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In vertebrates, supply of oxygen and nutrients to tissues is carried out by the blood
vascular system through capillary networks. Capillary patterns are closely mim-
icked by endothelial cells cultured on Matrigel, a preparation of basement mem-
brane proteins. On the Matrigel surface, single randomly dispersed endothelial
cells self-organize into vascular networks. The networkis characterized by a typi-
cal length scale, which is independent of the initial mean density of deposed cells
n̄ over a widerange of values of̄n. We give here a detailed description of a math-
ematical model of the process which isable to reproduce several qualitative and
quantitative features ofin vitro vascularization experiments. Cell matter is basi-
cally modelled as an elastic fluid subjected to a specific force field depending on the
concentration of a chemoattractant factor. Starting from sparse initial data, mim-
icking the initial conditions realized in laboratory experiments,numerical solutions
reproduce characteristic network structures, similar to observed ones, whose aver-
age size is theoretically related to the finite range of chemoattractant diffusion. A
possible area of application of the model is the design of properly vascularized
artificial tissues.
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1. INTRODUCTION

Understanding how blood vessels form in the organism has been a central issue in
biomedical research during the last decade (Carmeliet, 2000). The self-assembly of
endothelial cells into a vascular labyrinth is called vasculogenesis and is responsi-
ble for the early formation of blood vessels in the embryo. The process involves cell
migration and is influenced by the presence of soluble molecules such as VEGF-A
(vascular endothelial growth factor A) (Carmeliet, 2000; Helmlinger et al., 2000).
In vitro assays have been devised in order to understand this basic morphogenetic
process (Folkman and Haudenschild, 1980). Endothelial cells are cultured on a flat
surface of Matrigel, a preparation which favours the formation of geometric tubu-
lar networks almost identical to capillary vascular beds observedin vivo (Kubota
et al., 1988; Grantet al., 1989). Experiments show that these vascular structures
are characterized by a typical length scale� � 200µm, which is independent of
the initial mean densitȳn of deposed cells over a wide range of values ofn̄. This
fundamental length scale has great physiological relevance, since typical intercap-
illary distances ranging from 50 to 300µm have been known for a long time to
be instrumental in effecting optimal metabolic exchange (Guyton and Hall, 2000).
Varying the initial densityn̄, a percolative transition is observed: below a critical
densitync, several disconnected structures form, while connected structures are
observed only for̄n > nc. When tracking the trajectory of single cells, most of
them are seen to move towards regions of higher cellular concentration. Statistical
analysis (Serini et al., 2003) indicates that the movement is mostly directed and
that chemotactic effects should be considered.

The observation of experimental data raises several theoretical questions. How
can separate individuals cooperate in the formation of coherent structures? Which
is the mechanism regulating the pattern dimensions? A model introduced in a
recent letter to study the percolation phenomenon (Gambaet al., 2003) proves able
to give the answers to some of these questions. In this paper we provide a detailed
mathematical deduction of the model and a thorough description of its properties
and of its predictive potential. Our deduction is based on simple balance princi-
ples and on modelling assumptions suggested by experimental facts. The coupling
of mass and momentum balance equations (enforced by specific bulk and surface
forces) with a reaction–diffusion equation for a soluble growth factor provides a
link between the scale of endothelial structures and the range of cell–cell interac-
tion mediated by the release and absorption of soluble molecules. We describe the
qualitative properties of the solutions of the model equations, thus providing an
explanation for the mechanism of pattern formation. Many qualitative and quanti-
tative features observed in the experiments, such as the value of the characteristic
pattern size, are in very good agreement with those predicted by the mathemat-
ical model. As a matter of fact, the present model can be seen as a refinement
of previously known chemotactic models taking into account the finite time for
cell response to chemotactic gradients. The comparison is worked out in detail in
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the text. Finally, since several observations contribute to the model validation, the
model can be also used to perform computational experiments by varying parame-
ters which are at the moment difficult to control in experiments. An example of this
procedure is given inSection 6, where an application to the design of artificially
grown vasculatures is proposed.

The model applies to the early stages of experiments ofin vitro vasculogene-
sis performed with humanumbilical-vein endothelial cells (HUVEC). We refer
to Othmer and Stevens(1997) and the references therein for a general review
of the mathematical literature on chemotaxis and toVelázquez(2002) for more
achievements. The specific problem of vasculogenesisin vitro attracted specific
attention following the work ofMurray and Oster(1984), who first introduced
a biomechanical model to explain pattern formation of bovine aortic endothelial
cells. This approach has since then been extensively investigated by other authors
(Ngwa and Maini, 1995; Manoussakiet al., 1996; Holmesand Sleeman, 2000).
In the final section a critical comparison between these models and the approach
proposed in this paper is carried out.

