogeneous
and some residual stress is generated. However, internal forces arising during free
growth are negligible when compared to the ones arising under external stress, as
will be be shown below.
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Fig. 3. Available nutrient concentration in a freely growing spheroid plotted versus unde-
formed radius at different times
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Fig. 4. Growth function of a freely growing spheroid plotted versus undeformed radius at
different times
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Fig. 5. Position of the interface between tumor and gel plotted versus time for different gel
concentrations

6.2. Growth in gel

The position of the interface between a spheroid embedded in a poroelastic medium
versus time is tracked in Figure 5 for different concentrations of the solid compo-
nent. The growth of the size of the spheroid is linear from the very beginning, until
it becomes almost constant when the external stress begins to inhibit growth. The
radial displacement of the matter in the spheroid is almost linear (Figure 6). The
nutrient concentration (not shown) is radially increasing, but a sufficient amount
for growth is available in the whole body, thus confirming that growth in this case
is essentially inhibited by the stress, which is reported in Figure 8. Radial and
hoop stress for φ2

0 = 0.5 at t = 10 are plotted in Figure 9. The stress in the tumor is
always compressive, the largest value occurring at the interface between spheroid
and gel. As far as the spheroid approaches the asymptotic configuration, the density
in the gel becomes homogeneous and the stress becomes nearly spatially constant.
As expected, the radial stress is continuous across the interface, whilst the hoop
stress is not. As intuitively expected, the hoop stress in the gel is positive (tension).

Growth essentially stops when the trace of the stress field is nearly equal to
the yield value s0 = 1, as can be inferred from Figure 9. It is a rather large value,
when compared with the non–dimensional parameters characterizing the materials
in (6.19) and this means that the stress field is large. However, looking carefully at
the final size of the spheroid, one understands that the diameter is still much smaller
than the freely floating one, while experimentally the final size of the embedded
spheroid is some tenths of the freely growing one. This observation suggests that,
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Fig. 6. Radial displacement versus original position in the tumor and in the gel in φ0 = 0.5%
gel at different times
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Fig. 7. Density field versus original position in the tumor and in the gel in φ0 = 0.5% gel
at different times
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Fig. 8. Radial stress in the tumor and in the gel for a spheroid growing in a φ0 = 0.5% gel
plotted versus undeformed radius at different times
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Fig. 9. Radial and hoop stress in the tumor and in the gel for a spheroid growing in φ0 = 0.5%
gel at t = 10
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Fig. 10. Residual and total stress in the tumor versus undeformed radius at t = 10 for
φ0 = 0.5%

despite growth inhibition by stress works fine as described in the present work,
some mechanism of stress release must be included in the model in order to obtain
a final size which is also in quantitative agreement with experiments.

One might wonder which part of this stress is due to the external action of the gel
and which is due to the inhomogeneous growth of the body. This measure, that can
hardly be done experimentally, can be easily obtained by a mathematical model
relieving the external traction to a body grown under external loading and then
evaluating the remaining stress field. These curves are drawn in Figure 10, in which
the stress in a tumor grown in a gel at φ2

0 = .5 is compared with the stress field in
the same body when the spheroid is ideally extracted from the gel. The bold curve
represents the residual stress, which is a consequence of the non-homogeneous
growth of the body with time. After extracting from the gel a spheroid that was in
its plateau–phase, cells restart to duplicate, yielding the results shown in Fig 11.
The dashed line indicates the diameter of the spheroid growing after stress release.
When comparing this curve with a free–growth one, one finds that the former tends
just asymptotically to reach the latter so that, in some sense, the inhomogeneous
original growth never completely vanishes. The step in size occurring at t = 10
corresponds to gel extraction.

7. Final remarks

A mathematical model able to account for the volumetric growth of a soft tis-
sue has been illustrated and applied to the specific problem of the growth of a
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Fig. 11. After growth in gel, at t = 10 the spheroid is ideally extracted; being unloaded, it
retains residual stress only. The plot of the subsequent increase in size shows that the past
history tends to be asymptotically forgotten: the radius approaches the free one and residual
stress vanishes

multicell spheroid. The mathematical model is general, being able to include arbi-
trary geometries, different boundary conditions and constitutive equations. Two
growth conditions have been considered for the multicell spheroid: free–suspension
and gel–embedded. The results are in qualitative agreement with the experimental
ones. The theory and the simulations are based on the a priori statement that cell
clusters do not relax all the stress as an elastic material, an issue not yet definitely
clarified in the experimental literature.

Of course, many aspects remain to be addressed in the future. In our opin-
ion, the most unsatisfactory point of the theory of growing continua is the under-
standing of the growth–stress relationship (4.11). Very few experimental results
are known and they mainly refer to arteries [23], which are much more orga-
nized biological subject; nothing is known about spheroids. Also from a mathe-
matical point of view, the growth tensor G and its own equation deserve more
attention.

The present model of a multicell spheroid is one–component and, in this sense,
is less realistic than the biphasic model by Chen et al. However if tumors have
mechanical characteristics of a solid we believe that growth modelling can be
more conveniently done as in this paper. Therefore, the next step is probably to
blend the two approaches, modelling of a multicell spheroid as a growing mix-
ture composed by two phases: a solid and a fluid, exchanging mass between each
other.
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