The structure of the paper is as follows. InSection 2we reviewthe experi-
mental observations which provide the background for mathematical modelling.
In Section 3we show how, starting from very general assumptions extracted from
experimental evidence, a continuum model ofin vitro vasculogenesis experiments
can be formulated. InSection 4we describe the mechanism of pattern formation as
qualitatively predicted by the model. InSection 5we discuss the results of numeri-
cal simulations and the agreement of the model predictions with experimental data.
In Section 6we report the results of simulations performed in anisotropic condi-
tions. Section 7is devoted to a critical comparison between the proposed model
and the relevant literature. In the conclusions section some open questions are
illustrated.

2. EXPERIMENTAL OBSERVATIONS

In experiments, HUVECsare randomly seeded on Matrigel, a surface which
favours cell motility and has biochemical characteristics similar to those of living
tissues, and observed by time-lapse videomicroscopy for 15 h [Fig. 1(a)–1(e) and
Serini et al. (2003)].

Main steps. The process of formation of a vascular-type network follows three
main steps. (i) In the first step [3–6–9 h;Fig. 1(a)–1(c)], endothelial cells migrate
independently, adhere with closest neighbours, and eventually form a continuous
multicellular network [Fig. 1(d)] whose geometry is not substantially modified in
the following steps. (ii) In the second step (6–9–12 h) the network just undergoes
a slow deformation [Fig. 1(c)–1(e)], probably driven by a stress field generated by
mutual traction, leaving the network topology essentially unaltered. (iii) Finally,
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Figure 1. (a)–(e) The process of formation of vascular-type networks recorded by time-
lapse videomicroscopy of a 4 mm2 wide portion of Matrigel surface. (f)–(h) Time evo-
lution resulting from a numerical simulation based on model (8)–(10). (i)–(m) Types of
structures formed with varying number of cells over a 4 mm2 area, as described in the text.
(n)–(r) Results of numerical simulations obtained starting from the same initial density
valuesas in (i)–(m).
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Figure 2. A schematic illustration of how single endothelial cells deposed on Matrigel fold
up to form the section of a capillary-like tube.

in the third step, individual cells fold up to form capillary-like tubes [Figs.1(e),2]
along the lines of the previously formed bidimensional network. The whole process
takes 12–15 h to complete.

Chord length. The capillary-like network formed on Matrigel can be repre-
sented as a collection of nodes connected by chords [Fig. 3(a)]. The mean chord
length measured for experimental records is approximately constant and equal to
� � 200± 20µm over a range of values of̄n extending from 100 to 200 cells mm−2

[Fig. 3(b) andSerini et al. (2003)]. Since irregular structures produced from ran-
dom initial deposition of endothelial cells are observed, only statistical measures
of their geometrical properties are meaningful.

There are at least two methods available to measure the statistical distribution of
chord lengths. A direct method consists of extracting from digitized images a graph
structure by a computer assisted analysis and obtaining a database of chord lengths,
which can then be analysed by statistical methods [Fig. 3(a)] and (Di Talia et al.,
in preparation). An alternative method consists of assigning a density functionni j

to each digitized record, wherei, j are pixel coordinates andni j takes on the value
1 above a suitably chosen luminosity threshold, 0 below. One then computes the
radial part of the density–density correlation function

Pkl =
∑

i j

ni j ni+l, j+k (1)

which for vascular-type networks shows a marked absolute minimum�0 [Fig. 8(a)]
that can be taken as an alternative measure of the characteristic structure size. We
checked that the two methods provide approximately equal results for the mean
chord length of the relevant vascular-type structures.

Cell trajectories. Tracking of individual cell trajectories shows persistence in the
direction of cell motion, with a small random component superimposed [Fig. 4and
Serini et al. (2003)]. In most cases the motion is apparently directed toward zones
of higher concentration of cells. This suggests that a mechanism of cell cross-
talk is present in the system. As a matter of fact, recent works (Carmeliet, 2000;
Helmlinger et al., 2000) confirm that endothelial cells in the process of vascular
network formation exchange signals by the release and absorption of VEGF-A.
This growth factor can bind to specific receptors on the cell surface and induce
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Figure 3. (a) Capillary networks are characterized by a typical graph structure, consisting
of a collection of nodes connected by chords. (b) The statistical distribution of chord
lengths of network structures obtained with varying initial cell densities and with cell
samples taken from three different individuals (indicated with different shading patterns).
Boxes show the median and the first and third quartile for a given cell density and sam-
ple. Whiskers extend to the most extreme data point which is no more than 1.5 times
the interquartile range from the box. Circles denote outliers. The median chord length is
essentially independent of the initial cell density and sample.

motion along its concentration gradients, a phenomenon known as chemotaxis
(Othmerand Stevens, 1997). VEGF-A, like similar soluble molecules, is also
known to be degraded by the environment in a finite time, mainly through oxida-
tion processes (Gengrinovitch et al., 1999). Cell cross-talk through the exchange
of soluble factors such as VEGF-A should thus be taken into account in a theory
of vascular network formation. Experiments performed by extinguishing VEGF-A
gradients with the addition of a saturating amount of VEGF-A show strong inhibi-
tion of network formation (Serini et al., 2003).

Accurate statistical analysis of the cell trajectories in normal and saturating con-
ditions confirms the role of cell cross-talk. Velocity vectors can be measured from
videomicroscopic records and two angles (φ and θ) can be computed,φ being
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Figure 4. Tracking of a typical cell trajectory shows marked persistence in the direction of
motion, with a small random component superimposed.

the angle between two velocities relative to the same trajectory, measured at
subsequent intervals of time, andθ being the angle between velocities and
simulated gradients of the concentration field at the same space point. Circular
histograms [also known as Rose diagrams; seeMardia and Jupp(1999)] of φ, θ in
both normal [Fig. 5(a)] and saturating conditions [Fig. 5(b)] are shown inFig. 5.
The Rose diagrams forφ, θ in normal conditions [Fig. 5(a)] show persistence of
cell direction in time and alignment with the direction of simulated gradients of
the concentration field. In saturating conditions [Fig. 5(b)], the Rose diagram for
φ shows that cell movement maintains a certain degree of directional persistence,
while the Rose diagram forθ shows that in saturating conditions the movement is
completely decorrelated from the direction of simulated VEGF gradients.

Percolative transition. Fine tuning of an appropriate initial densityn̄ of deposed
cells is mandatory for the proper development of vascular networks (Fonget al.,
1999). For this reason, experiments were performed with varying values of
n̄ (Gambaet al., 2003; Serini et al., 2003). This evidenced the presence of a
percolative-like transition (Stauffer and Aharony, 1994). Below a critical value
nc ∼ 100 cells mm−2 groups of disconnected structures [Fig. 1(i)] are formed
instead of a single connected network. Around the critical valuenc [Fig. 1(j)] one
observes the formation of a single connected network. At higher cell densities
[Fig. 1(k)] the mean chord thickness grows to accommodate an increasing number
of cells. Eventually, one observes a continuous carpet of cells interspersed with
holes [the ‘Swiss-cheese’ pattern;Fig. 1(l) and1(m)].

3. THE MATHEMATICAL MODEL

Starting from the experimental facts exposed in the preceding section a sim-
ple mathematical model of thein vitro vascularization process can be constructed.
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Figure 5. Rose diagrams (circular histograms) ofφ, θ in normal conditions (a) and with a
saturating amount of VEGF (b). The Rose diagrams forφ show that in saturating condi-
tions also, cell movement maintains a certain degree of directional persistence. The Rose
diagrams for θ show however that in saturating conditions the movement is completely
decorrelated from the direction of the simulated VEGF gradients. (c) Definitions of angles
φ, θ : solid arrows represent cell displacements; dashed arrows represent chemoattractant
gradients.

Ourguiding principle is not trying to formulate a maximally realistic model, which
would contain many parameters difficult to determine experimentally, possibly
characterized by a certain degree of randomness, but instead trying to provide the
simplest possible model, characterized by a minimal set of measurable parameters,
that is able to capture the main characteristics of pattern formation in the experi-
mental conditions of interest. In this exposition we shall start therefore from very
general hypotheses, necessary to describe cellular matter as a continuum subject to
specific internal and external forces, and simple biological assumptions, suggested
by experimental evidence. Once the main properties of the model are settled in the
simplest possible case, a systematic activity of refinement becomes possible by the
accurate modelling of other specific effects.
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Figure 6. The schematic evolution of a velocity profile according to the one-dimensional
Burgers equation. (a) The process of formation of a shock wave in world coordinates. (b, c)
The process of formation of a shock wave in the single-particle phase space. (d) Formation
of a multi-valued solution. (e) Viscous regularization of (d).

Figure 7. Different means of accommodating an increasing number of cells on a vascular-
type network. (a) Without constraints on the average chord length; (b) imposing a con-
straint on the average chord length.

Since the major features of the observed geometric patterns are determined dur-
ing the early stage described inSection 2, which takes place in the first hours of
the experiment and is dominated by cell migration, the theoretical model focuses
on the first step of network assembly. It should contain the main ingredients which
are known from biological observation, such as cell migration and chemotaxis. It
should also be able to reproduce some relevant facts, such as the existence of a
typical chord length and the presence of a percolative transition.

Let us start from the following assumptions: it is possible to describe cellular
matter by means of a continuous density fieldn and the corresponding velocity
field v. Let usconsider a small element of areaS on the Matrigel surface. Inin
vitro vascularization experiments proliferation is not observed, so the number of
cells contained in an element of areaS can change only because of flux through
the boundary ofS:
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Figure 8. The radial part of the two-point correlator (arbitrary units) for simulated network
structures withx0 = 100µm. The thin lines correspond to ten different random realiza-
tions; the thick line is their average. The position of the absolute minimum of the thick line
is l0. Inset: agraph ofl0 versusx0.

d

dt

∫
S

nd2x +
∫

∂S
nv · u dl = 0, (2)

whereu is the outward normal to the boundary∂S of the regionS anddl is the line
measure on∂S. We also assume that cellular matter obeys a momentum balance
law

d

dt

∫
S

nvd2x +
∫

∂S
nv(v · u)dl =

∫
S

nf d2x +
∫

∂S
T u dl (3)

where the second term on the l.h.s. represents the flux of momentum due to cellular
matter flowing out of the area elementS, f accounts for bulk (external) forces per
unit mass acting on cellular matter, and the stress tensorT represents the internal
(surface) forces.

Chemotactic forces. We make the hypothesis, based on biological evidence, that
cells communicate through the release and absorption of molecules of a soluble
growth factor, that can be reasonably identified with VEGF-A (Serini et al., 2003).
In this framework it is natural to introduce a chemotactic force per unit mass [see,
e.g.,Vasiev and Weijer(1999)]

fchem= β∇c (4)

wherec represents the concentration field of the chemical soluble factor andβ

measures the intensity of cell response per unit mass. On the basis of experimental
evidence we assume that the chemotactic interaction has an attractive character
(β > 0).

At a higher level of resolution in the description of biological reality one should
also consider the concurrent action of inhibiting factors. The generalization of
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the model to the case of multiple species of chemical factors, characterized by
different physical properties and biological actions, will be described elsewhere
(Di Talia et al., in preparation). Here we will stick to the principle of extracting all
the possible information from the simplest one-component model.

Dissipative interaction with the substratum. Another body force which is usually
introduced in chemotactic models is the drag between cells and the substrate mate-
rial. The simplest possible model for the dissipative interaction with the underlying
substratum is given by the linear relation

fdiss = −γ v (5)

whereγ is a positive constant. It is worth noticing here that the combination of a
driving forcefchemand a dissipative interactionfdissallows one to model in a simple
way a delayed response of the system to the chemotactic force. The fact that cells
respond to chemoattractant cues with a finite time delay is sometimes neglected in
mathematical models of chemotaxis, but is well known to biologists (see also the
discussion inSection 7).

Limited compressibility of cellular matter. In order to model the fact that closely
packed cells show a limited amount of resistance to compression we introduce a
phenomenological, density dependent stress field acting only when cells become
close enough to each other:

T = −ϕ(n)I (6)

whereI is the identity tensor andϕ(n) is zero below a critical density. In our
simulations we experimented with several analytical forms ofϕ(n) and found no
relevant qualitative differences in the results as long asϕ(n) = 0 for n below the
close-packing densityn0 = 1/2πr−2, wherer is the average cell radius(�20µm),
andϕ(n) is growing rapidly enough forn > n0.

Diffusion of chemical factors. Chemical factors are assumed to be released by
cells, diffuse in the surrounding medium, and degrade in a finite time. The process
is simply modelled by a diffusion equation with a source and a degradation term:

∂c

∂t
− D	c = αn − τ−1c, (7)

whereD is the diffusion coefficient,α the rate of release, andτ the half-life of the
soluble mediator.

The mathematical model. By imposing that the balance laws (2) and (3) hold for
any S and assuming that all the fields are smooth, we can deduce the differential
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form of the balance equations. Then enforcing the constitutive relationships (4)–(7)
weobtain the following differential model:

∂n

∂t
+ ∇ · (nv) = 0 (8)

∂v
∂t

+ (v · ∇)v = β∇c − γ v − 1

n
∇ϕ(n) (9)

∂c

∂t
− D	c = αn − 1

τ
c. (10)

Equations (8)–(10) should be supplemented by initial and boundary conditions. In
order to mimic the experimental setting we shall assume null initial velocities and
assignn(x, t = 0) as a collection ofN Gaussian bumps of width of the order of
the average cell radiusr , centred at random locationsx j distributed with uniform
probability on a square of sizeL:

n(x, t = 0) =
N∑

j=1

1

2πr2
exp

[
−(x − x j )

2

2r2

]
,

with periodic boundary conditions.

Further refinements. The model can be refined by taking into account some addi-
tional assumptions, which are not essential for the description of the self-assembly
process but allow for a better mimicry of the biological system: (i) cells adhere
when they come into contact; (ii) cell trajectories exhibit a small random compo-
nent. Each of these assumptions can be implemented by the addition of a specific
term in the r.h.s. of (9): (i) a diffusive term	v dissipating kinetic energy in the
proximity of developed structures; (ii) a small random noise term. Moreover, the
phenomenological expressions (4)–(6) can be replaced by more detailed, possibly
non-linear forms, in principle obtainable fromad hoc experiments. Although these
refinements can in principle provide a more realistic mimicry of thein vitro exper-
iments, they will not be considered here. Our opinion is that these refinements
become relevant as soon as the new parameters that they introduce become mea-
surable through specific experiments and are recognized as being responsible for
observable new effects.

4. PROPERTIES OF THE MODEL

Characteristic scales. Wechose to measure the cell densityn in units of the close-
packing densityn0 = 1/(2πr2); then, one can form three combinations from the
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parameters appearing in equations (8)–(10), having the dimensions of a character-
istic length, a characteristic time, and a characteristic concentration:

x0 = √
Dτ , t0 =

√
D

αβn0
, c0 = n0αL2

D
ξ2 (11)

where L has the dimensions of a length andξ = x0/L. We will later choseL
to be the size of the computational box. The lengthx0 is the effective range of
chemical interaction among cells. This is easily understood thinking of a soluble
molecule which is released by a cell, performs a random walk in the medium, and
is degraded after a timeτ . Thetime t0 is linked to the characteristic time needed for
structure formation, because of its relation to the chemotactic response throughβ.
The concentrationc0 is a measure of the amount of soluble factor produced by a
single cell during timeτ .

Using the rescaling (11) the only (dimensionless) parameters left in (8)–(10) are
ξ andγ ′ = t0γ .

Pattern formation. In the absence of the pressure term, i.e., for low densities,
cells tend to achieve the limit velocityv = (β/γ )∇c corresponding to the balance
of chemotactic and drag force: in this limit one recovers traditional chemotac-
tic models [seeOthmerand Stevens(1997), Hillen and Othmer(2000), Othmer
and Hillen(2002) and the discussion inSection 7]. In its general form, however,
system (8) and (9) is a multidimensional inviscid Burgers equation with a forc-
ing term (Burgers, 1974; Shandarin and Zeldovich, 1989; Gurbatovet al., 1991;
Vergassolaet al., 1994). In one spatial dimension, the Burgers equation is well
known for developing highly organized spatial structures starting from generic ini-
tial conditions. The mathematical mechanism is as follows. The equation describes
the motion of a fluid of non-interacting particles which perform uniform motions
according to their initial velocities. During time evolution, faster particles catch
up with slower ones. In this way, initial inhomogeneities in the velocity profile
[Fig. 6(b)] are amplified by the dynamics [Fig. 6(c)] and, in the absence of vis-
cosity, lead to multi-valued solutions [Fig. 6(d)], corresponding to faster particles
overrunning the slower ones. A viscous termν	v, whereν represents kinematic
viscosity, prevents multi-valuedness and one observes instead the formation of a
set of shock waves of finite width [Fig. 6(a) and6(e)], where most of the matter
concentrates.

Since the formation of network structures is a generic property of the Burgers
equation, arising from the simple dynamics of a fluid of particles which interact
and adhere only when they come into close contact, it is to be expected that it will
be preserved even in the presence of the forcing termβ∇c. Moreover, the presence
in the r.h.s. of (9) of the density dependent pressure term should not substantially
modify the dynamics during the first step of pattern formation. Pressure becomes
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relevant in the presence of high densities, i.e., in the proximity of formed struc-
tures, and contributes to their regularization. However, in our biological model
the regularization and remodelling of formed patterns takes place in a new regime
(which we identified inSection 2as the ‘second step’ of pattern formation), which
probably requires the use of anad hoc viscoelastic model.

Coupling with chemical mediators. Let us now consider the information encoded
in the coupling of the continuum model (8) and (9) with the diffusion equation (10).
This can be understood in the simplest way if we neglect pressure and assume for a
moment that diffusion is a faster process than pattern formation(τ ∗ � 1), so that
the dynamics ofc is ‘slaved’ to the dynamics ofn and the derivative term∂c/∂t
can be neglected in a first approximation. Then it is possible to solve (10) formally
for c and to substitute in (9), thus obtaining

∂v
∂t

+ (v · ∇)v = 1

n0t2
0

∇(x−2
0 − 	)−1n. (12)

The appearance in the dynamical equations of the characteristic length

x0 = √
Dτ (13)

suggests that the dynamics could favour patterns characterized by this length scale.
As a matter of fact, if we rewrite the r.h.s. of (12) in Fourier space as

1

n0t2
0

ik

k2 + x−2
0

nk

we observe that the operator ik/(k2+ x−2
0 ) acts as a filter, which selects the Fourier

components ofn having wavenumbers of orderx−2
0 , damping the components with

higher and smaller wavenumbers.
One then has the following scenario: initially, non-zero velocities are built up by

the gradient term∇c due to the presence of random inhomogeneities in the density
distribution. Then, chemoattraction amplifies the inhomogeneities and forms a
capillary-like network. Density inhomogeneities are translated in a landscape of
concentration of soluble factors where details of scales�x0 are averaged out by the
action of the non-local operator in the r.h.s. of (12). Particles start moving toward
the crests of the landscape, which are separated by valleys of width∼x0. In this
way, the model provides a most direct link between the dimension of the structures
and the range of intercellular interaction. We remark that the arguments above
do not necessarily rely on the identification of the chemoattractant agentc with
VEGF-A: other soluble growth factors could provide intercellular communication
leaving the whole theory unaltered.
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Percolation. The concept of percolation has been used in statistical mechanics to
describe the formation of connected clusters of randomly occupied sites in systems
close to critical values of the parameters. By varying the occupation probability in
infinite systems one observes a phase transition in which the probability of perco-
lating over a connected cluster extending across the whole system suddenly jumps
from 0 to 1 (Stauffer and Aharony, 1994). Percolative transitions have been thor-
oughly investigated and are classified in a small number of ‘universality classes’,
characterized by scaling laws with well defined ‘critical exponents’. These expo-
nents are fingerprints of the growth process that led to vascular structure formation
and it has been suggested that they may help in discriminating between healthy and
pathological structures (Gazit et al., 1995).

The presence of a percolative-like transition in the formation of vascular net-
works (Gambaet al., 2003) is by no means obvious, and is linked to the average
constancy of the chord length. As a matter of fact, there are at least two ways of
accommodating an increasing number of cells on a vascular-type network. The
first one [Fig. 7(a)] is allowing arbitrary chord lengths: in this case connected
clusters can be formed, at least in principle and in an infinite system, starting from
arbitrarily low cell densities. Alternatively [Fig. 7(b)], one can impose a constraint
on the chord length, but then for low densities only sets of disconnected clusters
can be observed. From our analysis, it appears that Nature in this case chose the
second way. This can be explained by observing that widely spaced capillary net-
works, such as the one on the left ofFig. 7(a), would not be able to perform their
main function, i.e., to supply oxygen and nutrients to tissues (Guyton and Hall,
2000). This confirms that there must exist a precise mechanism controlling the
average chord length during vascular formation, such as the one hypothesized in
the deduction of model (8)–(10).

5. NUMERICAL SIMULATIONS

Numerical simulations of the model have been performed discretizing the system
of equations (8)–(10) on squares of 2562 and 5122 equispaced nodes with periodic
boundary conditions. A finite volume conservative scheme of Godunov type (LeV-
eque, 1990) has been used for the hyperbolic part of the equations (i.e., transport
and pressure), while a spectral approach has been used for the r.h.s. of (10).

The simulations have been performed using the dimensionless form of (8)–(10)
obtained by the rescaling (11). In this way, the only adjustable parameters left
areγ ′ = t0γ andξ = x0/L (seeTables 1and2). Simulated network structures
have been observed not to depend onγ ′ for values<102 (only the needed machine
time varied). The computational time has been mapped to real time by assuming
t0 = 6 h, the characteristic time of network formation in the experiments. The
computational box has been mapped to the area observed by the microscope by
choosingL = 2 mm. The parameterξ = x0/L has been set to 0.1 in order to fit



1866 D. Ambrosi et al.

Table 1. Experimental parameters.

Parameter Value Comment

D 10−7 cm s−2 Diffusion coefficient of VEGF in the medium (Walter et al.,
1992; Muller et al., 1997; Pluenet al., 1999)

τ 64 min VEGF half-life (Seriniet al., 2003)

r 20µm Cell radius (Seriniet al., 2003)

t0 6 h Characteristictime of structure formation in the experiments
(Seriniet al., 2003)

Table 2. Computational parameters.

Parameter Value Comment

ξ 0.1 Fitted in order to reproduce the observed value of the average chord
length. This value corresponds to an interaction radiusx0 � 200µm,
in good agreement with the experimental value for

√
Dτ .

ϕ0 10−4 Values of this order correctly reproduce the ‘Swiss cheese’ structure
observed for high density values.

γ ′ 0–102 Observed structuresappear not to depend onγ ′ for values chosen in this
range.

the experimentally observed chord length (see below). This corresponds to a value
x0 � 200µm, in approximate agreement with the experimental value of

√
Dτ (see

below). For the pressure function, the following form was used:

ϕ(n) = 0 for n ≤ n0, ϕ(n) = L2n0ϕ0

t0

(
n

n0
− 1

)3

for n > n0

with ϕ0 = 10−4. We have observed that a large variation is allowed in the choice of
ϕ0 and even in the functional form ofϕ(n), as long as two properties are satisfied:
(i) ϕ(n) is null for n < n0, and (ii) it is monotonically increasing forn > n0.

Simulations and experiments are in remarkable agreement (Fig. 1). The exper-
imentally observed percolative transition is correctly reproduced: by varying the
initial number of cells one switches from a phase in which several disconnected
structures are formed to a phase in which a single connected structure appears
[Fig. 1(i)–1(r)]. The introduction of the pressure term described allows one to
reproduce also the transition to the ‘Swiss-cheese’ regime experimentally observed
for n̄ � 300 cells mm−2 [Fig. 1(m) and1(r)].

In order to obtain an objective measure of the characteristic structure size for the
results of numerical simulations one can apply the method described inSection 2.
The radial part of the density–density correlator

P(x) =
∫

n(y)n(y + x)d2y (14)
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Figure 9. (a)–(c) Results of simulations of system (8)–(10) with the same set of initial
conditions and three different values of the chemical interaction radiusx0. (e), (f) Fig-
ures reproduced by kind permission of the publisher fromRuhrberget al. (2002), showing
murine vascular networks. Vascular networks formed in mice (wt/120 and 120/120) lack-
ing heparin-binding isoforms of VEGF-A form vascular networks with a larger mesh then
those formed in wild-type mice (wt/wt).

of mature structures, averaged over many realizations of the random initial condi-
tions, shows a marked absolute minimum�0 � �̄ (Fig. 8), where�̄ is the direct
measure of the average chord length. Plotting�0 versusξ , an approximate linear
relation with a slope of order 1 (Fig. 8, inset) is obtained, confirming the qualitative
argument exposed inSection 4.

Thus the model predicts that the diffusivity and the half-life time of the chemoat-
tractant directly control the size of the vascular structure. Intriguingly, this seems to
be in agreement with the observation that mice lacking heparin-binding isoforms
of VEGF-A, characterized by smaller diffusivity, form vascular networks with a
larger mesh [Ruhrberget al. (2002) andFig. 9]. Although the vascular patterns
observedin vivo in Ruhrberget al. (2002) are mainly thought to be generated by
angiogenesis rather than vasculogenesis, one cannot exclude the possibility of a
simultaneous occurrence of the two phenomena (Cleaver and Krieg, 1998).

The theoretical prediction (13) about the characteristic length of vascular struc-
tures can be compared with experimental data. The diffusion coefficient for major
angiogenic growth factors can be estimated from available data of molecular radii
(Walter et al., 1992; Muller et al., 1997) using the Einstein–Stokes relationD =
kBT/(6πηrH) wherekB is Boltzmann’s constant,T the temperature,η the solvent
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Figure 10. Simulation of the formation of vascular structures (a) in normal conditions and
(b) under an imposed stream ofu0 = 0.5 × 10−4 cm s−1, starting from the same initial
conditions at timet = 0.

viscosity,rH the hydrodynamic radius of the molecule (Pluenet al., 1999). This
gives D ∼ 10−7 cm2 s−1. The measurement of the half-life of VEGF-A in our
experimental setting was done using a radioactive tracer, givingτ = 64 ± 7 min
(Gambaet al., 2003; Serini et al., 2003). This yieldsx0 ∼ 100 µm, which is in
good agreement with the experimental data.

6. VASCULOGENESIS IN ANISOTROPIC CONDITIONS

Tissue engineering is one of the hottest medical frontiers of the new millen-
nium. A relevant difficulty, hampering current efforts to gain robust results, is
obtaining properly organized vascular networks, suitable for metabolic exchange
in ischaemic tissue (Richardsonet al., 2001). The insight gained from the mathe-
matical model (8)–(10) suggests that suitably distributed chemoattractant concen-
trations could be used to control the geometry of artificially grown vasculatures†. A
simple way to control the form of artificial vasculatures could be to use microscopic
flows of the liquid medium which carries the chemoattractant substances. While
such experiments are difficult to realize at the moment, one can easily attempt to
predict the result by just adding a transport term in equations (8)–(10). In the sim-
plest case, one can consider adding a constant (in time and space) velocity fieldu0

in the balance equation for the chemoattractant agent:

∂c

∂t
+ ∇ · (u0c) − D	c = αn − 1

τ
c. (15)

The results are shown inFig. 10, where mature structures with and without super-
imposed flow are compared. The superposed transport field is horizontally directed
with magnitudeu0 = 0.5 × 10−4 cm s−1, corresponding to a Peclet number
Pe = 5 (Pe = u0ξ/D). Onecan observe that transport modifies patterns which

†We thank P. Netti for having drawn this point to our attention.
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now exhibit an anisotropic structure: some vertical chords have disappeared; some
new vertical ones form and stretch. The time necessary for the morphogenesis pro-
cess is about 25% larger than that without transport. Generally speaking, the pat-
tern is more disordered, a tendency that grows with the Peclet number (not shown).

The above described experimental conditions are probably realizable with exist-
ing techniques. An experiment conducted along these lines could be an interesting
‘proof of principle’ for model (8)–(10). More generally, one could think of ways
to produce in the laboratory concentration distributions of chemoattractant charac-
terized by particular geometries. Model (8)–(10) could be used to predict the form
of the resulting vascular network.

7. DISCUSSION OF THE RESULTS

In order to compare system (8)–(10) to existing chemotactic models, let us
assume that the inertia termdv/dt = ∂v∂t + (v · ∇)v is much smaller than the
friction termγ v, so that (9) givesv � γ −1(β∇c − n−1∇ϕ). Substituting into the
mass conservation equation (8) gives

∂n

∂t
− 1

γ
∇2ϕ(n) = −β

γ
∇ · (n∇c). (16)

Assuming moreoverϕ(n) = n, this gives, together with the diffusion equation
(10), the classicalKeller and Segelmodel (1970). This model is known to be able
to produce patterns characterized by isolated clusters [see, e.g.,Velázquez(2002)],
but not network-like clusters of the kind described here. The essential difference
from model (8)–(10) lies in the presence of the ‘inertial’ termdv/dt in equation (9).
This term models a delay in the cell response to the chemotactic cue, a phenomenon
which is known to biologists as a particular form of directional persistence (Serini
et al., 2003). Ignoring this delay implies instantaneous alignment of cell velocities
with the chemoattractant gradients. Model (8)–(10) can be seen therefore as a
refinement of classical chemotactic models, taking into account a finite time of
cell response to varying chemoattractant gradients. It is an interesting fact that the
consideration of this effect leads to peculiar qualitative properties of the solutions
such as the appearance of network-like patterns.

The mathematical model introduced in the previous sections is obtained by first
imposing the balance laws for the quantities of interest (cell density and momen-
tum, concentration of chemoattractant), and then providing the constitutive rela-
tionships necessary to close the problem (namely the nature of the force fields).
This procedure is typical of continuum mechanics, and has been often used in
biomathematics; we just mentionVasiev and Weijer(1999), who used a two-
component chemotactic force in a fluid-mechanical model ofDictyostelium dis-
coideum mound formation,Ambrosi and Preziosi(2002) andByrneet al. (2003),
who adopt the formalism of porous media to describe the mixture of cell and inter-
cellular liquid.
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Referring in particular to vasculogenesis,Murray and Oster(1984) proposed a
similar approach to experiments with bovine aortic endothelial cells (BAEC) car-
ried out byVernon et al. (1992). According to these authors, in the experiments,
cells stretch to self-organize into a network in a time of the order of 20 h. This
behaviour has been translated into a mechanical model where the Matrigel surface
is assumed to behave as a linear viscoelastic material deformed by traction forces
exerted by cells (Murray and Oster, 1984; Ngwa and Maini, 1995; Manoussaki
et al., 1996; Holmesand Sleeman, 2000). The absence of a free-migration regime
reported byVernon et al. (1992) is the maindifference from the experiments dis-
cussed here, that refer to the early stages ofin vitro vasculogenesis performed with
human umbilical-vein endothelial cells (HUVEC). From abiological point of view,
migration and traction can be considered as different programs that an individual
cell is able to execute. One can argue that the start of either program is dictated by
the environment, e.g., by the fact that the cell is isolated or among a closely packed
group of other cells. So, different initial conditions can put the system either in a
migrating or in a viscoelastic regime, thus explaining the different observed phe-
nomenologies.

From a mathematical point of view, a model which is biologically acceptable
should also ensure that a stable steady state can be reached, at least for some set of
parameters. This issue is strictly related to the question of the functional form of the
pressureϕ(n), that in a stationary state should stably equilibrate the chemotactic
forces. This point is currently under study.

8. CONCLUSIONS

Experiments onin vitro vasculogenesis on Matrigel have shown the existence of
a fundamental scale characterizing vascular structures, and of a percolative transi-
tion between a disconnected vascular phase for low cell densities and a connected
vascular phase for high cell densities. A continuum model has been derived from
simple principles, based on the biological observation that endothelial cell migra-
tion and cross-talk are relevant factors in the morphogenetic process. The model
provides a mechanism linking the range of interaction mediated by soluble growth
factors to the structure dimensions. It reproduces with good accuracy the dynam-
ics of the morphogenetic process, the observed scale of vascular structures, and the
percolative transition.

The model suggests that endothelial cells self-assemble according to simple
mathematical laws, which ultimately govern the vascular network geometry.
One could even speculate that capillary structures may have evolved as a simple
consequence of fundamental abilities of specific cell populations, such as motility,
adhesion, and the ability to respond to chemical gradients.

The model predicts that the diffusivity and the half-lifetime of the chemoattrac-
tant determine the size of the vascular structure [Fig. 9(a)–9(c)]. Intriguingly, this
agrees within vivo observations byRuhrberget al. (2002) [Fig. 9(d) and9(e)].
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However, further work is needed to correctly understand in this case the respective
roles of angiogenesis and vasculogenesis.

Comparing the results of experiments and computer simulations, some critical
parameters which regulate the geometry of vascular networks were identified, such
as endothelial cell density and the range of chemical interaction. This could be
relevant to the engineering of properly vascularized, artificial tissues. The iden-
tification of key parameters controlling vasculogenesis could pave the way to tis-
sue engineering approaches aimed at producing functionally vascularized organs.
Thenumerical results described inSection 6suggest how model (8)–(10) could be
used to predict the form of vasculatures obtained via properly designed flows of
chemoattractant factors.

A further interesting point is the following: anatomical and physiological evi-
dence shows that the small capillary wall is constituted by a single folded endothe-
lial cell; thus vascular networks having minimal chord thickness are in some sense
optimal (Guyton and Hall, 2000). Such networks are obtained in a right neigh-
bourhood of the percolative transition. This is an intriguing fact, since it connects
a fundamental characteristic of a vital process with a very peculiar physical con-
dition. One could wonder whether this is an isolated fact or whether other similar
examples could be found. Moreover, in ourin vitro assays the relevant critical
parameter̄n is tuned by the experimenter. A natural question would be to ask how
the system is self-tuned close to criticality in living beings, as in the embryo.
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